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PREFACE 


The present volume consists of the second half of the second 
volume of the French edition of Goursat’s “Cours d’Analyse 
Math^mati<iue/' As was stated in the preface to the first half 
of this volume, it seemed best, for purposes of American schools, 
to issue these two parts separately, and this was done with the 
approval of Professor Goursat 

It is hoj^ed that the present volume, which is entitled ” Differen¬ 
tial Equations,*' will prove serviceable in American universities 
for courses which bear that name. 

K. R, HEDRICK 
OTTO DUNKEL 
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DIFFERENTIAL EQUATIONS 


CHAPTER I 

ELEMENTARY METHODS OF INTEGRATION 


I. FOKMATIOX OF DIFFERENTIAL EQUATIONS 


1. Elimination of Constanta. Let us consider a family of plane 
curves represented by the equation 


( 1 ) 




which (le]xnKl3 ujwn n arbitrary constants. If we assign to these con¬ 
stants definite hut arbitrarily chosen values, the successive derivatives 
of the function // of the variable x defined by the preceding equation 
are furnished by the relations 


( 2 ) 


SF ^dF , . 

dx Cy ^ 

c^F c*F d’F dF 

y' + + —y" = 0, 

Cx^ cx Cy ctf Cy 


6y^ 


dx^ 


If we stop with the equation for calculating the derivative of the 
nth order, we shall have in all (n +1) relations lietween jr, y, y*, 

• • y^"^ and the constants <?j, The elimination of these n 

constants leads in general to a single relation lietween x, y, y', • • •> 


(3) ♦ {x, y,'/, y", • • •, y') = 0. 

From the very way in which the equation (3) is derived it is clear that 
every function defined by the relation (1) satisfies tliis equation (3), 
whatever may be the values assigned to the consents c, ; hence 
we say that any such function is a piirticuhr integral of the differ¬ 
ential equation (3). The whole set of these particular integmk is 
the yeneral inteyml of the same equation. Using geometric language 
for convenience, we shall also say that every curve represented by 
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the equation (1) is an integral curve of the equation (3), or that the 
equation (3) is the differential equation of the given family of 
curves (1). 

We see that the order of the differential equation is equal to the 
number of arbitrary constants upon which that family of curves de¬ 
pends. It is also clear that the reasoning does not at all prove that 
the equation (3) has no other integrals than those which are repre¬ 
sented by the equation (1). In fact, the equation (3) may have other 
integrals, as we shall see presently. 

The above statements do not apply to the exceptional cases in which the 
elimination of the n parameters o< between the (n + 1) relations (1) and (2) leads 
to several distinct relations between x, y'y y'\ • • Wo could in those 

cases find one relation not containing so that the family of curves con¬ 
sidered would be the integral cur\’es of a differential equation of an order less 
than n. This will occur if these curves depend in reality upon only n — p 
parameters (p>0). For example, the curves represented by the equation 
^)] = 0 apparently depend upon two arbitrary parameters a and b ; 
in reality they depend iqxin only a single parameter c = 0(a, b). There is also 
another way in which the lowering of the order of the differential equation may 
occur. For example, the cun es repre8ente<l by the equation y* = 2 axp -f 
really depend upon the two independent parameters a and h, yet these curves 
always satisfy the equation y = xi/. This is because the preceding equation 
represents two straight lines through the origin, each of which is an integral 
curve of the equation y — xy'. 

Examples. The straight lines passing through a fixed point (a, b) are repre¬ 
sented by the equation 

(4) y ^b= C(x-~ a) 

and depend upon an arbitrary parameter C. The elimination of this parameter 
between the preceding relation and the relation y' — C leads immediately to 
the differential equation of this system of straight lines : 

(6) y-h = y'(x-a). 

Conversely, we can write equation (6) in the form 

^ 1 

y — 6 X — a 

and therefore every integral of that equation satisfies the relation 
I^g(y ~ h) = Log(x - a) + Log C, 

which is equivalent to the equation (4). 

The set of all straight lines in a plane, y = C^x 4* O3, form a two-parameter 
family whose differential equation is y" = 0. The converse is self-evident. 

The circles in a plane 

(«) »* + + 24x f 2By + <7 w 0 
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form a three-parameter family; the corresponding differential equation must 
therefore be of the third order. Differentiating the preceding relation three 
times, we find 

(7) X + yy' + A + R/ = 0, By" = 0, 

^y'y" + yy'" + By"' - 0. 

The elimination of B between the last two equations leads to the desired equation 

(8) 2/^^'(l + 2/'2)«.32/y'2 = 0. 

The only plane curves satisfying this relation are circles and straight lines. 
We see first of all tliat any straight line is an integral curve, for the equation 
is satisfied if we have y" = 0 and therefore y"' = 0. Now let us suppose that 
y" then we can write the equation (8) in the form 

V'" _ ^v'y"' 

y" 1 + y'^* 

from which we derive 

Log y" = ? Log (1 + y'S) + Log 


where Cj is a constant different from zero. This result may be written in the form 

y" 


A second integration gives 


(1 + y'i)l 
V 


c,. 


Vi + y'* 


= + Cj 


or 


2 ^ = - 


Oi X -f- O2 


Vl-(C,x+ Cj)’* 

integrating once more, there results finally 


CiV + C, =- Vl - (CjX + Gi,\ 
which is the equation of a circle. 

The differential equation of all conics may be found easily by the following 
method, which is due to Halphen. If the conic has no asymptote parallel to 
the y-axis, its equation solved with respect to y is of the form 


y = 7?iX + n + Vdx2 q. 2 Rx -f C. 
After two differentiations we find 

AC--R 2 


or 


(dx2 + 2 Rx + C7)i 

(j/")-i = (yic - i(^x» + 2 Bx + C), 

SO that ^ trinomial of the second degree in x. Hence, to eliminate 

the three constants d, R, (7 three differentiations are sufficient, and the desired 
differential equation can be written in the abridged form 
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Carrying aut the differentiations, we obtain the equation 
(9) 40 - 46 + 9 = 0. 

The differential equation of parabolas may be found by the same method. 
We have, in fact, for a parabola A = 0, and is a binomial of the first 

degree. The differential equation is, therefore, in an abridged form. 


djc* 


[(v'T 




0 , 


or, after carrying out the indicated differentiations, 
( 10 ) = 0 . 


II. EQUATIONS OF THE FIRST ORDER 

Every differential equation of the nth order, formed by the elimi¬ 
nation of the constants, has an infinite number of integrals that 
depend upon n aibitrary jiarameters. But it is by no means evident 
that a differential equation given a priori has any integrals. This 
involves a fundiunental question to which we shall return in the 
following chapter. We shall first consider some simple types of 
differential equations of the first order whose integration can be 
effected by quadratures. The existence of the integrals will be 
established by the very method by which we obtain them. If this 
order of procedure seems subject to criticism from the point of 
view of pure logic, we may at least observe that it conforms to the 
historical development of the subject. 


2. Separatioii of the variablee. The simplest tyi>e of differential 
equation is the equation already studied, 

( 11 ) 


where / (x) is a continuous function if the variable a? is real, or an 
analytic function if we regard the independent variable x as com¬ 
plex. We have seen that that equation has an infinite number of 
integrals which can be represented by the relation 


= r/(x)dx 


+ c, 


where the lower limit is considered as fixed, and where C denotes 
an arbitrary constant. The equation 


dx 




(12) 
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reduces to the preceding by considering y as the independent vari¬ 
able and X as the unknown function. The equation may then be 
written in the form dxjdy and consequently 



In general, when a differential equation is solved with respect to 
the derivative of the unknown function, it is often convenient to 
write it in the differential notation, 

(13) r (x, y)d/x-^(l (ar, y) dy = 0. 

This form does not commit us in any way as to the choice of the 
independent variable, which may be either x or y. If we wish to 
substitute for x and y new variables u and v, we need only replace 
X, y, dxy dy in the equation (13) by their corresponding expressions 
in terms of v, du^ dv. Let us also notice that we may, without 
changing the integrals of the equation (13), multiply or divide both 
its terms by the same function of x and y, /Lt(x, y), provided that we 
take account of the solutions uf the equation /i (oc, y) = 0 which may 
be made to appear or may be suppressed by the operation. The two 
cases which we have just treated are particular cases under a more 
general method, called the separation of variables. If a differential 
equation of the first order is of the form 

(14) Xdx + Ydy = 0, 

where X and Y depend only upon x and y respectively, we say that 
the variables are separated. The equation is then integrable by quad¬ 
ratures, for if we put 

* py 

Xdx + j Ydy, 

the equation can be written in the form = 0, and the "general 
integral is represented by the relation U = C. 

The equation 

(16) XY^dx + XJdy = 0, 

where X and X^ depend only upon x, and where Y and Y^ depend 
only upon y, can be reduced to the preceding form by dividing the 
two terms by X^Y^. It should be noticed that in this example the 
solutions of the two equations, X^ = 0, = 0, are suppressed. Indeed, 

it is clear that if y = 6 is a root of the equation = 0, y = ^ is an 
integral of the proposed equation, while in general it will not be 
included in the general integral of the new equation. 
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3. HomogeiMOiis equAtions. A differential equation of the first order 
is said to be hotm^eneom if it can be written in the form 



where the riglit-hand side is a homogeneous function of degree zero^ 
It am be reduced to an integrable form by putting ;/ = ux, where 
the new variables are x and m. This substitution gives 


*11 

dx 


= M + Jc 


du 

dx 




and the equation (16) becomes 


+ «=/(«). 


We can now separate the variables by writing the equation in the 
form 

dx du 

and the general integral is obtained by one quadrature in the form 

(17) r == 

We have only to replace in it u by g/x in order to obtain the equation 
of the integral curves. 

The general equation of that family of curves is of the form 
X =:Ci^(g/x)f where C is an arbitmry constant. These curves are 
all similar to any one of them, with the origin as center of simili¬ 
tude, the ratio of similitude Udng alone variable; for we can derive 
the preceding equation from the equation x = by rephujing 

X and y in it by x/V and y/C re8|)ectively. Conversely, given a 
family of curves similar to each other with res[)eet to the origin, the 
corresponding differential equation of the first order is homogeneous. 
We can verify this by jictual calculation, but the result is evident 
a priori, for the tangents to the different curves of that family at 
the points of intersection with a straight line through the origin 
must be parallel, and therefore the slope of the tangent if de|)ends 
only on the ratio yjx. 

We can reduce to the homogeneous form any equation of the type 
dx ^ \a'a: + b*y + d) 


( 18 ) 
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where a, hj c, a\ h\ c* are any constants, except that h and h* are not 
lx)th zero. In order tliat this equation be of the desired form, it is 
sufficient that c = c' = 0. Now, if we put 

= A + y-y + Pi 

where X and I" are the new variables and where a and p are any 
two constiints, the given eijuation becomes 

H == f( aXh Yaa-3^^ hp c \ 
dX ‘ \a'A' -f- V y -f- a 'a -h hp -f* c/ ^ 

and this new equation will \ni homogeneous if 

aa -y hp r ^ Oy a'a hp + c' = 0. 

These two conditions determine a and p if ah* — a*b is not zero. 
In the ])articular case in which <///— = 0, supjx^se h ^ 0] we 

shall have a*x -f //// = k{aj' -f />//), where k is a constant which has 
a finite value. Putting a.r -f hi/ = w, the equation takes the form 

I, ,/j- f,'^\ku + c'r 

in which the variables are se]»arated. 

4. Linear equations. A linear ditTerential equation of the first 
order is of tlie form 

(19) + -V'/ + -Y. = 0, 

w^here A' and A'^ are functions of x. If X^ = 0, we can write this 
equation in the form 

(20) ^ + A'<ir = 0, 

and the genenil integral is obtained by one quadrature in the form 

- f^.Xdx 

(21) y = Ce . 

In order to integrate the complete equation (19), where A', is 
8UpiX)sed different from zero, we sliall try to satisfy that equation 
by taking for y an expression of the form (21), considering C no 
longer as a constant but as an unknown function of x. This 
amounts to making the change of variable y =s r«, where s is the 
new function to be determined and V any one of the integrals 
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of the equation (20). After this substitution, the equation (19), 
by virtue of the relation (20) which 1' satisfies, takes the form 

which is integrable by one quadrature. We derive from it 
z^-Jydx+C, 

where C is an arbitrary constant. The general integral of the 
equation (19) is therefoi*e obUiinable by ttto sutres^tlre quadratures, 
Beplaeing Y by its value, we can again write it in the form 

( 22 ) 

where the lower limits in the two integrals are chosen at pleasure. 

The general integnil is an int* tjrn( linear funetIon *>/ the constant 
of integratum of the form // =:/*/(j*)4- where f{x) and <^(^) 

are definite functions of x. This proj>erty characterizes tlic linear 
equation, for if we eliminate the constant (' iK^tween the pi-eceding 
equation and the equation 

we are evidently led to a relation that is linear in // and 

This result may l)e stated in another way. T>et //,, y^, //, three 
particular integrals of the linear equation, corresjHanding to the 
values C^, of the constant C; the elimination of the two fuiic.- 

tions /{x) and 4^(x) between the three relations, 

Vi ~ ej(x) 4- * (x), y, = cj{r) + 4>(x), y^= ( \f{x) + ^ {x), 

leads to the relation (y, — y,)/(y, — y,) = (C, — — C,), which 

shows that the ratio (y^ — y|)/(y^ — y,) is consbint for any thrive 
particular integrals of a linear equation. If we know two jwirticular 
integrals y^, y^ of a linear equation, we can then write down imme¬ 
diately the general integral in the form 

^^ « const 

Vt-Vi 

It is also to be noticed that if we know a single particular inte¬ 
gral y^, the general integral can be obtained by a single quadrature; 
in fact,putting y » y^ + u, we are led to the equation du/dx + XummO^ 
which is identical with the equation (20). 
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5. BemonUl's equation. Bernoulli’s equation 
(23) + Xy + = 0, 


where the exponent n may be any numl)er different from zero and 
from unity, c^an l)e reduced to a linear equation by the substitution 
For then we can write the preceding equation, after 
dividing all its terms by y", in the form 


1 dz 
1 — n c/x 


-h Xz 4- = 0. 


We vLxn reduce to the preceding type any equation of the form 

(24) = 0, 

w’here k and w an^ any two numlK^rs whatever. For if we put 
y = the equation obtiiined can lie written as follows: 

[<^(»/)+ «V'(«)] ~ + ar^(«)+ = 0, 

and, putting z = we are led to a linear equation. 


6. Jacobi's sqaation. Let us consider the equation 

' ' \ - (6 + -f (c + c'jc + r"i/)djc = 0, 

where a, a% a'\ h, h\ b'\ r, c\ r" are any constant coefficients. Ifa=:6=:c = 0, 
the equation coinc.s under tyjK? (24), for we have only to divide by a'l + a"y to 
retluce it to this In onler to reduce the j^uieral case to this.particular 

cast*, let us put j = -V + tr, y ~ F 4- where X and F are two new variables 
and where a an<l ^ art* two constants. Thus we obtain a new equation of the 
same form, which can be written as follows; 


{2b) 

where 


(a^r+<F'F)(A'(ir- YdX) 

- [/# + b'X + b"F~ {A + tt^r + a''r)a ~ ^-T]dF 
+ [G + c'-Y + c"F- {A 4 a'-Y + a"F)^ ~ AY]dX = 0, 


A =: a + a'or + B = 6 + C = c + c'a + 


This equation (26') will be of the type (24) If we have Act — B = 0, A/3 — C = 0. 
We are then letl to detennine the constants tr, /3 by these two conditions, which 
may be written in a more symmetric form by introducing an auxiliary un¬ 
known k: 

A-X = 0, B--Xa=:0, O-X/3 = 0. 
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The elimination of the unknowns a, ^ leads to an auxiliary equation of the 
third d^ree lor the determination of X: 


a — X 


6 


c 


a' 

fe'-X 


a'* 

b" 


= 0. 


c''- X 


The integration of Jacobi's equation depends, then, flntt of all on the solution 
of this equation of the third degree, as will be seen by other methods a little 
later. 


7. Riccati*s equation. Rieeati’s equation 

(26) *^ + Ay4-A>+.Y, = 0, 

where .Y, A'^, A'^ are functions of Xy cannot in general l)e integrated 
by quadmtures. The integrals of this tHjuation, when the eoetlicients 
are unrestricted, form new tninscendentiil functions, w'hose j)rojH*r- 
ties we shall study. Hut this e<|uation is related to the matter w'hicL 
we are discussing on a<H*<mnt of the following j»ro])erty: If ive 
knoir a jHirtlcular integral^ tre can Jiml the general integral hg two 
quadratures, 

I<*et j/j Ije a jxirticular integral. The change of variable y = ar 
leads to an equation of the same form whi(*h doi/.s not contain any 
term independent of ar, since x = 0 must \m} an inU*gral; that eqmi- 
tioii is, in fact, 


and we have only to jmt u = 1/z in order to transform it into a 
linear equivtion. This proves the j>roj)osition just staWd. 

From this result, several impirtant consequences follow. The 
general integral of the linear equation in u is of the form 4) 

u =C/(jr)4* if>(x)] 

hence the general integral of the Riecati equation is of the form 


(28) 


y r/(*) + ^(x) 


+ <!>(■') 


We see that it is a rational function of the first degree in the constant 
of integration. Conversely, every differential equation of the first 
order which has this property is a Riccati equation. For, let /(x), 
^(x),/j(x), be any four functions of x; all the functions y 
represented Ijy the expression (28), where C is an arbitrary con¬ 
stant, are integrals of an equation of the first order, which is easily 
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obtained by solving the equation (28) for C and then taking the 
derivative* This gives 

C 


—1/4> 


yf-fi 

and the corresponding differential equation is 


(yf-fi)- y<t») W + vf -A) = o, 

which is of pn^cisely the form (2G). 

Let //j, y,, Ix' four particular integrals corresponding to the 
values Cj, ( \ of tlie constjuit By the theory of the arihar- 

inonic ratio we have the relation 


1/i - ! /i ^ ]h - Ih ^ ^ 4 - <\ ^ ^ 

?A - ^ 

which is easily verified also b}' direct calculation, and which proves 
that thf^ anhunnoiiic ratio of c/uy four jtartkular inteyraJs of lilcmtVs 
equatuai is ro?ustant. 

This tlnorem enables us to find without any quadrature the gen¬ 
eral integral of a. Kiccati ecpiation when we know three of its partic¬ 
ular integrals y^, y.^, y^. Every other int4*grtil y must Im such that 
tile anharnionie i*atio (y — yj)/(y — //a)"^(ys 

stant. Tlie general integral is then obtained by (‘quating this ratio to 
an arbitmry constant. It is clear that y will lx‘ a rational function 
of the first degree in this constant, which proves that the preceding 
]iro]H»rtv Kdongs only to the Kic?cati ec|uations. 

Let us observe that if we know only two particular integrals, y^ 
and y.^, we can coinjdete the integnition by one quadrature; for, 
after tlie first tninsfonuation y = y^ -h the ecpiation obtained in z 
has the integral y^ — y^. The linear e<juation in a has therefore the 
known particular integnil l/O/a — yj)- The general integral of the 
ecpiation in i/ will then Ih» found by a single quadrature.* 


hot us consider a family of circles in a plane, which depends 
iqx>n one variable parameter. Let b) la* the oocmlinates of the center of the 
variable circle and let li Ik? Its radius (the axes being rectangular). We shall 


• The properties of Rlc*cati’s e<|uatlo!i esUiblished in the text can l>e derived also 
by observing that the <M}uatiou is not changed in form by any general linear trans¬ 
formation }/•' i/z + 4>)/(/\ z i 0i), where/,/|, 0* 0i are functions of x. If we know 
one, two, or three integrals of the equation (26), we can always choose the linear 
transformation in such a way that, in the transformed equation in z, one, two, or 
three of the ctiefflclents of the pdynoniial of the sectmd degree in z will he zero. A 
linear equation may be regarded as a Riceatl e(]uation which Is satisfied by the 
particular integral y that U, such that the equation obtained by putting y<*l/2 
haa the solution 
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mppose that a, 6, R are known functions of a variable parameter nr. Let us try 
U) find the curves which cut each of these circles at a known angle which 
may be constant or a given function of a. The coOniinates of any point M of 
the circle C with the center (a, 6) and the nwiius H can be represented by the 
equaUons 

X = a -f R cos^, p = 6 + K sin 


where $ is the angle which the nuiius terminating at the point Jlf makes with 
the direction Ox. The problem reduces to the determination of the angle ^ as a 
function of the parameter nr. so that the curve describe<l by the point M cuts the 
circle C at the angle V* The differential equation of the problem is therefore 


ctn V = 


dx 


tan $ 


1 -f tan ^ 


dx 


which becomes, after replacing dx and dy by their values and reducing, 

R 4 . fi' cos $ — a' Kin B — ctn F(/r + o' cos 6 ^ sin (9) = 0 , 
da 


where a\ ?/, R* are the derivatives of < 1 , 6. R with n^spect to lx . Taking for the 
new unknown I = tan(<>/2), we obtain the Hiccati etjuation 

(2«) 2 ft y- + 6'(1 - «*) - 2 a'l - ctn V [ ft'( 1 + t*) + a' (1 - t‘) + 2 h't] = 0. 
da 

It will suffice, then, to know a single trajectory in onler to obtain all the others 
by two quadratures. 

Let us consider the particular case of orthogonal trajixtorirsi; the angle I' is 
then a right angle, and the cotangent is zero. If we also sup|)ose that the circles 
considered have their centers on a straight line, we know a priori two i>ariicular 
intfigrals of the equation (20), for the line of the centers is an rirthogonal tra- 
jeirtory and meets each circle in two points. It is easily shown that the inte¬ 
gration requires only one qua<lraliin*, for if we mke the x-axis for the line of 
centers, the equation (29) re<luces to R (dt/dx) ~ a't = 0. 


8. Equations not solved for In the different canes which we 
have just examined the equation was supfKwed to 1 h* .solved with 
respect to y\ Let us now consider the general eriuation of the first 
onler F{Xy 0. \A*t H be the surfarre represented by tlu5 eqiup* 

tioii Ffjr, I/, z) = 0, obhiineil by replatdng y* by z. To every integral 
y fix) of the ])ropo«ed equation there corresponds a curve F, re[>- 
resented by the relations 

(F) y =/(*), *=m 

which lies entirely on the surface ft, since wo Irnve 
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But this curve F is not any curve on the surface S ; along this curve, 
in fact, y and z are functions of x satisfying the relation 
and that relation preserves the same form if we take any independ¬ 
ent variable in place of a?. 

Conversely, let F be a curve lying on the surface >?; the coordi¬ 
nates y, z of a point of that curve are functions of a variable a. 
If these three functions, x = y = satisfy the 

relation dy = zdx^ we can deduce from them an integral of the given 
equation ; for the first two relations, x == y = represent 

a plane curve Let y =/(x) be the equation of that curve, suppos¬ 
ing it solved for y. Along the entire curve F we have z and 

consequently curve C is therefore an inte¬ 

gral curve. There would bc^ an exception only in case the curve C 
were to reduce to a point, and the curve F to a straight line parallel 
to (>z. The two problems are then e<iuivalent: to integrate the given 
eqiuition F(x, y, y^) == 0 or to find the curves of the surface S for 
which we have 

dy zdx == 0. 

This Inung the case, let us suppose that we can express the coor¬ 
dinates of a ])oint r, y, of the surface S explicitly as functions of 
two variable jjanunet<*rs i/, r : 

!/ = ^')- 

Every curve F of the surfa<’e S is obtiiined by establishing a certain 
ndation In'twcen u and v, and, in ordt^r that that curve shall define 
an integral, it is necessary and sufficient that we have dy = zdx, or 

du “f dr = u r)/— du + ^ dr\ 
cu cr Cl? / 

We leave thus a differential i^ijuation dr/dn == r), solved with 

resjHM‘t to dr/du. It is elear that the preceding discussion applies 
also to equations which can Ik» solved for y\ 

This transformation is immediate for the equations solved for one 
of the variables jr or y. For example, let the equation be 

(30) y-/(-r,yO; 

we C4in here take for the variable parameters x and y* The sur 
face 5 is then represented by the equations 




*=i». y =/(*./>)» 
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and the relation ^ »dx becomes 


(31) 


P 


dx dp dx 


This result could have been obtained directly by differentiating the 
relation (30) and rephacing y* by p, bvt p = r) lx? the genenil 
integral of the equation (31); to deiiuce from it tlie general integral 
of the equation (30), it will only lx? nec?essary*to replace y' in the 
e<|uation (30) by C). 


9. Lagrange’s equation. Let us consider in |xirtieular an e<juation 
linear in the two variables x and y: 

(32) y = jr<^(y'l -f tA(y')* 

Differentiating the two sides, and denoting t/ by />, we obtain the 
equation , , 

p = ^(/>) + •^<#> (/>) ^ + v- (/') -J-- 

If we consider /> as the in<h‘iH*ndent variahle, and j- as the unknown 
function, tliat equation, whieli can lie writUui in the form 

[Hp)-p] ^ + ■^<^Xp) + 'I'Xp) = 0. 

is linear and is integrable by two (|uadnitures. Having obtained x 
as a function of y;, by putting that value of x in the expression 

y = x4>{p) + ^(p)j 

we shall have the oodrdinab?s x and // ex}ires8ed as functions of the 
parameter p and of an arbitrary constant* 

We can n?a<iny discufw the appcrarance of the family of Intejrral 

corves by observing that z and y are {M»iynomiaU of the tinKt (iegree in the 
arbitrary couiitant C: 

(33) z = CF(p) -f ♦(p), y = CF,(P) + 

But the functions F(p), F^(p)^ ♦(p)i ^%(p) are not arbitrary functions, since 
ibe parameter p represents the shqx? dy/dx of tite mn^erit. < )n this account 
we must have F[{p) = pF'(p), ♦i(p) = p^'(p). l\ he two |>anlcular 

integrals corresponding to the values C = 0, C 1 of the constant: 

f*o = *{p), „ r*i = f'(p) + *(p), 

• \ Po = ♦.(?). ‘ I I'l = f'\(P) + ♦,(P) • 


* The equation (XU) can also be reduced to a linear equation by means of l^egendre's 
transfcmtiatioii (I, | 2d ed.; f 36, let ed.). 

A bomogeneotts equation of the form not solved for y\ may he cousid- 

enad as a narCkfilar case ef Lagnuige’s equation and integrated in the same way* 
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The equations (88), which represent any integral r, may be written also in 
the fonn 


z — C 4* Zq^ 

V = <^(^1 - Vo) + S'o* 


At the points ^o)* V) curves r,,, Tj, r, which 

correspond to the same value of p, the tangents to these curves are parallel. 
Moreover, w'e derive from the preceding expressions 

y - V o „ „ U 

y~yi' c’-r 


which proves that the three jwints M, 3fj are on a straight line and that 
the ratio is constant. We have then the following geometric 

construction : 6’tveti the two curves T,, we join t?ie points 3/^^, 3fj of these 
two curves where the tanffentn are parallel^ and we take on the straight line joining 
these points the, point 3f such that the ratio yfA/f/MMj will be equal to a given 
constant K. If the pomts 3f(„ 3/^ descrilm the curves Fj. the point M describes 
an integral curve F, and we obtain the general integral by varying the constant K. 


10. CUiraut’8 equation. A remarkable particular case of Lagrange’s 
equation had lx‘en treated previously by C’lairaut; every eejuation of 
the form 

(34) y =;ry+/<y) 

is called a Cfairaut equation. Following the general method, we 
differentiate the two sides and put p z=z if this leads to the equation 

(35) [•-+/'(/')] ,75=0. 

This equation is satisfitMl by putting dpfdx = 0; whence p = C. The 
genenil int(*gnvl of Clairaut’s e<piation is, then, 

(36) y 

This equation represents a family of straight lines, and it is readily 
seen that they are really integral curves. Hut the equation (35) is 
also satisfied hy causing the first factor .r -f/ to vanish. From 
this it follows that there exists a new inWgml of the equation (34), 
which is represented by the two eqiuitions 

a* +/'(i') =0, y=px +•/(;'). 

Now the elimination of p Ix^tween these two equations would lead 
precisely to the envelope of the straight lines represented by the 
equation (36). Henw ClairauFs equation has also as an integnvl 
curve the envelope of the straight lines trhieh represent the general 
integraL Binee we cannot obtain this integral by giving a particular 
value to the constant we say that it is a singular integraL 
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We are led to Clairaut's equation when we undertake to detennine a plane 
curve by a property of iu tangetite in which the point of contact does not enter. 
In fact, let y = f{x) be the equation of the desired curve ; then the equation of 
the tangent is Y = y'-V + y — xy', and we are led to a relation between y* and 
y -- xy^, that is, to Clairaut's equation. It is clear that in this case it is the 
singular integral which gives the real solution of the problem. 

Let us propose, for example, tojind a curv^ such ihai the product cf the dis¬ 
tances from two fixed points F, F' to any one of Us tanyents is always equal to a 
constant 6*. Let 2 c be the distance FF% let the middle point of the segment 
FF' be taken for the origin, and let the straight line FF' be the x>axis. This 
leads to the differential equation 

if we suppose that the two points F, F' lie on the sa me side of the tangent. This 
equation reduces to the form y = xy' + a*/* ; hence the general integral 
represents the family of straight lines 

y = Cx db Vib* + a* C®, a* = 6* + c*. 

The singular integral curve, the envelope of these straight lines, is the eUipsa 



which is the true solution of the problem. 

11, Integration of the equations F(jr, y') = 0, F(y, i/) = 0. The 

equations which couUiin only one of the variables x or y are inb*- 
grable by a qmulrature, provided that we can solve the ecpuition for 
y (5 2). If the equation is algebraic, y is an Alndian integral or 
the inverse fuiudion of an Abelian integral. Whenever the relation 
is of deficiency zero or deficiency one, we can express x and y as 
functions of a variable {xiraineter, either nitioimlly or by unmans of 
the classic transc'endentiils. Let us consider, first, eqiuitions of the 
tyj>e F(y, y)=0, of deficiency zero; we c’iiu expnvss y and y' as 
rational functions of a jjaraineter ii, y=:/(u), t/= and the 

condition dy y'<fx gives us f*{u)du Then the variables 

X and y are given by the expressions 

(3T) y = /(«), * ^ du 

in terras of the variable parameter w. The same procedure is applica¬ 
ble to the equations F{y, y') « 0 if the relation is of deficiency one ; 
but we must take for /(«) and /|(w) elliptic functions, and x and y are 
expressed in terras of the transeendentals p, {, <r (Part I, J 76). 

We can proceed similarly with the equations F(Xf y^ « 0 if the 
relation is of deficiency zero or one; besides, they reduce to the pro» 
ceding form by interchanging x and y» 
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Ezcmple 1. The equation (/ — 1) = (2 — y')* is ol deficiency zero. Putting 
2 — = yii, we derive from it y" = 1 -f u*, y = 1/u — u. The relation dy = y'dz 

becomes here du/u^. We have, then, x = 1/u -f C, and the general inte¬ 

gral of the given equation is y = x — C l/(x — C ). 

Example 2. The equation y'* — 3 y'^ — 9 y^ — 12 y* = 0 represents, if we regard 
y and / in it as the coordinates of a ^int, a unicursal quartic having three 
double points (y = 0, / = 0), (y = ± V — 2/8, j/ = 2). We can, in fact, write 
the preceding equation 

(l^-2)a(/4-l) = {3y* + 2)». 

Putting first y' = u* —1, we have 3 y* = (u + l)*(tt — 2); if we then put 
u — 2 = 3t^ we obtain finally the following expressions for y and y' as func¬ 
tions of the parameter t : 

y = 8(f + t*), / = 8(1 + l*){l + 3e»). 

The relation dy = y'dx reduces hero to (1 + f*)dx = ctt ; we derive from it 

t ~ tan (x + C), 

and the general integral of the given equation is therefore 
y =r 8 tan (x + C) + 8 tan* (x + C). 

Example 8. I-iOt Ii{y) Ik* a polynomial of the third or of the fourth degree, 
prime to its derivative; let us consider the differential equation 

We have seen in § 78, Part I, that we can satisfy this equation of deficiency 
one by putting y =/(u), / ~/'(u), where/(u) is an elliptic function of the 
secontl order. The c<nidition dy ~ y'dt lK>come8 du = dx ; the general integral 
of the equation (88) i« then»fore an elliptic function y =/(x C). 

If the jKilynomial H{y) is of lower degree than the third, or if the polyno¬ 
mial, although t>( the thinl or of the fourth degree, is not prime to its derivative, 
the relation (88) is of <lefiriency zero. We ran express y and y' by rational func¬ 
tions of a panuneter w, and, by applying the prece<iing nietluxi, we easily show 
that the general inU*gnil is a rational function of x or a rational function of 

12. Integrating factors. The niethocl of integration by the separa¬ 
tion of the variabl<*« was gtuieraliziHl by Euler. The reasoning of § 2 
applies really to every equation of the first order 

(39) P (r, y) rfx + Q (x, y) dy = 0, 

where the coefficients /’ and Q contain both x and y, provided that 
we have dPfdy = dQ/cx. This condition is necessary and sufficient 
in order that Pdx + Xidy shall lie the total differential of a function 
t/(x, y), and the function f’'(x, y) is obtaine<l by quadratures, as we 
have seen (I, § 161). The equation (39) is then identical with the 
equation dU = 0, and the most general solution is given by a rela¬ 
tion of the fom V (x, y) = C between x and y. The equation (39) is 
therefore integrable by quadratures whenever the coefficients P and 
Q satisfy the condition dP/dy as dQ/dx. 
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In order that the preeedijig method may l)e applied, it is not 
necessary that we have iPj^y = dQ/cx\ it suffices to know an inte¬ 
grating faetor^ that is, a factor /a (-c, y) such that the product 

nix, y)lPdx + Qrfy] 

satishes the integrability condition d{^P)/dg = d{fiQ)/^x, or, after 
developing, 

(40, 

^ ^ eg dx \eg cx/ 

The investigation of the integrating factors is thus reduced to the 
integration of the preceding equation, which is a partial ditferential 
equation of the first order. It seems that in prcx'ecding in this way 
we have nmde the integration of equation (39) dej)en(l on an appar¬ 
ently more difficult problem, but it is to lx* noticed that it 8uffi(*es 
to know one partitulanfolution of the e<juation (40) in order to apjdy 
the metluxi, and in many eases we can find a particular integral of 
the equation (40) by more or less dire4-t pnx csses. Ix't us see, for 
example, in what c^ase the equation (39) has an integrating factor 
dep(?nding only on x. If we suppose ^gfeg = 0, the ecpiation (40) 
becomes „ 

a?fi. 

Cx \cg exj 

and the expreSvSion \cP/dg cii{ixyQ must be independent of v; 
if it i», we obtain an integrating factor g, by a (]ua<lrature. Ij<»t us 
sup|x>8e in addition that Q = 1; then cP(dg must lx> a fiinction .V 
of the variable ar, and the equation (39) is a linear equation, 

(39') (hj -f (Xy -h X^)ilx = 0, 

where -Y and denote functions of jr jilone. In this case, the equa¬ 
tion (40) is satisfied by , 


and it is e«isy to show that if w’^e multijdy the equation (39') by this 
factor, we have on the left an exact differential 

e^*9^'^(dy -f- Xy/lx -f X^dx)^ -f J X 0. 

The calculations which have to marie for Uie integration are 
exactly the same as in the first method (§ 4). 

We shall show farther on that the equation (40) has an infinite 
number of integrals under very general conditions, whi<di are always 
satisfied in the cases in which we are interested. If we know am 
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integrating factor vre can ol)tain all others in the following way: 
Putting ft, — the equation (40) becomes 


(40') 




= 0 . 


Now we know one function satisfying this relation: it is the func¬ 
tion, y), whose total diiferential is dx -f Qdtj)^ since the 
partial derivatives drfdx^ are equal to and to fi^Q, We 

luave, then, also {dv/dfj)(dlJ/dx)--{dvJdx)(dUldy)=z 0, which proves 
that V is of the form and that the general expression for the 

integmting factors is /x = where is an arbitrary function 

of V, It is easy to show that /x is really an integrating factor, for 
from the identity 

fi^(Pdx 4- Q</y)= dU 


we derive, by multiplying by 

+ Q(x,y)^y]= 4>(U)dU, 

and the right-hand side is the exact differential of the function 


F(U)= J 4,(U)dir. 

We deduce from this an interesting consequence: if and are 
two integmting factors, the ratio is a function of r. If this 

quotient /x^/Xj is not constant, the general integral of the differential 
equation can then Ih' writbui in the form = constant. 

The preceding theorem is sometimes helpful in finding an inte¬ 
gmting factor. Let us consider the differential equation 

(41) P dx -f Q “f -h = 0, 

where P, P^y Qy are functions of r, y, and let us suppose that we 
know how to tind an integmting factor for eaxdi of the expressions 
Pdx -f* Qdi/y P^dx -f* Q^dtj. The geneml expression for the integmt¬ 
ing factors of Pdx -f Qdy is where /x is the known fat^tor, U 

a function of x and y which we obtiiin by quiuimtures, and an 
arbitmry function. Similarly, the general expression for the inte¬ 
grating factors of P^dx Q^dy is where and are 

definite functions and ^ an arbitmry function. If we can choose the 
functions ^ and ^ in such a way that we have 

we shall have an integrating factor for the given equation (41). 



22 ELEMENTARY METHODS OF lOTEGRATION [l, {i2 

Let ua take, for example, the equation 

cudy 4* bydx + x«y*(aa5dp + fiydx) = 0, 

where a, 6, cr, fi are constauls. Every integrating factor of axdy -f bydx is of 
the form and, airailarly, every integrating factor of the second 

part is of the form + In ortler to have a common integrating 

factor, it will suffice to find two exponents, p and such that we liave 

Xmyn(jd^ya)p {X»y*)9^ 

which leads to the conditions 

pa — ^tr + n = 0, p6 — 4- m = 0. 

These conditions are compatible if » ha is not zero, and detennine an inte¬ 
grating factor of the fonn Multiplying by this integrating factor, the 

equation takes the fonn 4- r|”*cfr, =0, where we have put e = 

rs ; and this equation is immediately integrable. 

In the particular case where afi — ba = 0, we obtain from it a/a ~ ^/b ~ k, 
and the equation can be written in the fonn {axdy 4- bydx){\ 4- = 0. 

Note. If w^e know the general integral of a differential equation of the first 
onier, it is quite easy to obtain an integrating factor. For let/(/, y) = (" be 
the general integral of the equation (dD). The differential e<iuaiion of the curves 
represented by that relation is alw) {if/^x)dx 4- {t//ty)dy = 0; in onier Uiat it 
be identical with the equation (SO), w e must have 

tx _ ty 

and the common value of the two preceding ratios is evidently an Integrating 
factor for Pdx -f Qdy. Every other integrating failor is equal to this one 
multiplied by an arbitrary function of /(x, y). 

13. Application to confonnal repreaentation. Tht! theory of integnit- 
ing factors finds an iraj>ortant applic4ttion in the problem of conformal 
representation. 

ds* = Edw* -b 2 Fdudv 4- Odi^ 

be a quadratic form in du, dv whose coefficients Fy G are analytic 
functions of u and v such tliafc EG — F^ is not zero. We can also 
write ds* in the form 

d!s* =s (adu + bdv) (a^du + b^dv)y 

where a, by b^ are also analytic functions of n and v. According 
to a result which will be rigorously proved later, each of the expres¬ 
sions adu + bdvy a^du + b^dv has an infinite number of integrating 
factors, which are themselves analytic functions. If ft, are two 
such factors, we have the identities 

fs(adu 4* bdv)sa dUy ikfa^du + dU^y 
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and therefore 

= dUdU^’, 

whence, substituting 

U=X + Yi, U^ = X-Yi, 

we obtain 

E(ht^ -h 2 Fdu dv -h Odi^ = k(dX^ + d F*). 

Every analytic surface can therefore be represented on a plane 
confornily ; that is, without alteration of the angles between pairs of 
curves. If the 8urfa<*e is real, we may suppose that the real points 
of the surface correspond to real values of the variables u, v; the 
coefficients E, I\ G are real, while a and are conjugate imaginaries, 
as also b and We can also take for ft. and and therefore for U 
and (/j, c*onjug:it(* imaginaries, so that to real values of w, v corre- 
8|K)nd re^Jil values of A’ and of To real j>oints of the surface 
correspond therefore rt\al points of the plane. 

Sin(‘e it is jx)ssihle to represent every analytic surhice on a plane 
eoufonnly, we conclude that any analytic surface can be represented 
confonnly on any other analytic surface. 


14. Euler^s equation. A great lujiny devices have heen invented for 
the integration of differential ocpiations of sj>eeial forms. A cele¬ 
brated example, due to Euler and now known by his name, is the 
equation 


(42) 



dif 


= 0 , 


where A' and are two polynomials of the fourth degree in x and y 
resix^ctively, having the same coefficients: 

A" = -4- d- 4- «4> 

= “oP* + "i/ + 

The variables being separated, we obtain the general integral of 
equation (42) by two quadratures, which introduce two transcen¬ 
dental functions de|Hmding resjwctively upon x and y. Euler’s fun¬ 
damental discovery, which was the starting point of the theory of 
elliptic functions, consisted in showing that that relation between 
the variables x and y which in appearance is transcendental is in 
reality algebraic. 

Let us first consider the case where A is a polynomial of the sec¬ 
ond degree, not a perfect square. A linear substitution enables us to 
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bring it to the form A' =sA(x* — 1), and in this particular case the 
equation (42) becomes 


(43) 






Vl — Vl — a? 


= 0 . 


Clearing of fractions, we can write this in the form 


Vl — -f- Vl — = <f(x Vl ~ y + y Vl — x*) 




which shows that we have identically 

d(x Vl — ^ -f- // Vl — j^) 

The expression Va-x*)'(l-y>)- j*// is therefore an integrating 
factor for the equation (43), and the general integral is given by the 
relation 

(44) arVl-y+ yVl-** = r, 


or by the relation 

(45) V(1 - ■;r*)(l - y>) - = C, 

since the equation (43) has the two integrating fa(»tor8, 1 and the 
expression on the left-hand side of (4o). It is also very easy to 
verify that the two expressions (44) and (45) are equivalent by 
means of the identity 

{* Vr-7 + y Vl )* + [ Va-a^(l-/) - xy]‘ = 1. 

Kationalizing the expression (45), we can write the general integral 
of the equation (43) in the form 

(40) X* + y* + -1 = 0, 


where denotes an arbitrary constant, and this equation represents 
the conics tangent to the four straight lines x = ±l,y = ±l. 

By a bold induction Euler was led to a more general formula of 
the same kind, which corresponds to the case where .V is any poly¬ 
nomial of the third or of the fourth degree (^Imtiiutionen calculi 
inteyralis, VoL I, chaps, v, vi). 

Let F(Xf y) be a jiolynomial of the second degree in each of the 
variables x and y and symmetrical with res]>ect to these two variables: 


(47) F(x, y) f + A^xy(x + y) 
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This polynomial depends upon six arbitrary coeificients A^, A^, 

A^, A^, A^, and the relation F(x, y)=0 can be written in two 
equivalent forms: 

I y)=M,/+-yy+p = 0, 

'' f \f(x, y) = Af^x^ + .\\x + 1\ = 0 , 

where iVf, iV, P are three iK>lynoiinals of the second degree in x: 

+ A + A ,, .V = .1 -f *^+ . 1 P == + A^x+A^, 

and where 3/^, .V^, P^ are tlie polynomials obtained by replacing xhyy 
in M, y, P. From the relation F(x, //) = 0 we derive P^dx + I\dy = 0, 
or, after replacing and F' by their values, 

(49) (2 }f^x + y,)dx 4- i 2 My -f .V )dy = 0. 

AVe derive, moreover, from the relations (4H), 

2 Afy + .V = ± Va-* - 4 aIp, 2 Af^x + A', = ± Va^ - 4 A/^l\, 
and the jireceding ecjUiition (49) may be written in the form 


(50) 


,}x 


'/!/ 


Va'^ -TaIF Va'5 - 4 A/,/', 


= 0. 


This relation will Ih> identi(‘al with the given equation (42) if we 
have y^ — 4 .\fP A’, which necessarily carries with it the other 
equality A'J — 4 If/’, — F. Now, since 4/, .V, P are of the second 
degree, A’'* — 4 MP is of tlic fourth tiegree, and the jireceding condi¬ 
tion is an identity Ix'twemi two polynomials of the fourth degree, 
which re<iaires only tive conditions. Since we have six coefficients 
Af at our dis]M)sal, we see that one of these eot'fficients will remain 
arbitrary. There are therefore an intinite nuiulx^r of {)olynomial3 
F(Xj I/) of the form (47), depending upon an arbitrary constant C 
and such that the relation 


(61) /’(^,y)=0, 

between the variables x and //, leads to the relation (42). Hence the re¬ 
lation (51) represents the general integral of the proposed equation. 


The actual cietenuinatlon of the ixilynotnial F(jr, y) rcciuires a calculation by 
equating coefficients which can Ik* simplitied by means of a geometric repre- 
fientation due to Jacobi. TK»t us consider, in order to take the general case, a 
polynomial of the fourth degree R{t) prime to iu derivative, and let f,, fj, 
be the roots of H{t) 0. On the other hand, let S be any conic the ct>bniinates 
of any point of which are rational functions of the second degree of the varia¬ 
ble parameter t, so that to a point (jb, y) corresi>ond8 a single value of t; let os 
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call mj, m,, m,, the points of 2 which correspond to the values 
ci the parameter* PinaJly, let 2 ^ be a second conic passing through the four 
points fill, m^, m,, Every straight line tangent to 2" meets 2 in two points 
M and ilT; if f and t' are the corresponding values of the parameter, the rela¬ 
tion between t and t' is the one desiretl. It is evident, in fact, that that relation 
is symmetric in t and t% and that it is of the second degree in each of the varia¬ 
bles, for through a point M' we can draw two tangents to 2 ', and so to each 
value of t' correspond only two values of t. 

Let 

(52) F(t, 0 = 0 


be that relation. We can derive from it, as we have just seen, a relation 
between the differentials dt, of the fonn 


(63) 


dt ^ 

vr(r) 


where P{t) is a polynomial of the fourth degree. Thist polynomial P{t) is iden^ 
tkai except for a constant factor witA R(t) i for, a^'cording to the preceding 
method for obtaining the polynomial P{t) from F{t, t') = 0, the nx)tsof P{t) = 0 
are the values of t for which the two values of V coincide. Now the geometric 
significance of the relation (52) shows immediately tiiat this can only occur if 
the two tangents from M to 2 ^ coincide; that is, if the point M is one of the 
points ntj, m,, m,, We are thus led to the following metluxl, which requires 
only rational calculations, for obtaining the general integral of the equation 


(64) 


dt 

VW) 


± 


dt 


= 0 , 


where R{t) = -l- + o^f* + 0 ^ + 04 . This equation differs only In nota¬ 

tion from the proposed equation (42). We begin by forndng the general 
equation of the conics Z' passing through the four p^)ints mj, wig, mg, m 4 of 2 ; 
that equation is of the fonn/(jf, y) + CXx, y) — 0 , where C is an arbitrary con¬ 
stant. We then write the condition that the straight line jt>itiing the two |x>ints 
if and M' of 2 , which correspond to the values f, t of the |>arameter, shall be 
tangent to 2 ^ The resulting relation, which contains the arbitrary constant C\ 
represents the general integral of Euler's equation. 

To carry out the calculations, let us take for 2 the parabola y* = x, and let 
us put X = f*, p = t. The conic Z' given by the etiuation 


(55) Ax« + A V + 2 If'xy + 2 JETx + 2 /f g + A'' = 0 


cuts 2 in four points, given by the equation of the fourth degree in t which is 
obtained by replacing x by £* and y by f. In order that that equation shall be 
identical with R(t) = 0, it is sufficient that 


( 65 ) Aso^t A' + 2ir = ag, = 2R=:ag, A'" = 04. 

The coefficient P' remaining arbitrary, we shall put P" = C\ which gives 
^ A' ss: 2C» 
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Let ufl recall now that the tangential equation of that la, the condition that 
the straight line ax + /3^ + 7 = 0 shall be tangent to that conic, is given by the 


equation 

A 

B" 

Bf 

a 

(67) 

B" 

A' 

B 

p 

B' 

B 

A" 

y 


a 


7 

0 


The straight line joining the two points (t*, t) and (t'^, t') of S has for its 
x-(t + t')v + tt' = 0. 

We can therefore take 

a = l, + > = «'• 


Sulwtitilting the values obtained for yi, A\ R, A'% B'% a, y in the con¬ 
dition (57), and replacing t and i' by x and y resjiectively, we arrive at the gen¬ 
eral integral of Euler’s equation in the following form, which is due to Stieltjes: 


do 

2 

C 

1 

2 

0,-2 6' 

2 

- + y) 

C 

2 


xy 

1 

- (-c + k) 

xy 

0 


This equation represents a family of curves of the fourth degree, having two 
double points at infinity on Ox and (^y respectively. The equation being of the 
second degree with respect to the constant C, through each point of the plane 
there pass two curves of the family, as wo might have foreseen, since the given 
differential eijuation give.s two equal values, but with opposite signs, for the 
derivative y' at each point. These two values of y' become equal only if the 
point (x, y) Ixdongs t<» the curve A'r = 0 , which is composeil of four straight 
lines Dp Dj, Dg, D^ parallel to the axis Oy, and of four straight lines Ap Aj, Aj, A^ 
parallel to the axis Ox, Let us write Eider's equation in the rational form 
Fdx* — Xdy^ = 0 , and let us take a point M (x, y) on one of these straight lines, 
Aj for example, not Indonging to any one of the D lines. For the coordinates 
of the jioint M we have Y — 0 , -Y 0 , and Euler's eipiaiion gives for y' a double 
value, y' = 0. Hence the straight line Aj itself Is an integral curve through M, 
But it can be verified that the curves represented by the equation (58) have as 
their envelope the set of eight straight lines given by the equation A‘F= 0 . 
Hence there is a new integral curve tangent to the first one at 3L Thus the 
eight straight lines D,, A,- are singular integral curves, for Uiey are not included 
among the curves represented by the general integral. 


Note. We have supposed, in order to arHve at the equation (58), that the 
polynomial R (x) was one of the fourth degree and prime to its derivative j but 
it is clear that the result can be verified directly without the hypothesis that 
R(x) is prime to its derivative. We could, for example, form the differential 
equation of the curves represented by the equation (58) by applying the general 
method of f 1 , and the equation obtained would necessarily be identical with 
Euler's equation, whatever may be the values of the coefficients a^, ap o^, a,, 
since we reach this result when the coefficients do not satisfy any particular 
relation. The equation (58) therefore applies to alt cases. 
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15. A method deduced from Abel’s theorem. We can also very easily deduce the 
general integral of Euler’s equation from AbeKs tlieorem. Let us now denote 
by R (x) a polyiiomir-l of the third or of the fourth degree^ prime to its deriva¬ 
tive, and let us consider the curve C which has for its equation = R(x), 
If a variable algebraic curve C' meets the curve C in three variable points 
only, 3/j, 3f^, 3f,, we have shown (Part I, § 108) that the coordinates (Xj, 
yj)* {Hi these three variable points satisfy tlie relation 


(59) 


Vj Vs Vs 


If the variable curve C' depends upon two variable parameters wliich we 
can select in such a way that two of the points of intersection, (jr^ (r,^, y^), 
can be brought to coincide* with any two points of the curve C given in advance, 
the codrtlinates of the third point of intersection, (jCj, y^), are functions of tlie 
coordinates (jr^, y^ ; x^, y.^) of the first two, and siitisfy the relation (5U). The eqtia- 
tion dr^/i/i + is therefore equivalent to the equation dx^/y^ ^ 0, whose 

general integral is = constant. Now, since the iK)ints (x^, y^), (x^, y,*) are on the 
curve C, we have yf = R(x^), y'j — and the equation dx^/y^ + dj’^/y.j = 0, 

which may be written in the form 


(60) 


<1', 




V«(x,) VH^) 


: = 0 . 


is identical with Euler's except in notation. In the expression which gives the 
general integral 

(61) r, = F(Xj, yj; r„ y^) = const. 

we should replace yj and y, by VH{x^) and \^i{x^) respectively, the deter¬ 
minations of the two i-adicals bedng the saino in the two expre.*<si»)n8 (60) 
and (61). We tlms obtain for tlm general integral an expression coiitaining 
radicals, while the result (58) is rational. But the irrational form is in certain 
cases the more advantageous. 

Let us carry out the calculations, snpt)osing the p^)lynondal /?(/) reduced to 
the normal form of Legendre, R{z) = (1 — 2 *) (I — where is different 

from zero and from unity. The parabola C\ 


(62) y = ax^ + hr d-1, 

meets the curve C represented by the equation y* = R{x) in the pf)int (r = 0, 
y =: 1) and in three variable points whose abscissiis /p r,, r, are roots of the 
equation 

(63) (a* - k^)x^ + 2a6z« + (6* + 2a + + l)x + 26 = 0, 

which is obtained by eliminating y and suppressing the factor x. 

Wa derive from this equation the relations 


+ X, + X, = 


2ab 


x,x, + x^, + aCjiCi = 


6* + 2a-f A:«4*l 
a*-ik« 




26 


whence 

vm 


Xj -f X^ + X, =: aXjX^. 
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The condition that the parabola C' passes through the two points (Xj, y^), 
{*jt Va)i enables us to determine a and 5. We have in particular 


‘ X, — 


Substituting this value of a in the preceding expression^ we obtain finally the 
expression for Xj in terms of Xj, Xj, : 


The general integral of Euler’s equation, 


(05) 


(U^ 


dx, 


Vr (Xj) 

is therefore represented by the expression 


^ = 0, 


( 66 ) 


X, = 


xf - x: 


XjV''/{(X,)- x^^/i{{z^) 


= c. 


16. Darbotix*8 theorems. Let us consider a differential equation of the form 


(07) — Ldy ^ ^f fix 4* N {idy — y<Lr) = 0, 

wliere L, are three |>olynomialH in x, y of at most the mth degree, and 

where at least one of them is actually of the ?7ith degree. In order that the 
relation «(/, y) ~ constant shall rei>resent the general integral, it is necessary 
and sufficient that the equation (67) be identical with the equation 


CM , , ru 

dx -f dj/ = 0, 
cx ty 


which requires that we have 

(68) L - 4- . - A(x™ 4* y“)=0. 

c^x cy \ dx dy/ 


This condition assumes a more symmetric form if w^e replace x by x/z and y 
by y/Zy where z is a fictitious variable which we shall alw’ays suppose equal to 
unity after the indicated opinations have been performed. Then u(x, y) 
changes into a homogeneous function of degree zero, and we have 


du , du du 


The condition (08) lakes now the form 


(60) ' 


//“ + J/^“ + W^“ = A(«) = 0. 
dx cy dz 


Conversely, if we have obtained a homogeneous function of degree zero, 
u(x, y, z), which satisfies the relation (OU), u(x, y, 1) = constant represents the 
general Integral of the equation (67), 

Darboux* has shown that we ciudd form a function m (x, y, z) satisfying 
thesis conditions if we knew a certain number of algebraic integrals of the 


• Sur ten Equations diff^rentielkx algSbriqttes du premk^ prdre et du premkf 
degri {BulkHn de4 ^Sciences tnaUUtmtique^y 1878). 
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eqaaUon (67). Suppose that the equation (67) has an algebraic integral de6ned 
by the relation /(*, y) = 0, where the polynomial /(*, y) is irreducible and of 
degree A. Repeating the previous work, we &nd that the relation 


(70) 


^2 + 


ut-nL 

\ 





must be a consequence of the equation /(x, y) = 0. If we again replace x by 
x/z, and y by y/z, and then multiply by y) becomes a homogeneous 

function of x, y, z, of degree A, satisfying the relation 




'ey 


.V. 

'ez' 


and the condition (70) becomes 

(71) A(/) = i|+Afg+N?{=NV. 

This condition is not satisfied identically, but by reason of the relation 
/(x, y, z) =0. Since the last relation is irreducible by hypothesis, it is neces¬ 
sary that we have identically 

(72) A{f) = Kf, 

where K denotes a polynomial in x, y, z which is necessarily of degree m — 1, 
for if / is of degree A, A{/) is of degree m + A — 1. 

Let us now suppose that we have found p algebraic solutions of the equa¬ 
tion (67), defined by the p following equations: 


/j(x, y)=:0, /,(x, y) = 0, • • /p(r, y)=r0, 

where/j, • •■^fp are irreducible polynomials of the degrees A^, A,, • • Ap. 

This requires that we have p identities of the following form : 


(78) ^(/,) = A^/„ A{/,)^K,f,, A{fp)^Kpfp, 

where the polynomials iTj, Kp are all of degree m — 1. 

Let us observe that the symbolic operator A{f) has properties analogous to 
those of a derivative. In particular, we can apply to It the nile for the deriva¬ 
tive of a function of functions: if F(u, r, w) is any function of u, r, uj, we have 

A(F) = ®^A(«) + g’^(v) + gA(u,). 


Consequently, if we put u =/*« //*••• where a|, a,, • • •, ap are any con¬ 
stants, we have 


A(u) = A(/,) + a,/f. /,*•-* • • + ..., 

or, by (78), 

A(u) = (a^K^4^ •••+ apKp)u. 

The function v(x, y, z) is a homogeneous function of degree 
<r|A| + £t||Aii*4' •••-{- ctphp. 

If we can dispose of the constants in such a way that we have 


( 74 ) 


r a,A^+ - a>Ap = 0, 

^•^^apKp=i0, 
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the equation u(x, y, z) = constant will furnish the general integrsd of the given 
equation, by what we have established above. 

The equations (74) form a system of m (m +1)/2 4-1 homogeneous equa¬ 
tions in aj, a,, •••, ap, since the polynomials Ki of degree m — 1 contain 
m(m + l)/2 terms. We shall surely be able to satisfy all these equations by 
values of tr< not all zero^ and therefore to complete the integration, whenever 
there are more unknowns than equations; that is, whenever we have 


(76) 




m(m + 1) 
2 


+ 2 . 


This is Darboux's first theorem. If the equations (74) are not independent, 
we can tind the solutions without requiring p to reach the preceding limit 
m(m -f l)/2 4- 2. A large number of examples in which this is the case will 
be found in I)arl>oux’8 pai>er. 

If we know only p = m(m -f l)/2 + 1 particular algebraic integrals, we can, 
in general, dispose of thep constants it, in such a way as to satisfy the conditions 


(76) 


J<r,A’, + (>’2A',+ ... + «pA’-p 
\ a , -f ^<2 "!■ * *' d- ^ = 


BL dM dN 
dx cy dz 
2 , 


which are e(iuival(*nt to a system of m(m 4* l)/2 4-1 linear non-homogeneous 
equations. The function u thus obtained satisfies the two equations, 


L -r- 4- 4- N - 4- w ( I = 

cx By Bz \dx cy dz f 

whence we derive, by eliminating cu/Bz and replacing z by 1, 


Bx By 


^[(»" + 2)u + i^ + 




^ ^ aN 

Bx^ By ^ Bz 


) = 0. 


But, since the function N has been made homogeneous by substituting x/z forx 
and y/z for y, and then multiplying by we also have, after making z = 1, 


BX 

Bz 




BX BX 


so that the prcce<ling relation may be written also in the form 
(77) 


|^(A-iv*) + ^“(Ar-Arv) 


/BL . BM BX dX ^ 

\Bx By Bx By } 


It is easily seen that this last condition expresses the fact that u is an integrat¬ 
ing factor for the equation (67), and we obtain thus Darbofux's second theorem : 


If m(m 4* l)/2 4-1 particular algebraic integrals gf ike egualion (67) are ibtoum, 
an integrating factor can be determined. 


The proof of this last theorem is not complete in the particular case where 
the determinant of the coefficients of the unknowns OTi in the in(in 4* I)/2 4-1 
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equations deduced from the relations (76) turns out to bo zero. But we can then 
satisfy the m{m + l)/2 + 1 homogeneous equations, obtained by suppressing the 
right-hand sides, by values of the or,* not all zero, and therefore obtain the 
general integral by the first theorem. 

Example, Let us consider in particular Jacobi’s equation (§ ft); the num¬ 
ber m is here equal to 1. Let us look first for the linear integrals of the form 
wx + ry 4* icz = 0. By the general method we must have identically 

u (bz + b'z + b"y) + r (rz + c'x -f c"t/) 

+ M?(az + a'x -f u"V) = X (<«* + ry 4* wjz), 

where X is a constant factor. This leads to the three conditions 

ub 4- rc 4- M? (a — X) = 0, u (f/ — X) -f vc' -f ira' — 0, 
ub"-^ r(c'"~X)4*iea"=0, 

and, after eliminating u, c, uj, we find again the equation in X obtained by the 
first methcKl (p. 12). 

Let Its limit ourscdves to the case in which the eijuation in X has three dis¬ 
tinct roots Xj, X^, Xj. Each of these nx>ts furnishes a linear integral, and we 
therefore have three linear functions, A' T, Z, giving the three identities 

A (X) = XjA', A (V) = X^r, A (Z) =r X3Z. 

By the general theory we can deduce from them tluj gen<‘ral integral, since 
in this case m = 1. For this purpose it is necessary to determine three numbers 
a, y satisfying the relations 

a 4* 4- 7 = 0, aXj 4- ^X, + 7X3 = 0. 

We may take assX, — Xj, /JsrXj — X^, 7 = Xj — X,, and the general integral of 
Jacobi’s equation is therefore 

Jrx*“X*y'A 3 -'A, 2 A,-A, ^ const. 


17. Applkationa. When we seek to determine a plane curve by a 
given relation F(x, y, w)= 0 between the coordinates (.r, y) of a 
point on the curve and the slope m of the tangent at this |)oint, the 
curves desired are evidently obtained by the integration of the differ¬ 
ential equation of the first order F(x, y, y^) = 0 , which we obtain 
from the given relation by replacing in it m by y^ If this e<iuation 
is of the yth degree in y', there j>a 8 S in general 7 such curves through 
each point of the plane, as will \ye proved farther on. Let us con¬ 
sider, for example, a family of curves C, represented by the efpiation 
♦(x, y, a) = 0 , dejietiding upon an arbitrary j>arameter, and let us 
try to find their orthogonal trajectories, that is, the curves C* which 
cut orthogonally in each of their points a curve C passing through 
the same point. Let m, be the slofjes of the tangents to the two 
orthogonal curves C, C' passing through the same point (x, y). Then 
fui4 w' miwt P«^tisfy tjie relation 1 -f m*m = 5 ; 0. On the other hand, 
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let F(x, y') = 0 l)e the differential equation of the given curves C. 
Then we have F(a*, y, = 0, since w, is the slope of the tangent to 
a curve C passing through the point (a-, y). It follows that 

Moreover, rn) is also the slof)e of the tangent to a curve C' passing 
through the point (x, y) j hence the curve C' satisfies the equation 

(' 8 ) f{v, y. - 

unA we obtain the differential e^/uatum of the orthogonal trajectories 
of the carves r by rej^lacing \f by — 1/y' m the differential equation 
of the curves C, 

In order to obtain the differential equation of the curves C, we must 
eliminate a Udween the twoecjuations «I> = 0, (^<I>/^.r) -j- { c^/dy)if = 0. 
Therefore, in order to obtain the differential equation of the orthogonal 
trajectories, it ivill suffce to eUmbutte a between the two relations 
c|> — 0, (?<I>/2x)y' --(^/^y)= 0. 

Let us take, for example, the conies represenU d by the equation 
y* -f 3 x^ ~ 2 «x = 0, 

where is a varialde parameter. The application of the preceding 
method leads to the homogeneous differential equation 

(//-3xny-f 2xy = 0, 

which l)ecome8, after putting y = ux and separating the variables, 

dx ^ 3 r/w du du ^ 

X u w + 1 « — 1 

Solving this equation, we find 

r?/* = — 1), or y* = r (y* — ac^. 

The orthogon.al trajectories are therefore cubics with the origin as a 
double ])oint. 

Let us ('consider in a more general manner a surface N the cobnli- 
nates x, y, z of any point of which are expressed as functions of 
two paramett^s «, v: 

X =/(m, t)), y = i>(u, v), 


* = i;). 
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We derive from these expressions 
dx = ^du + ^dv, dif = ^du + ^ dv, 


^■idu + ^^d,. 

cu cv 


To every value of the ratio dv/du corresponds a tangent to the sur¬ 
face passing through the point (w, ??). If we wish to determine the 
curves of that surfacje such that the tangent to one of these curves in 
any point depends only on the |)Osition of that jx)int on the surface, 
we are again led to integrate a differential equation of the first order: 




Conversely, every equation of this form establishes a relation between 
a point of a curve lying on the surface S and the tangent at that point. 

Let us, for example, try to find the trajectories at a constant 
angle V to a family of given curves lying upon the surface. Given 
two curves, C, [)assing through a j>oint (ii, r) and cutting at an 
angle F, we have the general formula (II, Part I, § 20) 

„ Edit hi 4 “ F(dutv 4 * dviu^ 4 * Odvhj 

(80) cos V = .r. » 

VEc/w* + 2 Fdudv 4- y/Ehi^ 4* 2 Fhdv + GSt;^ 

where E, F, G have the usual meanings, where du and dv denote 
the differentials relative to a displacement on C, and where hi and iv 
denote the differentials relative to a displacement on C\ The curves 
C' being given, Sr/hi is a known function of u and v, iv/hi = 7r(M, c). 
Replacing iv/hi by v) in the preceding relation (80), the result¬ 

ing relation F(i/, r, dv/du) = 0 is the desired differential equation of 
the trajectories. 

Let us consider in particular the trajectories at a constant angle 
to the meridians of the surface of revolution, 

x = pco8«, y = p8in<i>, a;=/(p). 

We have here 


u = F==l 4'/”(p), F = 0, p\ 

hence the equation (80) becomes 


=s 0; 


Solving for dutj we find 




dm ss ton V ■ 


whence « can be obtained by a guadtatare. 
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18. Intesration of the eqaation = /(^)* Given a differen¬ 

tial equation of the nth order, 

(81) 


where = d^yfdoc\ this equation and those which are obtained from 
it by repeated differentiation enable us to express all the derivatives, 
beginning with in terms of a*, y, y\ y*\ • - •, If, then, for a 

jxirticular value of the inde{)endent variable we are given the cor¬ 
responding values yo, y^, • • *, yo"~'^ of the unknown function y and of 
its 71 — 1 first derivatives, we <ian calculate the values of all the 
derivatives of y for the value of or, and form a power series, 


(82) + 


^0 




whose value represents the integral in question, provided that inte¬ 
gral can be developed by Taylors series. Up to the time of Cauchy’s 
work the convergence of this series had been assumed without 
proof.* We shall see later that the series does converge under cer¬ 
tain conditions which will he stated precisely. We shall indicate 
here only some simple types of differential equations of the Tith 
order whose integration (^an be reduced to quadratures or to the 
integration of an equation of lower order than n. 

The differential equation 

(83) 


constitutes the sim})lest possible type of differential equation of the 
nth or(h*r. It can l)e integmted by means of n successive quadra¬ 
tures ; for, indicating by any arbitrary constant, we have 


rf" ^' y 




H 


fix)dx. -f C„, 


.. . . . , 

y = I rfjj I dX“ l f{x)dx 

, C^{x - a-o)”-* Oi(a! - ^ 

^ (»-!)! ^ (n-2)l ^ »> 


• See, for example, the TruMi by Lacroix. 
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where ^ arbitrary constants which are equal 

respectively to the values of the integral and of its first (n — 1) 
derivatives for x = 

We can replace the expression 







which contains n successive signs of integration, by an expression 
containing only a single quadrature, to Ik? carried out on a function 
in which the variable x appears only as a iKiraineter. It is easy to 
verify this fact, which will apjK'ar later as a sj)ecial case of a general 
theory (§ 39). For if we put 


(84) 





we obtain successively, by the application of known rules, 


cn\ 

dx 









/(.■:),h, 


and, finally, d*Yj(hr^ == f(x). The function )\ is therefore an inte¬ 
gral of the equation (83). Ik^sides, tlie two functions Y and Y^ vanish, 
as do also their first (n — 1) derivatives, for x = Thcdr differ¬ 
ence, which is a polynomial of degree equal to — 1 at most, cannot 
be divisible by (x — unless it is identically zero. We have 
therefore = Y. 


19. Various cases of depression. The most usual cases in which the 
order of the equation can l)e clepre.ss(*d are the following: 

1) The equation does not contain the unknown function. An equa^ 
tion of the form 


(85) 





S!)-» 


(1 ^ A; ^ n) 


reduces immediately to one of order n — A* by taking n = d*^yfdx^ as 
a new unknown function. If the auxiliary e<piation in u can Im int(»- 
grated, we shall then obtain y by quadratures, as has just l^een 
explained. 

It sometimes hapjTens that we can express x and u 3 = d^y/dx^ in 
tetms of an auxiliary parameter t, 
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where the functions / and contain also the arbitrary constants 
introduced by the integration of the equation in u. We can then 
express y in terms of t also by quadratures. We have first 

whence we derive Continuing in this way, we calculate suc¬ 
cessively , y up to ij, 

2) The equation dneti iwt contain the independent varnable. Given 
an e(j[uation of the form 


( 86 ) 




d\q 

7/> ’ 





we can reduce it to the preceding form by taking ij for the independ¬ 
ent variable and x for the unknown function. Then the new equa¬ 
tion do<\s not contain x, and, taking dx/dij for the new unknown, we 
are led to an equation of order n — 1. Rut we can carry out these 
two transformations simultaneously by taking y for the independent 
variable and yj = dy/dx for the dependent variable. This gives 


iP y dj^^djfdy 
dx^ dx dy dx 



d^y 

dx^ 



and so on. In geiK*ral, d^y/dx*" can Ik? expressed in terms of and 
of its first r — 1 derivatives with resj)ect to y. The resulting differ¬ 
ential expiation is (»f order n — 1. 

Let U.S su])pose that we have integrated this auxiliary equation of 
order n — 1, and for the sake of generality let us suppose that y and 
p are exj)ressed in terms of a variable paiiimeter f, which may l)e one 
of the variables themselves. Then we shall have yz=zf(^t)^p = 
where the functions f and <f) dept?nd also on arbitrary constants. 
From the relation dy = yu/r we derive= <f>{t)dxy so thatx in 
turn is obtained by a quadrature, 



This method is especially useful for the equation of the second order, 

nu, y'')= 0, 

which is thus reduced to an. equation of the first order, 
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Let = ^(y, C) be the general integral of this equation of the first 
order. From the relation dy/dx = ^ (y, C) we obtain x by a quadrature, 


X == 





If the genei*al integral of the equation in jt is solved for y and 
appears in the form y = /{y, we have, in the same way, 


and therefore 


f(p)dp =j>(lx 



P 


The coordinates of a |X)int of an integral curve are thus expressed 
in terms of an auxiliary variable p which reju’esents the sIojh? of the 
tangent to the curve. 

3) The equatim U homoyeneons in y, y\ y”, . • », If the degree 
of homogeneity is wi, the equation is of the form 


(87) 




y / 


= 0 , 


and we see that, if y^ is a particular integral, Xy^ is also an int<*gral 
for any value of the consUint X. The order of this equation is 
loweretl by unity by putting 

y = e-' 
y” -f- 

and, in general, is equal to the product of and a polynomial 
in Uf u\ m", • * Sul)stituting these values in the given equa¬ 

tion, we obtain an equation of order n — 1. 

4) The equation is homogeneous in x, y, e/x, c/y, (/*y, * * •, f/"y. In 
this case the equation is not changed by substituting ('x for x, and 
Cy for y, where C is any constant. Let us now take a new dej)endent 
variable u = yjx and a new independent variable t = Logx. The 
new differential equation does not change if we replace ^ by < -f Log r, 
leaving u unchanged; hence it does not contain explicitly the vari¬ 
able L This is readily verified, for it is easy to see that the given 
equation must be of the form 

« 0. 


This substitution gives 
\Jz=:.ue^ , 
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If we put y = ux^ we have, as a general expression, 

and the quantities y\ xy'\ x^y^^\ • * • are expressible in terms of ?/, xu\ 
x^u”, • .so that the transformed equation takes the form 

^(Uy Xu'y * * *, = 0 . 

If we now put x = fwe have successively for the products xu\ 
xhi*\ • • • certain functions of (hfjdty cPujdt^y ..and we are led to 
an equation which doi's not contain the variable t* 

Xote. In the various cases of reduction which precede, it may 
hap}xui that we can obtain certain integrals of the auxiliary equation 
without Ixnng able to determine the general integral. The preced. 
ing methods are still ai)})licable and enable us to obtain by quadra¬ 
tures integrals of the given equation containing less than n arbitrary 
wnstants. 

20. AppUcations. 1) Equations of the form y" —/{y) come under the preced¬ 
ing types. We can integnite them tiirectly without any transformation, for if we 
multiply the two aides by 2 /, we deduce from the result, by a first integration, 

= C + f''2f(y)dy = F(j/) + C, 

and wo have next, by a quadrature, 

- + C'. 

\ F{y) + C 

Let us consider, for example, the etiuation 

y" ~ + a^y + a,, 

where one at least of the eoefttcienUs a^, is not zero. Multiplying the two 
sides by 2 ^ and integnvting, we find 

(1 2 

y'^ = -J> 1/4 q- (IjV* + Ujp* + 2 Oj p + C. 

The general integral of this new equation is an elliptic function (§ 11), which 
may in special cases reduce to simply j>eriodic functions, or even rational func¬ 
tions, if the constant C has been so chosen that the polynomial on the right has 
a factor in common with its derivative. 

* We may proceed in another way by taking u and v « xu' for the variables. This 
gives dv/dz »14' + icu", and therefore **u" - {dv/du) u'x - *u', or 

du 

Continuing in this way, we are led to a differential equation of order (n -1) in 
u and V. 
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2) It may happen that we can apply successively several of the methods of 

reduction to the same ecjuation. Let us take, for example, the equation of the 
fourth order = 0. If we first put y" = u, we derive from it an 

equation of the second onler, 6 — 3 uu" = 0, which is homogeneous in a, u". 

Let us put 

u — 

the equation becomes 3 r' = 2 r®, or t'/r- = 2/3, from which we obtain 

^ _ a 1 _ 

2 X + a * 

where a is an arbitrary constant. Hence we have 

u =z y' = b(x + a)~ J, 

26(x d- a)~ i + c, 
i/ 46(x -f a)i + cx 4- d, 

where b, c, d are three new constants. VVe find, therefore, that the general 
integral represents a system of parabolas (§1). 

3) Let it be required to determine tlie plane curves whose nulii of curvature 
are proportional to llie p<u'tion of ilie normal ii\cludetl between the fool M and 
the point of intersection N of that nonnai with a tixe<l straight line. Taking 
the fixed straight line for the x-axi«, the differential equation of the problem is 

(88) 1 + 4- ' 0, 

where the coefficient m is equal to the ratio of the radius of curvature to the 
length AfJV, precedetl with the sign 4- or —, according Jis the directit>n from 3f 
to the center of curvature coincides with the vlirection MN or w ith the opiwsite 
direction. In ortler to integrate this differential equation (88), let us put 
= p ; it becomes * 

1 + p-* 4- - = 0, 

dy 

which can be written in the form 

^ , M 2jp rip _ 

y 2 i + p-* ■" ’ 

from which we derive, by a first integration, 

y = c*(i4-pV*. 

where C is an arbitrary constant. The relation dy — pdx gives us next 
— pCp (1 + p^) * dp ^pdx^ 

or 

X = x^ - pC J*(l 4* * *'*dp. 

Let us put p = tanor ; all the curves obtained by varying C and Xq result 
from a translation and an expansion about the origin of the curve r represented 
by the equations 

(F) x=—pj* cos^ada, y = cos^'a. 

It is easy to get an Idea of the form of the curve from these equations, what¬ 
ever may be the value of p. If p is an integer, we can carry out the integration. 


r vtix 

eJ 
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If /I is a positive integer, tlie curve has no Infinite branches, but It may have 
two forms tliat are veiy different in appearance, according to the character of a- 
If s is an odd integer, x is a periodic function (Part I, § 16), and the curve 
r is an algebraic closed convex curve. If g is even, z increases by a constant 
quantity different from zero when a increases by 2 7r; y is always positive. 
We have a periodic curve with an infinite number of cusps on the 3C-axis. The 
appearance of tlie curve is that of a cycloid ; it is a cycloid for /x = 2. 


Note. In the examples which we Iiave just studied we always try to reduce 
the integration of a differential e<juation to the integration of an equation of 
lower order. However singular it may appear at first siglit, the reverse process 
may sometimes succeed. Given, for example, an equation of the first order 
/(/, y, y') “ 0, by combining witli it a second equation obtained from it by 
differentiation, we obtain an infinite numlx'r of eipiations of the second order 
which are siitistied by all the integrals of the original equation. Suppose that 
we can find thus an eipiation of tlie second order winch is integrable, and let 
y 0(/, r') Vie the general integral. All the integrals of the original equa¬ 

tion of tlu* tii-st order are included in this expression, but since they depend 
uiMin only a single arbitniry constant, there must be a relation between the 
con.stants (\ ( In onlcr to olitain it, it suffices to write the condition that the 
function 4>{i, (\ (') satisfies the original CMpiation of the first order; we are 
thus led to a certain number of relations bet ween the constants C, C\ and these 
relations should reduce to a single one. 

A most interesting examine of this device is due to Monge, who made use of 
it U> find the liiu*s of curvature of an ellipsoid. Let 2 a, 2?>, 2 c be the three 
axes; the projections of the lines of curvature on the plane of the major axis 
and the intermediate axis are determined by the differential equation 


(89) 


Axj/y"^ + (i-* — Aj/- — }t)y' — xy = 0. 
„3 (/,! _ r-J) ^ (n-J - l>-^ 


A 


^ 6“ (a* — c‘^) 

Differentiating the equation (8U), and then eliminating the expression 

x3 Ay^ - H, 


we obtain the differential equation of the second order, 


y'' 

y' 


+ 


y 



whence w'e derive first yy' — CZy then y^ = Cx^ + C'. 

The genenil integral of the equation (8i>) will be obtained by establishing 
between C and C' the relation A CC' + V' + = 0, as is seen by replacing y^ 

by CV-* + C' on the right-hand side.* 


• The equation (81)) can als<i be easily integrated by the classic processes. It suffices, 
In fact, to put X* — A", y'^ = V, after having multiplied all the terms by xy in order 
to transform it into the Clairaut form, 

I^grange and Darboux have employed similar devices to Integrate Euler’s equation 
(see J. Bkrtrand, Traits, de Calcul int^gralf pp.569“5T2). We can also regard a cer¬ 
tain theorem of Appell’s as an Illustration of the same procedure (Comptes rendm, 
Nov, 12, 1888). 
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1. Rind the differential equation of ail conics by starting from the general 
unsolved equation and eliminating the coefficients between it and the rela> 
tions obtaineii by five successive differentiations. 

2. Integrate the differential equations 

- V)* = y(i^ + y)^ y(i + + ary" = o, 

(1 + tT) y'v"' = (3 ~ 1) y^ ^ + y*) y^' ~ yiT* + xy"» + xy" -- y = 0, 

x*y"* -f 2 xy (y -> 2 a) y" — 2 y* <y — 2 «) = 0, xyy"' + xy'^ — yy" = 0, 
y'* + 3y'«+y«-4=0. 

3. Apply the general methods of depression to the integration of the differ¬ 
ential equation of conics. 

4. Find the integrals of the equation y" = 2y®(y — 1 ) which are rational 
functions or simply periodic functions of the variable. 

[Licence, Paris, 1809.] 

5. Given a triangle ABC and a cur\'e F in its plane, let a, h, c be the points 
of intersection of the sides of the triangle with the tangent at m to the curve F. 
Find the curves F for which the anharmonic ratio of the four ])oints m, a, b, c 
is constant when the point m moves on one of them. 

The anharmonic ratio of the tangent at m and the straight lines mA, m/f, mC 
is also constant. 

6. Given a point O and a straight line D, find a curve such that the portion 
of the tangent MN include<l between the point of contact M anil the point of 
intersection N of the tangent and the line D subtends a constant angle at O. 

[Licence, Besan^on, 1885.] 

7. Find the projections on the xy-plane of the curvcyj lying on the paralndoid 
2 <u = WIT* + y*, whose tangents make a given constant angle 7 with the axis Oz. 

[Ltrence, Pari.s, 1879.] 

8. Find the orthogonal trajectories of each of the families of curves repre¬ 
sented by one of the following equations: 

y* (2 a — X) = X*, y* 4* ?fix* — 2 ox = 0, 

(** + y*)* = u^-ry, X® + y* = a* log , 

where a is the variable parameter. 

9. In order that the equation ${x, y) = C shall represent a family of parallel 
curves, it is necessary and sufficient that we have 



where is any function of 9, 

[Write the condition that the orthogonal trajectories are straight lines.] 

10. Find the necessary and sufficient condition that the integral curves of 
the equation y" =:/(x, y) form a family of parallel curves, and show that the 
integiation can be carried out by a quadrature. 

[Licence, Paris, 1898.] 

11*. Form the general equatloii of the conics which cut a given conic O 
orthogonally at the four common points. These conics form, in general, several 
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distinct families. Find the orthogonal trajectories of each of these families. 
Hence derive all the orthogonal systems of which the two families are made up 
of conics. [If/=O» 0 =:O are the equations of two conics cutting each other 
orthogonally at each of their four common points, we have an identity of the 
form 


dx dx 


cy ty 


= X/ + 


where X and g are two constant coefficients.] 

12. Find the condition that the integral curves of the differential equation 

=/(JC, y) form a family of isothermal curves, and show that an integrating 

factor can be found. 

[SophL8 Lie.] 

13. Let i/j, ^2 l»e two particular integrals of Riccati’s ecpiation (26) (§ 7). 
Show that the substitution (y — V^/KV — i/g) = 2^ reduces the equation to the 
linear equation 

z' + - y^z - 0. 

14. Find a plane curve C such that the triangle formed by any point M of 
the curve, tlie corresjKtnding center of curvature, and the foot of the ordinate 
of the iH.)int 3f, luus a constant area. Show that one of the coordinates can be 
expressed as a function of tlie other by a qua<lrature, and that we can obtain a 
knowledge of the form of the <‘urve witlumt having the definite equation. [The 
axes of coordinates are supposinl to be rectangular.] 

[Licence^ Paris, 1877.] 

16. Given a plane curve C, let 3/ be any ^loint of that curve, P the center of 
curvature of the curve at the point, and MT the tangent. Through the point 
T where the Ungent cuts the axi.s of draw a straight line parallel to the axis 
of y, meeting the normal 3fP in a j)oint -V. Determine tlie curve C so that the 
ratio of Ml* to MX is constiint, 

[Licence, Toulouse, 1884.] 

16. Determine the surfaces of revolution such that in each of their points 
the radii of curvature of tlie principal sections are directed in the same sense 
and have a constant sum a. Sketch a figure of a meridian of the surface. 

[Licence, Toulouse, 1878.] 


17*. Show that the general integral of Euler’s equation can be written in 
the form 

/VJ-v"rV 

V- JZ y -/ “ + i') “ “i = 

where X = + UjX* + 03 X 4 * and where Y has an analogous 

[Laorahoe.] 

[It suffices to solve the equation (58) (§ 14) with respect to the constant. 
After a few transformations we obtain Lagrange's form.] 

18. The asymptotic lines of the surface represented by the equations 


X = A (u «)"»(» — a)», 
y = R (tt — b)^ (t — 6)", 
X ss c)*» (v — c)» 
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are obtained by the integration of Enler'e equation when we have m mi or 
m 4* n =: L Deduce from this result the asymptotic lines of the tetrahedral 

surface 



19. How can we determine whether a differential equation 
dy — /(x, p) dr = 0 

has an integrating factor of the form A"l', where X depends only upon j, and 
Y depends only upon y, and find this integrating factor when it exists ? 

[Licence^ Paris, October, 1902.] 

20*. Given a plane curve C, the middle point m is taken of the cord MM' 
which joins any two points 3f, M' of that curve. The point M remaining fixed, 
if the point M' describes the curve C, the point m descrilx>a a similar curve c. 
Prove that the curves c satisfy a differential equation of the first order, which is 
integrated, like Clairaut’s equation, by replacing y' in it by an arbitrary con¬ 
stant. {Bulletin de la Soci^U math^matufue, Vol. XXIII, p. 88.) 

21. Integrate the differential equation 

/ - ly", 1 / - ^ = 0 . 

We observe that y"' appears as a fact4)r in the derivative of the left-hand 
side. There exist equations of an analogous fonn and of any order (see Dixojt, 
Philosophical Transactions^ Vol. CLXXXVI, Part I ; Kafkv, BuUdin de la 
Soci^t^ math^aiique, Vol. XXV, p. 71 ; Boinitzky, Bulletin des Sciences 
math^matiques, Vol. XXXI, 2d series, p. 250). 



CHAPTER II 


EXISTENCE THEOREMS 

The first rigorous investigations to establish the existence of the 
int(?grals of a system of ordinary differential equations or of partial 
differential equations are due to Cauchy. That illustrious mathe¬ 
matician gave for analytic equations a type of demonstration based 
on a method of comparison to which he gave the name of '' calculus 
of limits’" {calcul des limi(e.<). We owe to him also another method 
which does not assume the functions to be analytic, and which we 
shall discuss later. 


1. CAtXULUS OF LIMITS 

21. Introduction. The fundamental idea of the calculus of limits 
consists in the use of dominant functions. The reasoning is quite 
analogous to that which has already been used to establish the 
existence of iniplicnt functions (I, § 193, 2d ed.; § 187, 1st ed.). 
Since every analytic function has an infinite numl>er of dominant 
functions, we see that the method can varied in a great many 
ways. The simjdicity of the demonstrations depends largely on the 
choice of the dominant functions. Since the work of Cauchy, his 
])roofs have lx»cm y)erfecUHl and extended to more general cases by 
Briot and Bouquet, Weierstrass, l)arlx)ux, M^ray, Riquier, Madame 
Kovalevsky, and maiiy others. Even to-day we make use of this 
same method constantly to treat analogous questions relative to par¬ 
tial differential eciuations with various initial conditions. 

22. Existence of the integrals of a system of differential equations. 

Let us consider first a single equation, 

( 1 ) 

the right-hand side of which, f(Xj y), is an analytic function in the 
neighborhood of a system of values We propose to prove that 

thU equation has an integral y(x) analytic in the neighborhood of the 
point and reducing to y^for x =» ar^. 

46 
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Let us suppose for the sake of brevity that 0 ?^ = = 0, which 

amounts simply to writing x and y in place of x — x^ and y — y^. 
If the given equation has an integral which is analytic in the neigh¬ 
borhood of the point x = 0, and which vanishes witli x, and if we 
can calculate the values of all the successive derivatives of that 
integral for x = 0, we can write the development of that integral in 
a power series. 

The equation (1) gives us first of all (c/y/(/x)^ = /(0, 0). On the 
other hand, the equations which we derive from it by repeated dif¬ 
ferentiations enable us to calculate the value of a derivative of any 
order in terms of x, y and of derivatives of lower order, 

I dj^ cx dy dx * 

(2) /li/Y 4. ^ 

I dx* dx^ dxcy dx Ctf \dx} Cy dx}^ 


Setting in these relations x = y = 0, we cidculate step by st<*p tlu 
initial values (^^y/dx*)^, (^/*y/dx*)^, • • •, ((/"y/dx’*)^^, •••(>{ the siu^ees- 
sive derivatives of the desired integml in U*rms of the eoeflicients 
of the development of /(x, y) in a power series in x and y. Until 
Cauchy’s work appeared, mathematicians had lussumed without proof 
that the power series thus obUiined, 



was convergent for values of x near zero. 

To establish rigorously this essential point, let us observe that tho 
operations by which we calculate the coefficients of the series (3) 
reduce precisely to additions and multiplications alone, so that the 
value obtained for (d"y/dx")^^ can ]ye wTitteii in the form 

0) ($^ 0 ^ "oi» ®10» • • •> <'».» • • •> "-o), 

where is a polynomial with positive integral coefficients, and where 
is the coefficient of x^ in the develojinient of /(x, y). If, then, we 
replace the function /(x, y) by a dominant function <)^(x, K), and if 
we seek to determine an analytic integral of the auxiliary equation 

( 5 ) 

vanuhiag with x, the coefficients of the aeries obtained for the devel¬ 
opment pf y will be positive nmnbers greater th|in th? ahsoluto valu« 
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of the corresponding coeflRcients of the same rank in the series (3). 
If the series obtained for V is convergent in a certain neighborhood, 
the same must be true a fortiori of the series (3). Now the series 
obtained for F will certainly be convergent if the auxiliary equation 
has an analytic integral vanishing for a: = 0. 

Let us suppose that the function /(x, y) is analytic when the varia¬ 
bles X and y remain in the circles C, C' of radii a and b described in 
the planes of the two variables about the two origins as cienters, and 
that it is continuous on the circumferences, and let M be the upper 
limit of y)| in this neighborhood. We can take for the domi¬ 
nant function 


M 


and, multiplying the two sides by (1 
auxiliary equation (5) in the form 


Y/b)^ we may write the 


( 6 ) 


\ hi dx 


We can show directly that this equation has an analytic integral 
which vanishes for r = 0. In fact, separating the variables, we obtain 
the integral of that equation in the form 


( 7 ) 




Tlie constant which must Ix^ added to the right-hand side to 
express the general inb>gral of the equation (6) is here zero if we 
adopt for the determination of the logarithm the one which is zero 
for a: = 0. Solving eejuation (7) for 1", we get 

(8) y=/.-6yll + 2afLog(^L-^y 

If we take for the radical-the determination which reduces to 1 
for a* = 0, the result (8) represents precisely an integral of the 
equation (6) whicli is zero for ar = 0. This function Y is also ana¬ 
lytic in the neighlwrhood of the origin, for the function under 
the radical is analytic in the interior of the circle C of radius a, 
and is zero for ^ 

(9) a- = p=a(l-c"^). 

When the variable x remains in the interior of the circle Cp of 
radius p described about the origin as center, the absolute viUue 
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of (2aA//6)Log(l — x/a) remains less than unity,* and the radical 
is an analytic function of x in this circle. The series obtained for 
the development of is therefore convergent in tlie circle of radius p, 
and the same is true a fortiori of the series (3) first obtained. 

It is easily seen from the formula (8) that all the coefficients of 
the development of V are real and positive, a fiurt which is evident 
also a priori. If we give to x any value whose absolute value is less 
than p, the absolute value of V wdll 1x3 less than the value obtained 
by replacing x by p. We have, then, for every }X)int in the circle 
Cp, \ Y\< by and therefore |?/|< ft. If we replace ?/ in/(jr, }/) by the 
sum of the series (3), the result of the substitution is therefore an 
analytic function 4 >(j‘) in the (urele of radius p. From the manner 
in whic*h we have obtained the coefficients of the series (3), the two 
functions 4 >(x) and dtj/dx are equal, its well as all their successive 
derivatives for j* = 0. Hence they are identical, and the analytic 
function tj satisfies all the given conditions. 

In order to ctilculate the cwffi(uents of the series (3), we can substi¬ 
tute directly for y in the equation (1) a power series //=< - 

and write the conditions that the two sides are idmitical. The cm^ffi- 
cient of x""* in dy[dx is n(\y while the eo(‘ffieient of on tin* right 
depends evidently only on (\y • ♦ and the c(Mffiicients 

It is easily seen that the coefficients are C4il(‘ulat4*d in this way 
by the use of the operations of addition and multiplication alone. 

The method can Vx* extended without difficulty to a system of any 
number of differential equations of the first order. I^et 

(10) = /.(a-,»/,. 2/3, • • •. y,) (‘ = 1. 2, • • •, ») 

be a system of differential equations in which the functions are 
analytic in the neighlKirlKxxl of the values 

erjuatlfins have a system of integrals analyfiv in the neighborhood of 
the point ami taking on the values (^2)0^ * ’ ’> 

for x=z 

The proof of this tlieorem can 1x5 made to dej>end on the fact 
that the system of auxiliary equations 

' dx dx dx 


M 




•In fact, all the coelficieoU of the flevelopment of that function in |K>wer» of x 
are real and negatiTe. The absolute valne of the preceding exprension for | a;} < p U 
therefore lew than ite abeolate value when z^p, that ie, lew than unity. 
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has a system of integrals which are analytic in the neighborhood 
of the origin, and which vanish for x = 0. The functions /< are sup¬ 
posed to be analytic as long as we have |x — ^ a, |y< ~ (y<)ol — 

and M denotes again the maximum absolute value of the functions 
in this neighl>orhood. These integrals, having their derivatives 
equal and all vanishing for r = 0, must be identical, and it suffices 
to consider the single equation 

(lY M 


in which we ciin again separate the variables. This equation has 
the integral _ 

which is analytic in the circle with the radius 

p = ff(i - 

and which is zero for .r = 0. Hence the system (10) has a system 
of integrals that are analytic in tlie same circle. 

A single equation of the ath order. 


( 12 ) 


f/" y 
(/x” 


F 



dx' 



can 1 h? rep]a<*e<l by an e([uivalent system formed of n equations of 
the lirst order. 


(13) 


'Ijl 

dx 



Vv 


'hi 

dx 


= ’A’ 


rfy—i 

dx 


Vy Vv * * *> Vn^\)y 


by intr^xlucing as auxiliary deix»ndent functions the successive 
derivatives of y up to the (a — l)th order. We deduce from the 
genenil theorem, then, the proposition that the equathn (12) has an 
analytic integral m the neighborhood of the point x^ arid such that 
that function and its Jirst n — 1 derivatives take on for x = the 
values y^, • • given in advance^ provided that the function 

F is analytic in the neighborhood of the system of values y^, y'. 

From the demonstration it results that there cannot l>e more than 
one analytic integral of the equation (1) taking on for x = the 
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value But nothing enables us to say up to this point that there 
do not exist non-analytic functions satisfying the same conditions.^ 
This is a point which will be rigorously established farther on 

(S 26 ). 

23. Systems of linear equations. We shall find farther on, by another 
method, a larger value for a lower bound of the radius of convergence 
of the series which represents the integrals (§ 29). If the functions 
fi have special forms, we can sometimes employ more advantageous 
dominant functions, still making use of the method of the calculus 
of limits. 

In particular, this is what happens in the very important case of 
linear equations. Let 

(14) + • • • -h fUnlfn "h ^ == 1» 2, • • •, n) 

be a system of linear equations in which the functions and arc 
functions of the single variable jr, analytic in the circle C of radius tl 
about the point as center. These equations have a system of Inte- 
yrah analytic in the circle C and reducintj resjjectively to (y. 2 )o> 

We may suppose in the proof that 

(^l)o ““ —' • * * (,!/n)o 

for if we change into (y,)^ -h y,, the syst^uu (14) does not change 
in form, and the new coefficients are again analytic in the cinde (\ 
Let Af be the maximum value of the absolute values of all the 


• The loUowing U the reasoninj; used by Hriot and IJouquet to treat this matter. 
Let y, be an analytic integral of the equation (1) taking on the value i/q 
F uttiog y » y| -f 2, the equation (1) takes the form 

(10 

where f (*. z) is analytic for 2*0. Let us suppose that this equation has an 

integral, other than 2 » 0 , approaching zero when the variable x describes a curve C 
ending In the point Let ar|, be two points of this curve to which corresiMmd the 
two values and of z. We obtain from the equation (1') 

f'V(*,*)<&. 

If Zi approaches Zf approaches zero, and the absolute value of the left-hand side of 
this equality becomes infinite, while the absolute value of the right-hand side remains 
finite; there cannot be, then, an Integral approaching zero different from 2 «« 0 . But 
the reasoning supposes that the point x approaches Xq along a curve C of finite length. 
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functions hi in a circle C' with the center and the radius r <R. 
The function 




is a dominant function for all the functions -f ,.. -f. (^inUn + 
and we are led to consider the auxiliary system 


( 16 ) 


rfK, 

dx 


ill 

dx 


iln 

dx 


-(i + K. + n + ... + r.). 

j[ _ Z_IQ 

r 


Since the functions F^, • • •, F^ are required to be zero for 
X = and since their derivatives are equal, they are identical, and 
the system (15) can Ix" replatxid by the single equation 


(16) 


dY 

dx 


M 



(l-fnF), 


which can Ix^ integrated by sej)arating the variables. The integral 
which is zero for x = x^ luas the form 

and it is analytic in the circle r'. The same thing is therefore true 
of the integrals of tlie system (14), and, since the number r may 
l>e takmi as near Ji as we wish, it follows that these inU^gnils are 
analytic in the circle (\ 


S4. Total differential equations. Let jTg, • • •, x„ be a system of n independ¬ 
ent variables, let z be an unknown function of these variables, and let /,, 

• • •, Z. l>v n given fuiietions of Xj, x^, • • •, x„, z. A lota.! differential equation is 
a relation of the form 


(17) ' dz =:/j(lrj-f/jdXj + ..•+/i.«2jr, ; 

it is really equivalent to n distinct equations: 


( 18 ) 


axi 


—/j» 




-ZjT 


ax„ 




I^et us suppose that there exists a function z of Xp x^, •••, x,, satisfying 
these n relations. We can calculate the second derivative ^ in 

two different ways. Writing the results obtained as identical, we obtain thus 
n(n — l)/21 relations of the fonn 




A 


(19) 


(<,k=l,2,...,n) 
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and the function z can only be taken from among those functions which satisfy 
these relations. We are going to consider only the very important case, in 
which these relations are satisfied ideniically. The equation (17) or the equiva¬ 
lent system (18) is then said to be compldely irUegrable, 

Gioen a completely integrMe total d^erential equation in which the functions fi 
are analytic in the neighborhood cf the system of values (^ 2 ) 0 ^ • • •» (x^)o» 
this equation has an analytic integral in the neighborhood of the system of values 
(•Pi)o» * • reduces to when ~ (x,)o, • • x, = (x,)<,. 

The equations (18) and those which are derived from them by successive 
differentiations enable us to express all the partial derivatives of the unknown 
function z in terms of z, jCj, Xj, • • •, ; hence we can obtain the values of the 

coefficients of the development of the analytic integral, if it exists. But, while 
it is evident that we can calculate such derivatives as d^z/dx^ in only one way, 
it requires a little more care to assure ourselves that we shall always obtain the 
same expression for a derivative of any order, such as c'e + which can 

be calculated in several different w'ays. This will be the case for the deriva¬ 
tives of the second order, if the conditions (19) are identically satisfied. In 
order to show that the same property is true in general, it sufticea to show that, 
if it is true up to the partial derivatives of onler p, it will also l>e true for the 
partial derivatives of order p + 1. We shall base the proof on the following 
fact: Let U (Xj, Xj, • • •, x«, z) be any function of x,, x*, • • •, x,, r, and let us put 


- IE A 

dXi ~ tXi ^ dz 


dXidJTt dJk\dXi) 


k — 1 , 2 , • • •, n) 


From the conditions (19) It follows immediately that we have for any function U 
the relation 

EEL- ^!EL 

dxidxk (iXkdxi 


Let now u and v be two partial derivatives of the pth order differing only in 
the fact that a differentiation with respect to jr,* in one has been replaced by a 
differentiation with respect U) Xk in the other. The proof depends on showing 
that we have 

du eu ^v , cv 

- 1 - ~~fk = - — 

bXk dz cX{ dz 


or that du/dxk = dv/dxi. But u and v have been obtained by taking the partial 
derivatives of a x>artial derivative w of order p — 1 with respect ty the variables 
Zi ami Xk respectively. We have therefore u = dw/dx^, v = dw/dx^, and the 
equality to be established reduces to dtw/dxidXk = dP^w/dxkdZi^ an equality which 
has already been proved. 

To prove the convergence of the series thus obtained, we can therefore replace 
the functions/[ by dominant functions 0 ^, provided that we choose these func- 
Uons^ so that the resulting auxiliary total differential equation shall itself be com¬ 
pletely integrable. For simplicity let us put (x,)o = {x^)^ = . • • = (x*)^ = ^ J 

we can take for the dominant function of all the functions/< an expression of 
the form 
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and the auxiliary equation 
( 20 ) 




is completely integrable from the symmetry of the right-hand side relative to 
the n variables Xi, In order to obtain an analytic integral that vanishes with 
these variables, we need only seek an integral which is a function of the single 
variable X= + • • • + x„. This leads to an ordinary differential equation 

of the form (6) 


P/ 


MAX 

1 -^’ 

r 


Since the integral of this equation is represented by a development in a con¬ 
vergent 8(*rie8 the coefficient of any tenn x^> • • * x^" of w'hich is real and positive, 
the development obtained for z is a fortiori convergent in the same neighborhood. 

The theorem can be extended without difficulty to systems of total differential 
equations in n independent variables Xj, Xj, • • *, Xn and m dependent variables 

^ 2 ' * * * > ■ 

(21) dz* =/i»<hc, + •••+/i*tlx.+•••= 

By calculating in two different ways the derivatives of the form dHk/txidXk 
wo are led to the conditions 


( 22 ) 


til 


:: + j-fti 


CZm 


. Cfkh ^ , 


^fkk 

~tZn 


fin 


The system (21) is said to be completely integrable if these conditions (22) are 
satistied identically, and we have the following theorem which is demonstrated 
like the preceding: 


completely integrable system in which the functions fi are analytic in the 
neighborhood of a system of values (x,)^^, • •., (x„)^„ {Zy)^^ • • {Zjn)o ^ <* 

system of integrals analytic in the neighborhood of the point (x^)q, • • •, (x«)<, and tak¬ 
ing on respectively the values (Zy)^, (Zj)^, • • •, (2m)o Vihen x^ = (Xj)^,..x^ = (x*)^. 


25. Application of the method of the calculus of limits to partial differ¬ 
ential equations. The calculus of limits enables us also to prove the 
existence of integrals of a system of partial differential equations. 
Let U8 consider first an equation of the first order, 


(23) 


dz I dz dz dz\ 


in which the right-hand side does not contain the derivative dzjdXy. 
This eqiiation and those obtained from it by successive differentia¬ 
tion enable us to express all the partial derivatives of z in terms of 
of the partial derivatives of z taken with respect 
to the variables a?,, a*,, • alone. This property is evident for the 
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derivatives of the form 3**^***^**'*’*«/8a?j2a:5» • • • &acj*, as is seen by 
differentiating the two sides of the equation (23) times with 
respect to and then times with respect to x.. If we differen¬ 

tiate the two sides of the equation (23) once with resj^ect to Xj, and 
any number of times with respect to the other variables x^, • * *, x^, 

and if we then replace in the right-hand side of the result the par¬ 
tial derivatives which involve just one differentiation with resi)ect 
to the variable x^ by the expressions alremly obhiined, we shall obtain 
also the derivatives ^ ... expressed in the 

manner stated above, and it is clear that we ciin continue to apply 
the same process indefinitely. 

liCt us now suppose that the function f is analytic in the neigh¬ 
borhood of a system of values (x^)^, ..(x.)^, (p^^, • * *, (p^\, 

and let ^(x^, x,, • • •, xj be a function of the (n — 1) variables 
*«>*•*> ^^i^alytic in the ueighl)orhood of the ixhnt* (x^)^, 
(^i)o> • * have for these jxirticular vtdues 



If these conditions are satisfied, the equation (23) has an integral 
which is regular in the neighborhood of the point (x,)^, • • •, (x,)^ and 
which reduces to ^(x^, x^, « • •, x,)/or x^ =(Xj)^. 

By hypothesis, the function ^(x^, x^, •. x^) can he develo]ied in 

a series of positive powers of the variables x^ — (x,)^, ami the coeffi¬ 
cients are, except for certain numerical factors, the values of the 
partial derivatives of that function at the i)oint (x.^)^^, (x^^, • • *, (x,)^. 
Since the function «, the existence of which we wish to prove, must 
reduce to ^(x,, x^, •«•, x,) for x^=(x,)^j, we know from that fact 
alone the values at the pbint (x^)^, (x^),^, • • •, (x,)^^ of all the [partial 
derivatives of the function z which involve no differentiation with 
respect to the variable Xj. We have just seen how all the other partial 
derivatives of z can be expressed in terms of these. We can there¬ 
fore calculate, step by step, all the coefficients of the development of z 
according to powers of x, — (x,)^ in terms of the coefficients of the 
two developments of the function f and of the function and the 
calculation involves the o(>erations of addition and multiplication 
alone. We can therefore employ again dominant functions to prove 
ecmvergence: if the series obtained by replacing, in the preceding 


*For the mks of brevity we i^H designate as a point every system of particular 
valueSt leal or imaginary, assigned to the variables appearing in the dtseussion. 
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calculation, / by a dominant function and ^ by another dominant 
function % is convergent, the same thing must necessarily be true of 
the series obtained for «. 

We can, first of all, replace the given initial conditions by other 
simpler conditions by means of a succession of easy transformations. 
We may suppose =(^ 2)0 = • • • =(^*)o = i^bat amounts to 

writing in place of If we also put 


the new unknown function u must reduce to zero for = 0. We 
may suppose also that after these transformations the right-hand 
side of the equation, when develoj)ed, does not contain a constant 
term, for if the development commenced with a constant term a 
different from zero, it would suffice to put u = clx^ -f v in order to 
make it disap^Kjar. Having made these transformations, if we now 
replace the right-hand side by a suitable dominant function, the 
demonstration of the theorem reduces to showing that the equation 




M 




1 - 


dx. 


+ ••• + 


dZ\ 

dx. 




where 3/, r, p are determined jx^sitive numbers, hcos an integral which 
is analytic in the neighlK)rhood of the origin and which reduces to 
zero for = 0. If we replace x^ on the right-hand side by 
where a is a positive number less than unity, we increase the coeffi¬ 
cients, and the theorem will be established a fortiori if we prove 
the proposition for the new equation 


(“) s- 


M 


(.-! 


-+x-+ •••+■ X,+ 2' 


, 1 - 




+ 


£2 

dx. 


r 


Indeed, it is sufficient to show that this equation has a regular 
integral, represented by a power series whose coefficients ore all real 
and positive; for the coefficients of this third development are at 
least equal to those of the series obtained by supposing that Z van¬ 
ishes when = 0, since the coefficients are aU obtained by means 
of additions and multiplications of the coefficients of the terms inde¬ 
pendent of In order to establish this last point, let us try to 
satisfy the equation (26) by taking for Z a function of the single 
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variable X = xja + *, H- +^- 

tial equation of the first order, 


We are thus led to the differen- 


M 


X 4- Z 


M. 


Let us suppose that a has been chosen so small that the coefficient 
of dZfdX on the left is positive. For A' = Z = 0 the eqiuition (26) 
has two distinct roots, one of which is equal to zero. That equation 
has therefore an analytic integral in the neighborhood of the origin, 
which, together with its first derivative, is zero for X = 0. It is easy 
to show directly that all the coefficients of the develoi)inent of this 
integral are positive; for the equation (26) may be written in the 
form 


dX 


= A 



+ 4* (A, Z), 


where A is positive and where <3>(A, Z) denotes a series whose coeffi¬ 
cients are all positive. After a first differentiation we find 


— = 2 4 — — 4. — 4-^— 
dX^ ““ dX dX^ cX CZ dX 


For A = 0, Z and dZjdX are zero; hence iPZjdX'^ is positive. The 
verification for the following derivatives is similar. 

The series obtained for the development of the desired integral z 
is therefore convergent as long as the ateolute values of the differ¬ 
ences X,- — (Xi\ remain less tlian a positive nuinWr r. The value of 
that series is an analytic function in the neighl>orhood of the point 
(*|)». (**)o» • • •» (-^.X retluces to 4>{x^, a-,, • • •, x^) for x, 

That function satisfies the given equation; for if we replace in / the 
variables dzjd^x^y • • ^zfdx^ by the preceding function and by its 
partial derivatives, the result is a function i/r(Xj, • • •, x,) which 
is regular in the neighborhood of the point (x^)^, (Xg)^, • • •, (x^)^, 
and, from the manner in which we have obtained the coefficients 
of the series «, the two functions ^ and dzfdx^ are equal, as well as 
all their partial derivatives, at the point (x^)^, (xj^,»»(x^)^. They 
are therefore identical. 

The proof is the same for a simultaneous system of equations of 
the first order, 


dz^ 


^fv 


dj^ 








(27) 


. vv, 
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whose right-hand sides contain only the variables x^, • • *, the 
functions z^, »• •, and the partial derivatives of the first order 

except those with re8j)ect to Supposing the right-hand sides ana¬ 
lytic in the neighborhood of a system of particular values (^k\i 
assigned to all the variables which appeal* in the function /, 
tli^eae equations have a system of Integrals which are analytic in the 
neighborhood of the point * • *, (-^ 11)0 which reduce for 

=(Xj)^ to p given functions <biy <^2» * * *> (n — 1 ) variables 

‘ which are analytic in the neighborhood of the pjoint 

(x^)q, (x„)^ and are such that the values of and of 

at that point are j^cecisely and (A: = 1 , 2, • « ; t = 2, 

3, • • n). 

26. The general integral of a system of differential equations. The 

preceding theorem enables us to complete the theory of differential 
equations on several important ]>oijits. Thus, the existence of an 
infinite numlx'r of integmting factors for an expression of the form 
P(Xyy)dx 4- (2(.r, y)dy is an immediate consequence of it if P and 
Q are analytic functions of the variables x and y (§ 12). 

Ijct us consider agiiin the equation of the first order y' =f(x, y), 
and \ot(T^y y^) be a ^Kiir of values for which the function/(x, y) 
is regular. The analytic integiiil the existence of which has been 
established, which bikes on the value y^ for x = x^, may be con¬ 
sidered as a function of thr(*e independent variables x, x^, y^; it is 
from this point of view that we are going to study it. For definite¬ 
ness let us supj)Ose that the function /(x, y) is regular in the 
neighlKirhood of a ixjint (x = a, y = We can evidently consider 
the given equation as a partial differential equation, 

( 28 ) ^ 

which defines a function y of the three variables x, x^, y^, and we 
propose to determine an integml of that equation which is analytic 
in the neighborhood of the point x = a, x^ = tr, y^ = /3 and which 
reduces to y^ for x = x^. This last condition is not in the same 
form as that of the preceding jmragraph, but it suffices, in order 
to overcome the difficulty, to take instead of x and of x^ two 
new independent variables w = x + x^ and t; = x — x^. Then the 
equation (28) becomes 
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aBd we are led to seek an integral of this new equation which is 
analytic in the neighborhood of the values w = 2 a, v 0, P 
and which reduces to for v = 0. By the general theorem, there 
exists an analytic integral, and only one, which satisfies these 
conditions; we shall denote it by y^), supposing that we 

have replaced u and i* by their values in terms of x and y. Let I) 
be a region defined by the conditions |a* — er| ^ r, —aj^r, 
fy^ — pi ^ p, in which the function </>(x, x^, y^) is regular. The 
function ^ has the following properties in this region. In the first 
place, from the very way in which we have obtained it, if and y^ 
are constants, it represents the integral of the differential equation 
y* =/(x, y), which takes on the value y^ for x = This integral 
is surely analytic whenever jj* — «j is less than r, for any point 
(jp^, yj in the region IK 

The development of <^(jr, y^) is of the form 

y = //o + - •*‘o) 

where P also denotes a regular function. By the general theory 
of implicit functions, we can solve the above rehition, obtaining 
y^ = ^(ar, x^y y), in which the right-hand side is also a i>ower series. 
The funxtwn ^(x, x^y y) is identical with it>(x^, x, y). In fact, let 
and x^ be two values of x in the region D ; then the integnil which 
is equal to y^ for a* = ac^ takes on at the point a cerbiin value y^ 
and we have y^ = ^ %)- But it is evident that the relation 

between the two pairs of values (x^, y^), (x^, y^) is a reciprocal one; 
hence we have also y<, = ^ (x^, x^, 

Let x^ be any value of x such that we have jx^ — a|< r. Every 
analytic integral of the equation (28), passing through any i)oint 
(x^ ^o) region D, satisfies a relation of the form 

( 30 ) y) = 

For, let us consider the analytic integral equal to y^ for x = x^. 
That integral takes on a value y^ when x lias the value x^, and we 
have, from the definition of the function ^(x^, x^y yj = y^. Let x 
be another value of the variable in the same region and y the corre¬ 
sponding value of the integral. We have also ^ (x^, x, y) = y^, and 
therefore the analytic integral considered does satisfy a relation of 
the form (30). By differentiating it with respect to x and replac¬ 
ing y' by its value /(x y) we find that the function 5 ^(xi, x, y) 
satisfies the relation 

(31) 
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This relation reduces necessarily to an identity, for it must be true 

for a? = y = and the point yj is any point of the region Di 

This enables us to answer a question left undecided in § 22. 

In the plane of the variable x let any curve V approach the point 

as a limit. We shall say that a function y of the variable x which 

can be continued analytically along the whole length of T approaches 

y^ as X approiu'hes x^ on T if for every positive number c we can find 

a corresponding positive number rj such that |y~yo| remains less 

than € for all the values of x lying on T in the interior of a circle 

with a radius rf and with the center x^. 

The reasoning of Briot and Bouquet does not prove that there do 

not exist other integrals than tiie analytic integral, approaching y^ 

as X approaches in the manner which has just been defined. This, 

however, is the fact. For let ns consider a definite point 

of the region />, and let us take for the new dei>endent variable in 

the efjuatiou (28) the function >'= jt, y) defined above. Then 

we have j » 

d \ _c<^> ay 

iix cx dy (lx 


and, by the relation (31), the given differential equation reduces to 
dY/dx = 0. If, now, y approaches y^ when x approaches the same 
thing is true of Y, and the only integril of the new equation dY/dx = 0 
which satisfies this condition is evidently Y^ y^. The integral sought 
must therefore satisfy tlie relation 

or 

(32) y, = y + (•* - y> *o)> 

and, by tho theorem on implieit functions (I, § 193, 2d ed.; § 187, 
1st ed.), tliere is only one root of the €»quation (32) approaching y^ 
as X approaches .r^, and that root is an analytic function.* 

It follows that every intt'gral of the equation (28) which passes 
through a point of the region D satisfies a relation of the form (30). 
On that account we say that that equation represents the general 
integral of the differential equation in this region. The number C 
is tho constant of integration which remains arbitrary at least be¬ 
tween certain limits. We have seen that we could also put the 
equation (30) in the equivalent form y = ^^(.r, y^), where the 

constant of integration is y^. 


♦Picard, TnUU (VAnalyBe^ Vol. II, pp. 315-317. PAiNLRvife, Le(;on8 de StocJtAoim, 
p. 304. ) 
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All these properties can be extended to a system of differential 
equations of the form 


(33) 




Vv Vv • • •» y.)> 



dx 


=/.• 


Let us suppose that the right-hand sides are analytic in the neigh¬ 
borhood of the system a; = a, We may again 

regard the preceding equations as a system of partial differential 
equations involving the n dependent variables • • •, y,* and 

the n -f- 2 independent variables ar, (y^)^ (yj^, . • (y.)^, and we 

may seek the integrals of this system which are regular in the 
neighborhood of the values jp = a, = a, (y^)^ == • • •> (y«)o = 

and which reduce to (y^^, • * ., (y,)^ resix^ctively for x = x^. 

Let 

(34) ‘ ■ 

^ ^ \ (yJo* * • •> Ojn)o] 


be the n functions thus defined, which we suppose to he analytic 
in the region D defined by the conditions |x —a|^r, [x^ —rrj^r, 
From the equations (34) we derive, conversely, 

(35) (yi)o = yv * • yn)f ‘ * *> O/nX = Vv * • VnX 


and each of these functions satisfies, for any value of x^^, the 
relation 


(36) 






+1^7. = 0. 

^y. 


We prove this just b& before by observing that the analytic 
integrals which take the values (yj,,, • * *, (y„)^ for x = x^ satisfy 
the relations (35), and therefore the relations (36), which we deduce 
from them by differentiating with respect to the independent 
variable x and by replacing the derivative dyjdx by /^. These 
relations (36) must reduce to identities; for if x^ is supposed fixed, 
we can show as above that we can choose (yj)^, • • •, (y«)o in such a 
way that the integral curve ♦ passes through any given point of the 
region D. The left-hand side of the equation (36) must therefore 
be zero for the codrdinates of any point whatever of this region. 

If in the equations (33) we take for new dependent variables 
tile n functions Fi=^^(x^, x, y^, • • •, y„), where x^ is constant, these 


•As a geneYmUzation we ahaU saj thiit every eyetem of integrals of Uie equations 
(S^ tkefiiMS an integral curve. 
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equations become, by the conditions (36), 


(37) 





It follows that all the integrals of the system (33) satisfy relations 
of the form (35), where (yj)j,, • • (y,)© constants — at least all 

of those integrals which have a point in the interior of the region 
D where the functions 4» are regular. We shall say, then, that the 
equations (35) represent tlie general integral of the system (33) in 
this region. 

From these equations it follows also that there are no other 
systems of integrals than the analytic integrals which approach 
(l/i)oy * * *> (//*)o when X approaches x^. We have, in fact, 

4>i = l/i + (* - *■» Vl> ■ • Vn), 

and the Jacobian • • •, y^, y,) reduces to 

unity for x = x^. According to the general theory of implicit func¬ 
tions, the equations (35) have only a single system of solutions for 
Vv !/ny which approach (y,)^ when x approaches x^y 

and these solutions are analytic. 

To sum up, through every point of the region D there passes an 
integral curve, and only one, represented by n equations y< = ^<(a;), 
where the functions are analytic so long as |x — aj^r. 


II. THE METHOD OF SUCCESSIVE APPROXIMATIONS. THE 
CAUCHY-LIPSCHITZ METHOD 


87. Succ«88iTe approximations. The method of successive approximations has 
been applied with success by E. Picard to ordinary differential equations and 
to a great number of cases of partial differential equations. We shall apply it 
to the treatment of differential equations with an important addition due to 
Ernst Llndelbf. 

Let y{x) be an integnU of the differential equation dy/dx =/(*, y) taking 
on tlie value y^ for x = Xq, The function y(x) satisfies the relation 


( 88 ) 


V (*) = Vo + ^ V[t, y (01 <«, 


and conversely. The equation (38) is an integral equation which is equivalent 
to the two conditions y'(x) =/[x, y (x)], y (x^) = y^ and which lends itself readily 
to the method of successive approximations. We shall develop the method on 
a system of two equations of the first order 


(80) 


^=/(*,y,*). 
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supposing first that the variables are real. We shall assume that the two func< 
lions / and ^ are continuous when x varies from to -f u ^nd when y and z 
vary respectively between the limits — h, Po + f>) and {z^ — c, + c); that 
the abeolute value of each of these functions / and 0 remains less than a posi¬ 
tive number M when the variables x, p, z remain within the preceding limits; 
andf finally, that there exist two positive numbers A and B such that we have 


m 


|/(x, p, z)-/(x, y\ z^\< A\y ^ y'\-¥ B\z -- z'\, 
V. z) - z0|< .i Ip - /I -f* /ilz - z"l 


for any positions of the points (x, p, z) and (x, y\ z') in the preceding region. 

tel us suppose, for ease in the rt'asoning, a> 0 , ainl let h be the Kiiiallest of 
the three positive numl>er 8 a, h/M, c/M, We shall prove that the tyuatiom (30) 
have a system of integrals which are continuous in (he inUrtal (x^, Xq + h) and 
which take on the values and z^^for x — x^. For this purix)se we shall WTite the 
equations (39) in the fonn of integral e<juations : 


(41) y(x) = Vo + f /['• 2(-c) = ^0 + f l/Uh 

and we shall «>lve these tHpiationsbv successive approximations in the same way 
as for a system of simultaneous e(iiiations (I, § 34. 2d ed.; § 25 ftn., 1st ed.), 
taking for the first approximation values the initial values y^ and z^^ themselves. 
We are thus led to write 


(43) 

and, in general, 
(48) 


l/i(*) = yo4' / /(t,y^,Zf,)dt, 

^i(^) = 

yjW = yo+r /[(y yi(t)r Z^(t)](U, 

= Zo-h r % [ty Pl(0, Zt(^)]dt 

y«(*) = Vo+ r f\P^Vn-\{l^,^n-\{i)]diy 

z,(x)=:z<,+ r%[t, p^-.l(e), Z,-i(t)]<ft. 


: Let us prove first that this process of approximation can be continued indefi¬ 
nitely If X I* contained In the interval (x^,, x^ + h). We have, in the first place, 
If X is within that interval, 

\ Vx - VQ \<^ h<by 

and, similarly, |Zj — z^[<c. If we replace p and z by p, and Zj in the functions 
/ and the functions of x thus obtained are therefore continuous between x^ 
^Mid X 9 + li, and their absolute values remain less than M. For the same reason 
fUi before, p^ and z, are continuous functions of x in the interval (x^, -f A), 
and we have In this Interval jp* — yol<A, jz, — z^l <c. The reasoning can be 
oontinaed indefinitely; all the functions p^ and are continuous between x^ and 
A, and we always have in ibis interval jp, ^ 
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In order to prove that and z, approach limits when n becomes infinite, let 
us notice that we derive first, from the first of the relations (42), 

(44) |v,(x)-Pol<-W(x-x,), lz,(x)-*o|< Af(x-x„), 

where x is any value whatever except x, in the interval (x,, x,, + A). We have next 

Vt{^) - yi(x) = »i(<). *i(<)] -/(«, Vo, 

and, by taking account of the first of the inequalities (40), 


ll/s(x)- i/i(x)I <j^' a; p,(t)- pj!dt + ^ /f!z,(t)- ZjIcB; 


and therefore, by the ineiiualities (44), 

! y,(x) - y,(x); < (A + B) Jtf ■ 


We have an analogous result for jr., (x) — Z|(jr)i, and, continuing in this way, 
we see that we have in general 

i V»(x) -y,-i{z)\< M (A + if)- - > ~ , 

■ (x-x). 

lz.(x) - z._x(x)! < Jtf (A + if)»-»^ 7^ • 

The two series 


(46) 


^0 + iVi - ^o) 4* (Vj - i^i) + - • + {yn - + • • •, 

/o 4- (^1 — Zo) 4- (^2 — 2i) 4- • • ’ 4- (2» — 2i.-l) 4- • • 


whose terms are all continuous functions of x in the interval (x^, X(j+ A), are 
therefore uniformly convergent in that interv'al. The values of these two series, 
Y (x) and Z (x), are consequently continuous functions of x between and x^, + h. 
As the number n becomes infinite, the relations (43) become, at the limit, 


P(x) = v„+^V[«, y{i),z{i)]di. 


Z(x) = z„+ f%[t, r(t), Z{t)]dt. 


For we have just seen that the differences y(x) — y„^i(x), Z(x) —z„»i(x) 
approach zero uniformly in the interval (x^^, x^, 4* ^), and therefore, by virtue of 
the relations (40), the integrals 


y{t). Z(t)]-/[e, Vn^lit). 

{0[t, Y{t), Z(f)]-<^[f,y,-i(0, 

approach zero when n becomes infinite. The functions Y{x) and Z{x) therefore 
satisfy all the given conditions. 

The preceding method is evidently applicable, whatever may be the number 
of the equations in the system. The inequalities (40), which play an essential 
part in the demonstration, are certainly satisfied for suitable values of A and li 
whenever the functions / and ^ have continuous partial derivatives with respect 
to V and t within the limits indicated for the variables; this is an easy conse¬ 
quence of the law of the mean (1, § 30, Sd ed.; 111, Ist ed.). Let us also notice 


/ 
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that If the functions / and ^ remain continuous when x varies between — a 
and + a, and tlie variables y and z between the same limits as above, the same 
reasoning proves the existence of a system of integrals, T (x) and Z (x), which 
take on the valuea y^ and for x = x<^ and are continuous in the interval (x^-~ 4, 
X|j 4- h)y where h has the same meaning as bc‘fore. 

There are no other systems q/* integrals than r(x) and Z (x) taking on the values 
y^ and z^for x = x^. The reast)ning being always the same, let us take for sim¬ 
plicity a single equation dy/dx = /(x, y), and let us put, as before, 

!/i-V(,+ f ^/(<. Vo) • • -1 !/« = »o + r /[^ Vo - «(0] *• 

Jr, Jt, 

Let I\(x) be an integnd of that equation which takes on the value forx = x^, 
and which is continuous in the inter%'al (x,,, x^^ + a'), where a' is less than the 
smaller of the numbers a and b/M and such that we have | Vi(x) — y^^j<b in this 
interval. Since }\ satisfies the given e<iuation, we can write 

rVy, yi(t)]dty 

and, consequently, 

r,(x)-Mx)= f':/[ty 
*'■^0 

Let us put successively in that relation n = 1, 2, S, • • •; we have first 
! - ViW: < - A,), 

then 

Z I 

and, in general, 

i - v.(t )! < A-b • 

n i 

The right-band side of that inequality approaches zero when n becomes 
infinite; the integral is therefore identical with the limit of ?/«, that is, 
with Y*. 

28. The case of linear equations. The general reasoning proves that the integrals 
are certainly continuous in the IriU-rval (x„,x„ -f h) detined alxivc; hut in quite 
a number of cases we can state the existence of a more extended interval 
in which the integrals are continuous. If, in fact, we go over the proof again, 
we see that the conditions h<b/My h<c/M are needefl only to make sure that 
the intermediate functions j/j, Zj, z,, • • • do not get out of the intervals 
(yo- ^ (Zq- ^,>4 c), so that the functions /(x, y/, z,), 0(x, y,-, z<) 

fidiall be continuous functiorjs of x lietwecn and x„ 4 h. If the functions 
/(X, y, z), 0(x, y, z) remain continuous when x varies from to x^ 4 and 
when y and z vary from — ao to 4 <», it is unnecessary to make tht!se require¬ 
ments. All the functions yi and Zj are continuous In the interval (x^, x^ 4 a). 


* Regarding questions concerning the approximate Integnitlfiii of differential 
equations, the reader Is referred to the articles of E. Cotton {Acta mathematical 
Vol. JPeXI; BulUftin de la mathimatiqm de FrawXy Vols. XXXVI, XXXVII, 

gad XXXVni; 4nmks de I^UniversiU de GrembUy Vol. XXI). 




n. i 28 ] 


SUCCESSIVE APPROXIMATIONS 


65 


Again, in order to prove the convergence of the two series (46) it is sufBcient 
that there exist two positive numbers A and B such that the two inequalities (40) 
are satisfied for any values of y, y\ z, z' if x remains in the interval -f a). 

We recognize, in fact, on going over the calculations made above, that the in¬ 
equalities (46) still hold, provided that we indicate by M an upper bound of 
|/{*. Vo< *o)l J'o. ‘h® interval (x^, x^ + o). 

These conditions are satisfied, according to the law of the mean, if the 
functions /(x, y, z), 0(x, y, z) have partial derivatives with respect to the 
variables y and z vsiiich remain finite for all values of y and z when x varies 
from x^j to x^ + a. Such, for example, is the case for the equation 

dy 

^ = X + sin y ; 

dx 

the right-hand side is a continuous function, whatever x and y may be, and 
the partial derivative cf/cy is at most eipial to unity in absolute value. 
All the integrals of that eijuation are therefore continuous functions when x 
varies from — ® to -f oo.* 

The preceding conclusions apply in particular to systems of linear equations 

(47) ~ a.iyj -i- ai^Vt + • • • + (i = 1, 2, • -., n) 

ax 

where the coefficients oa-, h,- are functions of x. If all these functions are 
continuous in an interval (x^, Xj), all the integrals of this system are likewise 
continuous in this interval; if the coefficients are polynomials, all the integrals 
are then continuous when x varies from — oo to -f go. 

Limiting ourselves to real variables, we see that the integrals of linear equa¬ 
tions can have no other singular points than those of the coefficients. This very 
important property cannot be extended to many other equations, even though 
they are apparently just as simple — for example, to the equation y' = y*. 

Note. We often have occasion to study systems of linear equations whose 
coefficients are analytic functions of certain parameters. Let us suppose, for 
definiteness, that the coefficients oo^ and \ of the equations (47) are continuous 
functions of x in an interval (a, 6), and that they depend also upon a parameter X 
of which they are analytic functions in a region 7). 

The integrals of this system which take on given initial values for a value Xq 
of X included between a and b are represented in the whole interval (a, 6) by 
uniformly convergent series, and from the very manner in which we obtain 
them it is clear that all the terms of this series are analytic functions of the 

•We can deduce an analogous theorem from the calculus of limits. Let /(x, y) be 
a function wlii<*h is r^al for every system of nml values of z and y and analytic in 
their neighborht>od. SuiqMise, besides, that l/(x, y)l remains less than a fixed niun- 
ber M when we have rcsptvtively j *R {r/i)\ ^ a and 1(y/t)| ^ft. If Xq, y© are a pair 
o( any real values of z and y, the function/(x, y) is analytic in the region defined by 
the inequalities jy-y^l^ft, and its absolute valne Is less than M. 

Tlien, by the calculus of limits, the integral of the equation y), which is 

equal to yo ^ 1^ surely analytic In a circle C whose radius r is independetU 

of Xot yo* We can follow the analytic extension of that integral along the real axis 
by means of circles of radius r, and we see that it is analytic in the interior of the 
bounded by two parallela to the real axis at a distance r from It* 
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pMmeter X in />. These ivUegrtUs cure therefore themsdoes analytic functiane qf X 
in the region D (Part § 89). 

Most frequently the coefficients and hi are integral functiona of the 
parameter X; the integrals are therefore themselves integral functions of X. 
We can obtain directly the developments, accortUng to powers of X, of the 
integrals which take on given initial values, by first substituting in the two 
sides of the equations (47) developments of the form 

yi = «io + MiiX 4*-f- w.>Xi> 4* • • (t = 1, 2, •. n) 

where the variables unt are functions of x, and by then equating coefficients. 
The functions tt,o must take on the given initial values for x = while the 
other functions M,i., where 1, must be zero for i = 

Proceeding in this way, we find, step by step, systems of linear differential 
equations for detennining these coefficients. We shall return to this subject 
later. 

29 . EztftiiaioB to analytic functiona. The methcKl can l)e extended to complex 
variables. To do so it stiffices to observe that we have for analytic functions 
of one or several variables Inequalities analogous to the inequalities (40). First, 
let /(x) be an analytic function of a complex variable x, in a region b<mnded 
by a convex curve C and also on the boundary, and let A be the maximum 
value of \f{x)\ in this region. The difference—/(x,), where x^ and x^ are 
any two points of that region, is equal to the definite integral f/'{x)dx taken 
along the straight line joining these two points. We have, therefore, 

-/(*)>! <>i 1 • 

Similarly, let /(x, y) be an analytic function of the two variables x and y 
when these variables remain respectively in two regions 0 and O' bounded by 
two closed convex curves C and C\ ami let A and li lie the maximum values 
of \ f^ \ and of in this region. If x, and Xg are any two values of x in 0, and 
Vi and y, any two values of y in ft", we can write 

y*) yi) ~ 1 ^ 2 ) Vj)] "i" y2) /(*i» yi)]» 

and, consequently, from what we have just shown, we have 

Vt) - yi) 1 < ^ i«2 - 3 ;^ i 4- I yi ~ yj 1. 

The proof is the same whatever the number of the independent variables. 

Having seen this, let us limit ourselves, for simplicity, to the case of a single 
equation, 

( 48 ) ^ =/(x, V), 

the right>hand side of which we shall suppose to be analytic In the region defined 
by the inequalities |x — x^^|^ a, |y — y®!^ b. Let M be the maximum value 
of |/(x, y)| in this region, and h the smaller of the two numbers a and h/M, 
In the plane of the variable x let us describe a circle Ca of radius h about the 
point as center, and let os put, as above, 

»!=»• + /*/(«, »,)<«, V, = »o + r */[t, y, (03<«. 

' 1% == Vo+/V p. y»-i(‘)) ^ 


***• 
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where the upper limit x is a point within C*. We prove first, step by step, that 
we have 

|y2*“yol<^ \yn-V(,\<h, 

All the functions 2 / 3 , • • j/n, * • • are therefore analytic functions of x in the 
circle Ca, and the proct^ss can be continued indefinitely. Moreover, we have 

(40) y^(x) ^ = r"{/[^ yn-x(i)] -f[U Vn^^mdi, 

where the integral is taken along the straight line joining the two points x. 
Let A 1)6 the maximum value of \lf/ty\ in the region [x — A, | ; 

(hen, according to the observations made just above, we have always 

|/[/., _,(()] - /[( , Vn - 2 (011 < ^ 1 -1 (0 - 2/n - 2 (0 I • 

In ortler to prove that we have an inequality analogous to the inequalities (45), 
let us 8 upjx)se that we have 

I j/. _,(()- y. - 2 (0 1 < ma - -». 

(n — 1) I 

which is evidently the case for n = 2. Let x = ; the change of variable 

t — = pi^* reduces the integral (49) to an integral taken along the real axis 

from 0 to r, and we have (Part I, § 44) 

\Vn(X) - Vn-l(x)\< 

(n — 1 ) ! n I 

or 

n ! 

The proof c^n be completed as before. The series whose general term is 
Vn — Vn-x i« uniformly convergent in the circle Ca, and, since all the terms 
are analytic functions, the sum of that series is an analytic function in the 
same circle (Part I, § 39), which satisfies the equation (48) and which takes 
on the value for x = Xq. The development in power series of this integral 
is necessarily identical with that furnished by the calculus of limits, but the 
limit obtained for the radius of convergence is greater than that given by the 
first method. 

The remark relative to linear equations applies also to analytic functions. 
Let us suppose that the coefficients a ,a an<i 5, of the equations (47) are analytic 
functions of the complex variable x. Let us mark in the plane the singular 
points of these functions, and let us suppose that from each of these singular 
points a ray is drawn following the prolongation of the segments from x^ to the 
singular point. The set of points of the plane which are not situated upon any 
of the preceding lines is called the star corresponding to the system of singular 
points. The straight line which joins the point x^, to a point x of the star does 
not pass through any of the singular points, and the method of § 28 proves 
that all the integrals of the system (47) are ajialytic functions along that straight 
line. The point x being any point of the star, It follows that all the integrals of 
the linear system (47) are analytic functions in the whole star — a result which 
will be established later in another manner (§ 37). 

The method of mccesaive approximations enables us also to obtain for the 
integrals developments in series ponveiiging in the whole star. Let .d be a region 
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of the plane bounded by a closed curve C lying entirely in the star j the series 
furnished by the method of successive approximations are untformly convergent 
In A, The remaining details of the proof are left to the reader, since they do 
not differ essentially from the details of the proof given before. 


SO. The Caachy*Lip»chits method. The first proof given by Cauchy of the 
existence of integrals of a system of differential equations has been preserved 
in the lectures by Moigno published in 1844. It was considerably simplified by 
Lipechitx, who made clear just what hypotheses were necessary for the validity 
of the proof. 

In order to gain a clear grasp of the whole process, let us take the simple 
equation . 

We have shown (I, § 78, 2d ed.; § 76, 1st ed.) that the integral of this equa¬ 
tion which takes on the value for jc = jr^ is the limit of the sum 

(60) Vo+/(*o)(*i-*o)+/('i) (*.-•*!)+ •••+/(.r»-i)(x-/._i), 
where Xj, Xj, •»*, x„-i are n — 1 points of the interval (Xj,, x), as the number n 
becomes infinite in such a way that all the intervals (x, — x, _i) approach zero. 
It is this process, suitably generalized, which leads u> Cauchy's first method. 
In order to simplify the exposition, we shall take the case of a single equation, 

(51) ^=/(*,V). 

We shall suppose that the function/(x, y) of the real variables x, y is continuous 
when X varies from x^, to x^j + a and w’hen y varies from — h to y^ + h, and 
that there exists a positive number K such that 

( 62 ) l/(x, v0-/(x. V)l<ff I/-Vl. 

where y and y' are any two numbers included between Pq-- b and y^ + 6, and 
where z lies between and 4- a. 

This condition, the importance of which was brought out by Lii)8chitz, will 
be called, for brevity, the Lipsrhitz condition. It has alrea^iy been used in the 
method of successive approximations (§ 27; and I, § 34, 2d ed.; § 25 f tn., 1st ed.). 

Let M be the upper limit of |/(x, y)l in the preceding region, and h the smaller 
of the two numbers a and b/M (we suppose a > 0, 5 > 0). In oitler to prove that 
the equation (61) has an integral which takes on the value y^ for x — z^ and 
which is continuous in the interval (x^, + ^), we shall imitate so far as pos¬ 

sible the procedure foliowed in establishing the existence of a primitive function 
for/(x). Let x be a value of the variable belonging to the interval. Let us take 
between x^ and x a certain number of intermediate values, x,, Xj, • • •, x<, 

•' •, proceeding in increasing order from x^^ to x. We shall put successively 

(68) y^ = y® y ^)(Xj — x^), /(x^, pj)(x^ — x^), • • •, 

and, in general, 

(64) V<*y<-i+/(x<_i,V(_i)(*<-ir<_i). (t = l,2,...,n-l) 
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presenta an evident analogy with the sum (60), to which it reduces when the 
function /(jc, y) does not depend upon y. We are thus led to investigate whether 
or not that sum approaches a limit when the number n becomes infinite. We 
shall generalize the question by defining first two sums analogous to the quan¬ 
tities S and 8 (I, § 72, 2d ed.; § 71, Ist ed.). 

Let iis consider the triangle ABC formed by the straight lines defined by 
the equations 

X = Xo + P = l/o + X,), r = yo - 3f(X- xo). 

Froiii the way in 'vshich we have defined /t, the function /(x, y) is continuous 
when the point (x, y) remains in the interior or on the sides of tliis triangle, 
and its absolute value is at most e<iual to 3f. 

The parallels to the y-axis, A'=:x,, A"—Xo, A" = x. divide the triangle 
ABC into a cerUiin number of isosceles trapezoids of which the fii*st reduces 



to a triangle. Let 3fj and denote respectively the maximum and mini¬ 
mum values of/(x, y) in the triangle ; then we have — 

Through the point A let us draw the straight lines with slopes equal to and 
meeting the straight line X = in two points, Pj and whose ordinates are 
respectively = y^^ + — x^) and y, = y^^ + m^{Xy — x<j). The letter y^ no 

longer denotes the same thing as in the expressions (53) to (55). These points, 
Pj and Pj, are evidently in the interior of the triangle ABC or on its sides, and 
we have Fj > y^. Through the point P^ let us draw the straight line with the 
slope 3f up toils Intersection with the straight line in and through p^ 
let us draw, similarly, the straight line with slope — Jtf up to its intersection 
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with the (Sftine straight line Let Jf, and be the maximum and minimum 
values of/(^, y) in the trapezoid Pj Q^g^^Pi ; the straight line with the slope 
drawn through meets the straight line in a point P^ whose ordinate is 

1 j 4* ^8 (Jfj — X|), 

and the straight line with Uie slope drawn through meets b^c^. in a point 
Pjj with the ordinate 4- — x^). We have evidently y\ > y, and 

Yy — y,^>\ — yp the equality holding only if the function /(x, y) is constant 
in the trapezoid PiQ^Q^Py This pi'ocess can be continued. Having obtained two 
points, P,'-i and p. -i, on the straight line let us draw through P/ >. i a 

parallel to AB^ and through Pi-i a pamllel to .dC. We thus form an isosceles 
trapezoid Pi'-iQi<?iPi-i. Let 3/,- be the inaxhnum value of/(x, y) in this traj)e- 
zoid, and m,- the minimum value; the straight line with the slope Mi drawn 
through Pi-i meets the straight line c,6< in a point P^, and the straight line 
with the slope draw'n through p, _i meets Cihi in a point p»*. We thus fumi 
two broken lines starting from the point A, namely, -lf*|p 2 * * ‘ 
or Z, and Jlpj Pj • • • Pf~i Pi • • • p», or /, ending in the two points P* and p„ of 
the straight line X = x. From the manner in which these two lines were con¬ 
structed it U evident that they both He in the triangle AH(\ that the line L is 
never below /, and that the distance between these two lines, measure<l on a 
parallel to the axis Oy, cannot diminish wlien the abscissii increas«.*s from x^^tox. 
The oniinates F, and y„ of the two extreme iK)ints are entirely analogous to the 
sums S and s (I, § 72, 2d ed.; § 71, Ist ed.). We shall put <S = F^, s = y*. 

To each uiethml of subdivision of the interval (x^p x) corresponds a sum S 
and a sum «. If we subdivide eaidi of the {xirtial intervals (x-^-.!, x,) into still 
smaller intervals in an arbitrary manner, the preceding geoimdric construction 
shows immediately that the line L' corresponding to this new division is never 
above Z, and the line I' is never below I We have, therefore, -S' ^ .S, s' ^ 
where the accented letters denote the sums relative to the second division. We 
conclude from this (as in § 72, 2d ed.; 5 71,1st ed.) that if *S, s, represent 
respectively the sums relative to any two meiluKls of division whalettr of the 
interval (x^^, x), we have a ^ .Sp Sj ^ S, Indicating by I the lower limit of the 
sums »S, and by P the upper limit of the sums «, we have, therefore, I' ^ /. 

In order that the sums S and a shall have a common limit when the maximum 
length of the partial intervals approaches zero, it is necessary and sufficient that 
5 — a approach zero. In fact, we may write 

= 14- / - ^4- 


and the difference iS — a cannot be less than a number e unless each of the num¬ 
bers P — a (no one of which can be negative) is itself less than #. 

Bince c is an arbitrary positive number, this cannot happen unless we have 
P = /, and it is, moreover, necessary that S and a shall have the same limit /. 
In order to prove that *S — a has zero for its limit, it is not sufficient to suppose 
that tlie function /(x, y) is continuous, and it is here that the Lipschitz condition 
plays a part. 

Let F| and y/ be the ordinates of tbe points P{ and and 8i the differ¬ 
ence Fi^yi« Since the function /(x, y) is continuous in the triangle ABC^ 


corresponding to every positive number X we can find another positive number 
<r mieii that ; , ^ 

!/(*. V)1/^)1 < \ 
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provided that the distance between the two points (x, ]/) and (x^, of the tri¬ 
angle ABC is less than a. We shall suppose that all the differences xt — 
are less than <r. From the construction by which the points Pi, pi are obtained 
from the points P<-i, Pi-i, we have 

di = -f {Mi — nii) {Xi — Xi^i), 

On the other hand, we can write 

Mi - mv Pi) 

Vi) + Vi) yD]. 

where (xj, y') and (x'\ y'') are the corirdinates of two points of the trapezoid 
We have, therefore, by the condition (52), 

But the difference \y{ — j/'l is at most equal to 5,_i + 2 3f(x<— x<-i), and we. 
have 

3f, - mi < X -f MK (Xi — -f 

If we take all the intervals m small that each of the pnxliicts 2 3fA'(xi--x,_i) 
is less than X, the difference 3A— wq will Im* less than 2X+ Kdi^i, a-nd conse¬ 
quently we shall have the inequality 

(5(1) Bi < [1 + K (xi — Xi^i)] + 2X(x,* - x. _i), 

which can be written in the form 

a. + < (a.-i + ?^yi + K (li - 

We have, therefore, a fortiori, 

*> \ / 2 X\ 

«i + -- < + —J. 

Putting i = 1, 2, • * *, n successively in this last inequality and multiplying the 
two sides of the inequalities obtained, we find 

a. + - 

A A 
or 

A 

Since it is possible to take the iiositive nuinlier X as small as we wish, provided 
that all the partial intervals are themselves less than another suitably chosen 
positive number, we see that the sums ^ and s have tlie same limit. That limit is 
a function of x, say F{x), defined in the interval (x^, x^ + h). We shall now show 
that this function F(x) is an inU^gral of the given equation (51), and that it 
reduces to y^ for x = x^. In showing this we shall continue to make use of the 
geometric representation. 

If ail the partial intervals approach zero, not only the extremities of the two 
broken lines L and I appn)ach a limit point, but the lines themselves approach 
a limiting curve. Any straight lino parallel to BC meets the line X in a point P, 
and the line I In a point p, and the distance Pp is less than -S — s. From the 
properties of these broken lines, all the points P have their ordinates greater 
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th»n the ordinates of the corresponding points p ; and since the distance Pp 
approaches zero, it follows that the points P and p approach a single limit point w 
lying on the line considered. The locus of these points, w, is evidently a curve C 
lying between the two broken lines L and I and passing through the point A, 
The ordinate of a point of that curve with the alxsi'issa x is e(|ual to the func¬ 
tion F(x) just defined, for in order to obuiin the i>osition of t!)o point a* on the 
line JT = jr, we make use of only the portions of the broken lines which are on 
the left of that line. Lt't ns suppose the two brf»kt*n lines L and I produced up 
to the side RC, all the partial intervals being less than the smaller of the two 
numbers 0 ^, X/(23/ii), and let P(x) and Q{x) be two continuons functions which 
represent the oniinates of a jM»int of the line L and of the line I in the interval 
(Xq, + h). The difference P{x) — Q{x) is less than and each 

of the functions P(x), Q(x) differs from F(x) V>y a still smaller quantity. Since X 
can be matie as small as we wish, we see that we can construct a uniformly 
convergent series of continuous functions in the interval (x^, Xg + h) which has 
F(x) for its sum; this function is therefore itself continuous (see Vol. I, §31, 
2ded.; §173, 1st ed.). 

Every broken line included between L and I has eviilently the same curve C 
for its limit. Such would be the broken line A, whose successive vertices have 
the coordinates obtained by the recurrent fonnula 

Z^ = 2,-1 +/(X,_i, 2.-|)(Xi- X,-i), 

the first vertex being the point (x^,. Thus we find again the expressions (64) 
which served as our starting point. I^t us notice also that if we apply the 
construction starting w*ith a p<jint M'{x\ y') on the curve C, we obtain two 
broken lines U and V lying between L and f, which also appmach more and 
more the portion of C included btHween M' and the straight line li(\ Let now 
M'{xf^ jTi eJid M"{x'\ y") l)e two neighboring points of C(x" > x'). The sloj>e 
of the straight line M'M" lies between the maximum and minimum values of 
/{x, y) when the point (x, y) moves over the triangle formed by the straight lines 

r- / = .V(.V- x ), r- g' = - M(X^ x ); 

If the difference x" — x' is less than a suitably chosen positive number, these 
two values of /(x, y) will differ from /(x', y^ and from /(x'\ /') by as little as 
we wish. If one of the two points, 3f" for example, approaches the first one as 
a limit, the slope of M'M" will therefore have for Its limit f{x\ y'). The func¬ 
tion F(x) consequently satisfies the given differential equation (51), It is, more¬ 
over, evident that the curve C passes through the point that is, that we have 
^'(*o) = Vo- 

The curve C is the only solution of the problem. If there existed a second 
solution (T, this curve C could not be at the same time l)e!ow all the lines L 
and above all the lines 2, since these lines approach the curve C, We can there- 
fore find a line—for example, L — which will be cut by Uds curve C'. Since O' 
is below the line L in the neighborhood of the point A, let us suppose that It 
passes above L, crossing that line in a point m of the side F,-i Fi, and let mi-i 
be the point of (7 with the abscissa x#~ i. The slope of the chord m< -1 m is equal, 
by the law of the mean, to the value of the function /(x, y) at a point of the arc 
n^; hence this slope cannot be greater than the slope of the side Pi^iPi^ 
fdnca the arc is in the trapezoid Pi^iQiqtPi^io But the figure shows 

that ^ slope of the chord must be the greater* 
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Cauchy's first method and that of the successive approximations give, as 
we see, the same limit for the interval in which the integral surely exists. But 
from a theoretical point of view Cauchy’s method is unquestionably superior: 
we shall show, in fact, that this method enables us to find the integral in every 
finite interval in which the integral is continuous. More precisely, let us sup¬ 
pose that the equation (61) has an integral y = F(x) continuous in the intervad 
(-^o» *0 Ot function/{j;, y) is itself continuous in the region (E) of the 

arj/-plane bounded by the two straight lines x = j^, x = + 1 and by the two 

curves Y = F{x) ± 17 , where rf is a positive number taken at pleasure, and that 
/(x, y) satisfies the condition (52) in this region. Let us suppose that we divide 
the interval (x^, Iq -f /) into smaller partial intervals and that we construct 
the broken line A by the metho<l which has just been explained, relative to 
this manner of division and sUirting from the i)oint (x^, y^). If all the partial 
ititervaln are less than a suitable positive numtjer <r, this broken line will lie erdirdy 
in the region (A'), ami the difference of the ordinates of two points having the same 
abscissa^ taken on the integral curve C and on the line A, will be less than any positive 
number c given in advance. 

Let Xq, Xj, Xg, • • •, j,_i, X, • ‘ x„_i. X(, + i be the abscissas of the points of 

division, let i/q, * * *, Y he the corres]H)iuling ordinates of the curve C, and let 

2 j, Xg, • • •, 2 ,, • • •, 2 « be the ordinates of the vertices of the line A. Let us 
first supjKtse that all the vertices to the left of the vertex (x,-, z,) are in the 
region (A'), and let us consider the problem of calculating an upper bound 
for the difference d^ = [z, — 

We have, on the one hand, from the very definition of A, 

2, = 2,-1 +/(X,^l, 2,-i)(X<- x,_i). 

On the other hand, from the law of the mean, we have also 
Vi = y. -x +/(J-o Vi) (A - ar<_i), 

where (x'., y'^) are the cofirdinates of a point of C, and where x'- lies between 
Xi^i and li. We derive from those equations 

(67) Zi - Vi - Zi-i - Ifi-i + (A - Xi-i) [/(A-i, A-i) i 

and the coefficient of (x, — Xj-i) can bo written in the form 

[/(Xi-i, 2,-1)— /(x.-i, yi-i)] + [/(A'-i, yi-i)—/(A *i Vi)]’ 

The absolute value of the first difference is, by the condition (52), less than 
On the other hand, since the function /(x, y) is continuous in the region 
(E)f it is a continuous function of x along C, and we can find a positive number a 
so small that |/(x, y) -/(x', y')| is less than a given positive number 2 X for any 
two points of the curve C, providetl that |x — x'| is less than a. Having chosen 
the number in this way, we have 

(68) di < + (Xi—x<-i)(2X +-ffdf-i), 

a relation which is very similar to the relation ( 66 ), and from which we obtain, 
as before, the inequality 

(l< < ^ V - 1]. 
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Let us eappoee that the number X is so small that we have 2X(e^ — 1)< JS'v* 
We may then establish, step by step, that each of the differences d,, • * *, d» is 
teas than i|. All the vertices of the broken line A are therefore in the region (E), 

Let P(x) be the ordinate of a point of the line A; similarly, let Q(x) be the 
ordinate of a point of the auxiliary broken line A' obtained by joining the 
points of C having the abscissas x^, x,, • • •, Then we have 

P(x)^ F(x) = P(x)- Q(x) + Q(x)~ P(x), 

If the oscillation of the function F(x) in each of the partial intervals Is less 
than t/2, we have always |Q(x) — F(x)l <«/2 (see Vol. I, § 206, 2d ed.; § 199, 
Ist ed.). If also the number v is less than e/2, we have | P(x) — Q(x) | < c/2, and 
therefore |P(x) — P(x) | < c. Then the continuous function P(x) represents the 
function F(x) with an error less than c In the whole interval (Xq, x^ + f). 

The Cauchy-Lipschitz methml can be extended to systems of differential 
equations without any other difficulty than some complications in the fonnulie. 
It applies also to complex variables. The investigations of E. Picard and of 
Palnlev^ have shown that the methcKi leatls to developments of the integrals In 
convergent aeries in tine whole region of their existence if tlie right-hand sides 
of the given equations remain analytic in this region. 


III. FIRST INTEGRALS. MULTIPLIERS 


31. First tntegrala. Given a system of n — 1 aiuibjtle differential 
equations of the first order, we shall write these equations in the 
symmetric form 


(59) 



where the denominators A, • • •, A\ are functions of the n variables 
Xj, Xj, • •x„. This form of the equations dotes not involve a choice 
of the independent variable, which may l)e any one of the variables 
or may be chosen arbitrarily. We have seen above that, under 
certain conditions which have l^een defined, all the integrals of this 
system which pass through any point of a region D arc represented 
by a system of equations of the form 


vbere/,, • • 'f/«-.! are {n — 1) functions analytic in Z), and where 
C,, Cj, • • •, are constants which may be arbitrarily chosen, at least 

within certain limits ($ 26). The formulae (60) represent the general 
integral of the system (59) in the region D ; but there may be other 
rahies of the variables also, for which (60) represents the solution. 
It may happen that we obtain several different systems of formulas 
replanting the genei^ integral in different regions. It is also clear 
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that) in the same region the system of equations (60) is not the 
only possible representation. We can replace the (w ~ 1) functions 
fi by {n — 1) functions which depend only upon the functions /<, 
provided that these (n — 1) functions are independent functions 
of the variables /*. 

However the functions /< have been taken, if the formulae (60) 
represent the general integral of the system (59), the functions 
satisfy the same partial differential equation of the first order. For, 
let us 8upi)ose the coordinates of a point Xj, • • •, of an integral 
curve expressed as functions of a variable parameter. If we replace 
the coordinates in by their expressions as functions 

of this parameter, the result reduces to a constant. We have, there¬ 
fore, df^ = 0, and, replacing the differentials dx^, • • • in df^ by 
the proportional quantities -Yj, we find that satisfies the 

relation 

(61) .v(/)_.T,.^ + .V,^+...+,V.g_0. 


This relation must reduce to an identity, when / is replaced by fiy 
since we <;an (dioose the constants C,- in such a way that the integral 
curve i)asses through any point of D, The (n — 1) functions /j, /j, 
•• *>/«-! 3.re therefore (n — 1) integrals of the equation A(/)= 0. 
Every function n(/j, /j, •• •,/«-!) is also an integnil of the same 
equation, whatever may be the function 11, by the relation 






which is ciisily verified. 

Conversely, we obtain in this way all the integrals of the equation 
A(/)== 0. For, eliminating the coefficients from the n relations 


A'(/) = 0, 


we obtain 


A '(/.) = 0 , X (/._0 = 0 , 

f\y ' 'ffn-l) _ q 

^n) ' 


which shows that/is a function n(/j,/j, • • •,/„-.i) of the (n — 1) par¬ 
ticular integrals /j, /j, • • •, /„_i (I, § 56, 2d ed.; § 28, 1st ed.). We 
can also verify this by a change of variables. Let us suppose, in fact, 
that we take a new system of independent variables y„, 

where the n — 1 variables y,, y^, • • •, y^-i are precisely the functions 
fv fv * ’ /"-i themselves, and where the variable y„ is chosen in 

such a way as to form with y^, y^, • • •, system of n independent 
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functions of the original variables x,, x,, • • •, x,. Then the equation 
X (/) = 0 is replaced by an equation of the same form 


(62) 




+ y. 




0 , 


which must have the (n — 1) particular integrals 


/=y,. ••• /=y.-j- 

We have, therefore, 

r, = y^=... = r,., = 0, 

and the equation (62) reduces to = 0. The general integral is 

therefore an arbitrary function of 

The integration of the partial differential equation A'(/) = 0 is 
therefore reduced to the integration of the proposed system of dif¬ 
ferential equations (59). (Conversely, let us sup|X)se that we have 
obtained an integral / of the equation A' (/) = 0 in any manner 
whatever. If we replace oTj, • • •, x^ in that function by the coor¬ 
dinates of a point of an integral curve, supposed to lx? exi)re8sed as 
functions of a variable |xiraiueter which may lie one of the coc)rdi- 
nates themselves, the result obtained reduces to a constant. In fact, if 
we suppose that Xj, x^, • —, x„ are functions of a variable panimeter 
satisfying the relations (59), the total differential df of the ])reeeil- 
ing fimction reduces to KX (/), where K denoU's the common value 
of the ratios c/x./A',. The equation / == C is therefore a consequence 
of the given system of differential ecpiations. For this reason we say 
that the function / is a first integral of that systcin.t 

If we know n — 1 independent first integrals, we can write im¬ 
mediately the general integral of the system (59) ; if we know only 
p independent first integrals (/> < n — 1), wo (?an reduce the integra¬ 
tion of the given system to the integration of a system of n — — 1 

differential equations. For, let /,,/j, • • ^ bo these p first integrals. 

From the p relations 






* Th« two inodes of reanoning do not require that the function / should be analytic. 
The only necessary conditions are those which are required In order that we may 
apply the formuUe for change of variables, that is, the existence and the continuity of 
the partial derivatives of the desired function/. 

t The reasoning would no longer apply 11 the factor K were infinite for all the 
points of the integral curve, which would be the case if the coordinates of all the 
points of that curve were to make the n functions Xi vanish. It is also necessary 
to make an exception of the integrals which are such that at least one of the functions 
X|, 4 V 9 , • * X* is not analytic in the neighborhood of any point of that curve. This 
cMb arises when there arl singular Integrals. 
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we can obtain p of the variables • • •, for example, x^, 

• • •, ajp, as functions of the remaining n p variables x^^^y •. 
a?, and the 2 * arbitrary constants C^, • • •, C^. It will suffice, then, 

to determine + * • •> ^ functions of a single independent 

variable. If we denote by A^^,, the new functions 

resulting from A'p^jy * * *> after we have replaced x^y x^y • • •, 

Xp in them by their expressions, it will suffice, therefore, to integrate 
the new system, 


(63) 


-'■p+t 


in which the new denominators depend upon p arbitrary constants. 

We can also reason in another way. If we take a new system of 
independent variables, //^j, • • *, y„, where the variables 2 / 3 , • • •, 
tjp are identical with the p known first integrals f^y • * ' > the 
equation A'(/)=0 is replaced b}" an equation of the same form, 
K( /*)= 0, wdiich must liave for integrals /= yj, • • •, /*= yp- That 
equation is therefore of the form 


r 


-•■I-’ 


and its integration reduces to that of a system of w — — 1 differ¬ 

ential equations of the first order, 


>p+i y. ■ 

We see from this the iinportaTiee of looking for first integrals. 
In each particular c^ise the discovery of a new first integral con- 
stituWs a sb»p farther toward the complete solution. It would not 
Ix^ ]>ossible to give a very definite^, rule of prcK^edure for this purpose. 
lA^t us merely notice that the problem amounts to forming an inte- 
grnhh comhinxition of the equations (59), that is, to determining n 
factors, • • •. M., so that 

/*, '"i + Ma-' j -•-+ 

and that 

/ip/j, + H-h 


is an exact differential For it is clear that we can deduce from 
the equations (59) a new ratio equal to the first 

da-,^ Ah(fa;iH-+ 

A'j /tj.Y, + • • ■ -1- * 


+ • • • + = 0 


hence the relation 
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is a consequence of the equations (59) if 

4» • • • -4- = 0* 

It follows that we can find a first integral by quadratures if we 
know the factors This is the case in particular whenever we 
can find n factors, /x„, such that the factor /x< depends 

only upon the variable ac^, and such that 

SM.Xi = 0. 

Let us also observe that, if we have obtained p first integrals of 
the system (59), it may happen that the new system (63) can be 
integrated completely for particular numerical values of the con¬ 
stants Cj, C^, • • •, Cp, while the actual integration is impossible for 
arbitrary values of these constants. 


Example 1. Let it be required to integrate the system 


(64) 




dw 



We easily see two integrable combinations udu = vdv = wdw. W© have, there¬ 
fore, two first integrals, = Cj, u* — = C,. Hence, putting Uie values 

of V and of w obtaineil from these relations in the first of the equations (64), 
we have for the determination of u the differential equation 

(«6) ^ = V(u»-C,)(u»-C,), 

the general integral of which is an elliptic function (§ 11), reducing in special 
cases to a simply periodic function or even to a rational function. Since the 
given system is symmetric in u, r, w, we conclude that v and to are also elliptic 
functions. 

Example 2. Let us consider the system 


du dv dw 

— =pw-ru, — = qu-pv, 

wherep, q, r are given functions of x. We have again an integrable combination, 
udu + vdt 4- wdw = 0, from which we derive the first integral, u* -f t* + w* = C. 
Discarding the cane where C is zero, we may suppose C = 1, for the system (66) 
is not changed by multiplying w, v, w by the same constant factor. Instead of 
solving the relation 4- s* 4* = 1 for one of the unknowns, we can proceed 

in a more symmetric manner by comddering u, t>, i© as the codnlinates of a 
point of a sphere of radius unity and expressing them as functions of two varia¬ 
ble parameters—for example, in terms of the parameters which determine the 
rectilinear generators of the sphere. Ijet us put for that purpose 


which gives 


u 4- fa — 1 

1 — IS tt — fa 


u = 




— X, 


®=S< 


tt 4- fa 1 - 




1 4* to u — fa 




X —M 
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Substituting these values of u, v, w in the system (66), we find after some 
easy calculations that X and n must satisfy the same Riccati equation, 


(67) 


d<r . — 

_ = ir<r + ^ 
dx 2 


ip 




Hence the integration of the given system is reduced to the integration of a 
Riccati equation.* 

Example 3, Let us consider the equation integrated by Liouville, 

r+0(a:)2^+/(2/)/* = O. 

Putting / = we may replace the given equation by the system 

dx _dy _ — dz 

I ~ z ~ 4>{x)z-^f{y)z^* 

from which we derive the integrable combination dz/z + 0 ( 2 )dx +/(y)dy = 0. 
The given equation of the second order has therefore the first integral, 


which we could also have obtained directly by dividing all the terms of the 
equation of the second order by y\ The preceding equation of the first order 
is of the form y'~ CXY \ hence, by separating the variables, the integration 
may be completed by two quaciratures. 


Note 1. We sometimes replace the system (59) by the system 


( 68 ) 


A', A', .r. 


where i is an auxiliary variable which Is introduced in many cases only for the 
sake of greater symmetry in the reasoning. If the original system (59) has 
been integrated, we can obtain t by a quadrature, for if we replace x,, x,, • • 
for example, by their expressions in terms of Xj and of the constants Cj, 
Cj, • • C»-i in ATj, we are led to a relation, 

di — P(Xj, Cjy Cj, • • •, C„—l)(iXj, 


from which we can find I by a quadrature. It follows from this that the gen¬ 
eral integral of the new system (68) will be represented by the n equations of 
the form 


(69) 



A = 

fn{X^,Xty^ 


* * *1 A —1 

X^) = t - tot 




where /j, /,, •••, A-i are (n— 1) independent integrals of X(/) = 0, and 
where to is a new arbitrary constant. 

Conversely, in order to obtain the integral curve of the S 3 r 8 tem (59) that 
passes through the given point xj, xj, * • 'i integrals of 


* See Dajiboux, Th^rie dee eurfacee^ Vol. I, chap. il. 
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the system (68), where i is considered as the independent variable, which for 
t = 0 take on the values xj, xj, • • •, aij respectively. Let 

r*i J * * *» *»)» •••, 

' ^ 1 = xj,...,x2) 

be these integrals; it is clear that tlie preceding expressions represent the inte¬ 
gral curve sought. We should have to make an exception only if all the func¬ 
tions X,* were zero for the initial values xj and analytic in the neighborhood. 
In this case the expressions (70) should reduce to x, = xf. But, since the ratios 
dx^/dXj, • • dx»/dXj appear in an indeterminate form, nothing justifies us so 
far in saying that there is no integral curve passing through the given point. 
This is a case which will be examined later (§ 76). 

Note 2. The relation which exists between the system of differential equa¬ 
tions (59) and the linear equation (61) proves that N (/) is a roranant of the 
system (59). The meaning of this statement is as follows : Let us suppose that 
we take a new system of independent variables, yj, i'*** connected with 

the variables x^, x,, • • x, by the relations 

(71) = 4>i(yx, ^ 2 * • • -t yn)‘ (i = 1, 2, • • •, n) 

By the formulas for change of variables, rf/cii is a linear homogeneous func¬ 
tion of the derivatives cf/tyi^ and X(/) changes into an expression of the 

same form, 

( 72 ) r (/) = r, + r, £/+... + r, = o, 

cvi <^yH 

where F|, T,, • • •, F, are functions of j/j. j/j,. • *, This l>cing true, we may 
now assert that the same change of variables applied to the system (59) leiuls 
to the new system of differential equations, 


We could establish this by a direct calculation, but it results alw> from the 
preceding properties. In fact, let 

<», 

be the system to which we are led by applying to the original system (69) the 
change of variables (71); it suffices to show that Zjj, • • Z„ are proportional 
to F|, F«. Now let/(Xj, x,, •••, x») be a first integral of the system 

(69) and 

F(Vl, V„ ■ • Vn) 

tlie function derived from/(x,, Xg, Xn) by the change of variables. Since 
we have X(/) = 0, we have also F(F) ~ 0. Besides, F{yy, y„) is evi¬ 

dently a first integral of the new system (74), that Is, an integral of the linear 
equation 

z(F) = z,|^ + ... + z.|£ = o. 

cPi dy% 

Since the lln^r equations Y(F) r: 0, Z(F) == 0 have the same integrals, thqir 
cosAcienU axe pit^rttopia], which proves the theorem. 
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This last point in the proof reaulte from the fact that a linear equation 
X(/) = 0 is completely determined, except for a factor, when we know (n — 1) 
independent integrals, /p ..., /„>.i, of it. In fact, the (n — 1) equations, 
X(/l) = 0, linear and homogeneous in Xj, X^, * • *, X«, determine the ratios of 
these coefficients as unknowns, for the determinants of order (n — 1) formed 
from the partial derivatives of the functions /< cannot all be zero at the same 
time (I, § 56, 2d ed.; § 28, Ist ed.). It may be noticed that the most general 
linear equation having the (n — 1) integrals/; can be written in the form 


n(Xj, Zj, 


l){X^y Zj, • • •, z*) 


where II (Zj, Zo, • • •, z„) is an arbitrary function. 


S2. Multipliers. The theory of integrating factors has been extended by 
Jacobi to simultaneous differential equations. Let /j, /j, • * *»A -i he independ¬ 
ent first integrals of the system (59). The equation X(f) = 0 is, as we have 
already remarked, identical with the equation 

^ l ^ = 0 

i>(Zj, Zj, • • *, Zb) 

Writing the condition tliat the coefficients of the derivatives c//fz, in the two 
equations are proportional, we are led to n relations which may be written in 
the fonn 

(76) A, = MXi, (f = 1, 2, ...,n) 


where A; denotes the coefficient of tf/cn in the determinant A. This factor M 
is called a muliiplUr. 

Whatever the first integrals/^• • •, A-i he, this function 31 satisfies 
the linear partial differential equation 


(76) 


c{MX,) ^ f(3fX,) ^ ^ 

(Jl tX., CXn 


Suhstituting for each of the products MXi = A* its equivalent expression as 
a determinant of order n— 1, and carrying out the indicated differentiations, 
each term of tlie left-hand side is, in fact, the product of a derivative of the 
second onier, such as (t ^ — 2) partial derivatives of the 

first order. To prove tliat the result is zero, it suffices to show that it does not 
contain any derivatives of the second order. Let us take, for example, the 
derivative d%/dx^dx^. This derivative appears in two tenns ; in one it is mul¬ 
tiplied hy jD(/ 3 , /„ .. A>0/i)(Z8, Zp • •Zb), and in the other by the same 

coefficient but with the opposite sign. The sum of these two terms is therefore 
zero, and similarly for all the others. 

If 3fj Is a particular Integral of the equation (76), the substitution 
reduces that equation to the form X(g) = 0. If we know a multiplier M of the 
system (59), the general integral of the equation (76) is accordingly 3fn (A, /j, 
•••♦A-i), where n is an arbitrary function. Evmy function of this form is 
also a multiplier; in other words, there exist (n — 1) first integrals F,, • • F, -i, 
such that A-i) can be deduced from F^ F„ .. , F*.i in the 
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same way that M was deduced from /»«i. For this purpose It is 

sufficient that we have, supposing JC^ ^ 


1 2)(F|, • •‘t ^ !**♦•••« ^n—i) _VTT 

2; ““X, !>(/„/„• ‘,/-.i) D(X,, ’ 


or 


^(/1» /ji 






This condition can be satisfied in an infinite number of ways. Indeed, n 2 
of the first integrals F,* may be assigned arbitrarily in advance. 

Let us consider the system 


(77) 



with the auxiliary variable t. This system can be reduced to the simple form 


(7fi) = dpg = «• = dp«_i = 0, dvn - dt 

by taking for the variables the n — 1 first integrals /j, • • •, /n-i and the 
function /«, which appears in the preceding formula! (09). It is easy to obudn 
the general expression for the multipliers in terms of the variables p,', for 
every multiplier is of the form 


„ _ J_ 

On the other hand, we have 


% Vm~l) 
^n) 


n(i/p Va,-*-, 




X ~ I =: ^ . J- ~ ^. 

‘ dt (U dy^ dt ' dyn 

From the relations y^ =/,, wliich define the change of the variables, 

we derive, by differentiating with respect to p* and solving. 



* '.* *'•-*1 
♦ ■ >. Tn) ^ 

^Hyy 1/2* • > y >»)' 

D (xj, Xj, • •», X,) 


and the general expression for the multiplier can be written in the form 


(79) 


1 _ /)(X|, x^, 

Jf i>(pj, p,. 




yn) 


♦(l/p J/*i ■ 


Vn^l), 


where 4 is an arbitrary function of p„ Vj, • • •, p^-i. 

Let us suppose, now, that after carrying out any change of variables affecting 
only the x^^s without changing the variable f, we have reduced the system (77) 
to the form 


( 80 ) 




dt, 


where the are functions of the new variables x^ Independent of L If is 
a multiplier of this new system, we have 




1 ^ Xj, 

3P“i)(v„y„ 


Vv • 


Vn-t)- 




n,j33] 


FIRST INTEGRALS. MULTIPLIERS 


83 


Taking the same function t in the two expressions, we derive from them, by 
dividing their corresponding sides, the relation 


(82) 








^n) 


Hence, if we know a multiplier M for the system (77), we can derive from it a 
multiplier M' for the tran^ormed system. 

This property explains the practical importance of multipliers. Let us sup¬ 
pose that we know n — 2 first integrals of the system (69), and also a multiplier. 
We can then reduce this system to the form 


0 -••• 0 .y; 

by a change of variables, and we can then find a multiplier M' for this new 
system, that is, a solution of the equation 

It follows that M' is an integrating factor for — X'_,<ir', and the 

integration can be finished by quadratures. 

A particular case which presents itself frequently in mechanics is the one 
for which we have Sr-V./rx, = 0. The equation (76) reduces then to X(Af) = 0, 
and we know at once a multiplier 3/= 1. 

This remark applies also to the ecpiation of the second order, y" =/(x, y), the 
integration of which leads to that of the system 

(ix _ dy _ djf 

T “ F “ /(-t. y) ‘ 

If we know a first integral of it, y, y') = C, we can, from what precedes, 
finish the integration by qua<lratures. This is easily verified as follows: Let us 
suppose that the equation f (x, y, y') = C has been solved for y': 


y' = 0(ic, y, C). 

Since all the integrals of this equation of the first order must satisfy the equation 
y" = /(x, y), whatever may he the constant C, we must have d(p/dx + [d^/dy)^ =/. 
Hence, since/does not contain C, 


ecdx'^ ecdy^^ 


£0 
h dC 


= 0, 


which states that is an integrating factor for dy — 


88. Invariant integrals. The invariant property of the multipliers relative to 
every change of variables can be brought into relation with the general theory 
of invariant integrals^ due to Poincare,* and about which we shall say a few 


*Les mModes nouvelles de la Micanique dleste^ Vol. Ill, chap, xxil, and the 
following chapters. See also Goursat, Sur les invariants inUgrawx^ in Journal 
ds MathimatiqueSf 6th series, Vol. IV. 
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words. Let os consider in particular a system of three differential equations, 


( 88 ) 


dx _ dz 


where X, F, Z are functions of x, y, z. In onler to simplify the statements, we 
shall regard these equations as defining the movement of a particle in space, 
where the variable t represents the time. The particle which, at the time t = 0, 
is at a point has arrived at the time t at a p<iint M, whose coordi¬ 

nates are (x, y, z). If the j>oint desi*ribes a certain region l)^ of space, the 
point Jf| describes a corresiMnuling region />,. Now let A/(x, y, z) be a function 
of the variables z ; we shall si\y that the triple integral 


/=///-»/(A y,z)iltdy,h 

is an invariant integral of the system (83) if the value of that triple integral, 


ffi' 


Xf (x, y, z)dxdydz. 


extended over the region !>#, i.s indept^ndent of t and »‘qiial to the same inte¬ 
gral extended over the region For example, if the ecpiations (83) define 
the movement of an incompressible fiui<l, the volume of the region J)t is conslaut 
and the integral fff dxdydz is an invariant integral. 

Invariant line and surface integnvls are defined in a similar way. If the 
point Jfp descrilx‘s a curve L^^ or a surface 2^, the jsdnt Xft describes a curve 
Lt or a surface 2<. A line integral 


/ 


ixdx + fidy -f ydz 


is an invariant integral if the value of that integnil along the curve Lt i« inde¬ 
pendent of t and equal to the same line integral taken along Similarly, a 
surface integral 


JJPdydz F Qdzdx + lidxdy 


is an invariant integral if the value of that integral extended over the surface % 
is independent of t. 

These notions can be extended without difficulty to the most general systems 
of differential equations of the fonn (08). For such a system there are n classc^s 
of invariant integrals, of the Ist order, of the 2d firder,».of the nth onier, 
according to the order of multiplicity of the integn\l considered. The conditions 
that a multiple integral of order p shall l>e an invariant integral are easily oV>- 
tained by means of the formula; for the change of variables in multiple integrals. 
We ahall develop the calculations for a multiple integral of order n. Let 


^(0 — J*jf ‘ * * Si}t^ ^2 * ’ * 

be » multiple integral of order n extended over the region A which corresponds 
to a definite region in the manner just explained. This integral will be an 
invatisnt integral if it is independent of i ; that is, if we have I' (t) s: 0. In order 
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to calculate that derivative^ we shall give to t an increment A, and we shall cal¬ 
culate the coefficient of h in the development of I(t + h). Let be the value to 
which Xi changes when we change f to t + ^; we have 

/(t + h) = x^) dxidx2 ‘ • • dx^, 

where the new integral is extended over the region which corresponds point 
for point to A- Then we may write 




Xj, • • *, z„) 


dXjtZXj • • • dXn* 


On the other hand, omitting the terms in h of degree higher than the first, 
we have 

x'i ~ Xi + hXi + • • •, 

Af(xi, /.J, • • j') = 


*^21 ‘ * *1 


.. x„) 4 - /i| 




l^h 1 


ax. 


1 + /i^ 

CX^ 

ax, 



[ 4. 4. 

... 4. 


CX, 




and 



:i jLf"! - 


> ' ‘ 1 *^n j 



M ( 1 + 

\c/, 



The derivative dl/dt ha^} therefore the value 


d[ 

di 




In onler that 7 be an invariant integral, it is necessary and sufficient that d//dt 
be identically zero, whatever may be the region D, and therefore that we have 


(84) 


c{MA\) 

tX. dXn 


This condition is identical with the equation (76), and we obtain Poincare's 
theorem: In order thut the multiple integral 




shall be an invariant integral^ it is necessarg and salient that M be a multiplier. 
It follows that if we make any change of variables, 


*< = V». • ».)t 
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in the equntiona (77), we obtiUn a new system. 


(77) 


^Vi _ dVt. 


r. 


and If if is a multiplier of the system (77), the n-fo!d integral 

is an invariant integral of that system, and the n-fold integral which is obtained 
from it by the same transformation, 

ff.. .f M{x^, • • •, X.) '• • • • dy„ 

is evidently also an invariant integral of the transfonued system (IT). Therefore 
the expression ^ ^ 

M’ = 

i>(vv - *'•) 

is a multiplier of the new equations (77'), as w© have demonstrated directly. 


Example, In order that the volume shall be an invariant integral of the 
equations (83), if = 1 must be a multiplier, which requires that we have 


( 86 ) 


?x 'tz 


= 0 . 


This is the condition for the incompressibiiiti/ of a fluid for which the equa¬ 
tions (83) define a stationary flow. 


IV. INFINITESIMAL TRANSFORMATIONS 

S4. Ona-parameter groapa. * Every set of an infinite number of transformations, 
of any nature whatever, affecting the n variables Xj, • • •, x„, fonii a group if 
the tranuformation obtained by carrying out any two transformations of this set 
in succession belongs to the set. For definiteness let us consider two variables 
X, ify and let T be the transformation defined by the equations 

(86) X' =/(x, y; a), y' = ^(z, j/; a), 

where a denotes an arbitrary parameter. If we regard x and y as the cofirdi- 
nates of a point Af in a plane, and xf and y' as the coordinates of another point M\ 
the preceding equations define a point transformation. To each value of the 
parameter a corresponds thus a definite transformation. Varying this param¬ 
eter, we obtain an infinite number of different transformations. Let us suppose 
that we carry out in succession two different transformations of this set, corre¬ 
sponding to any two values a and b of the parameter. The first transformation 
will carry the pair of values (x, y) over Into the pair of values (x', y') given 


* theory of continuous groups of transformations was developed by Sophos Lie 

twa gnat ftuiabsr of papers and in his treatise, Theorie der Tran^ormation0rtq>pen» 
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by the equatlonfi (86). The second transformation will then carry the pair of 
Taluee (x% /) over into a third pair {z'\ y") such that we have 

(87) X'' = /(X', V' ; 6), y- = {x% y';b). 

Let us repl8w;e x' and y' in these last two equations by their values (86). The 
resulting equations, 

(88) X" =:F(x,y ; a, 6), y" = ^{x,y; a, 6), 

again define a point transformation depending upon the two parameters a and 6. 
We shall say that the set of transformations (86) form a continuous one-parameter 
group if the new transformation (88) belongs to this set. It is necessary and 
sufficient for this that the equations (88) be of the form 

(89) X" =/(x, y; c), y" = 0(x, y; c), 

where c is a value of the parameter depending only upon a and upon b ; that is, 
e — \l^{a^ 6). The preceding definition evidently applies whatever may be the 
number of variables, in particular if there is only a single variable. 

The relation x' - x <i, or, any one of the pairs of relations 

x' = X 4- a, y' = y + 2 a ; 

i' = X cos a — y sin a, y' = x sin a + y cos a ; 

x'— aXj y'z= a^y 

represents a one-parameter group. On the contrary, the transformations x'=x-fa, 
y" =: y -f a^ do not form a group, for the transformation resulting from two suc¬ 
cessive transformations, x"' = x -f a -f h, y"' = y + a* + do not belong to the set. 

If in the equations (86), wdiich define a group of transformations, we put 
a = n (cr), where a is a new parameter, it is clear that the relations obtained 
again define a gi-oup. The same thing is true also if we make a change of vari¬ 
ables, as we easily convince ourselves a priori. In fact, if a set of point trans¬ 
formations in a plane is such that the transformation resulting from two 
successive transformations l>elongs to the set, it is clear that this property is 
independent of the choice of the coordinates by means of which we fix the 
position of a i)oint in the plane. It is eiisy to verify this directly. Let us 
suppose that we put x = II (u, e), y rz !!,(«, c), and let the inverse relations 
be u = y)» t’ = Ilf'(/, y), so that we have identically 

X = n[ii->(J', V), nr>(x, V)]. y = ni[n-*(x, y), nf^x, v)]. 

By hypothesis, the transformations considered form a group, and the equa¬ 
tions (89), where c = \^(a, 6), are a consequence of the equations (86) and (87). 
Let (tt, »), (u', c^), (tt"', v") be the pairs of values of the new variables which 
correspond respectively to the pairs (x, y), (x', y'), (x", y"). We have 


V = n->(*',v') = n-'{/[n(«,t>),ni(tt,t); a],0[n(u,»),ni(u,*); a]) 

' ' ■ »' = n, -*(*', v') = n,-*i/tn(tt, «), n,(u,»); a],*[n(u,«), n,{tt,»); a]} 

= ♦{«, tja); 

and overything dependa on showing that the equations (90) also define a group 
of transformations. Now we have, for example, u" = v '; 6), or 

«"« n-‘{/[n(u',»'), n,(H', lOi»]. »'), ni(u', «^)j 6]}. 
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Snce the eqaations (80) define a group, this value of u" is equal to 
y'; &)] v; c)» y; c)]; 

that ia, to 

n-»{/[n(u, V), ni(M, v) ; c], ^[n{u. v). HjK «); c]}=F(u, c). 

Similarly, we slioiild find that v" = 4>(u, t; c). Two groups of transformations 
which are carried over one into the other by a change of variables are said to 
be similar. For example, the two groups x' = ox, u’ = m + 6 are similar, for we 
paas from one to the other by putting u — log/, 6 = logo. 

We shall now determine all possible one-jjarameter groups, supposing that 
the functions/and 0 are analytic, and supposing also that the group contains the 
identical transformation, that is, that for a particular value of the parameter 
we have/(x, j/ ; a^)=: x, ip{x,y ; a^) = p, whatever x and y may be. 

In the equations of condition 

(91) f(i\ y' ; b)= f(x, y ; c), ^ (x', y'; 6 ) = ^ (jr, p; c) 

we can consider x, y, a, c as independent variables, and 6 as a function of a 
and c defineii by the relation c=:^(a, 6 ); x' and y' are functions of x, p, 
and a defined by the e<iuation 8 ( 86 ). Taking derivatives with respect to a, we 
derive from the relations (91) 


( 02 ) — + 

' ’ da 


IL + it = 0 

ey' da db da ’ 


^4> tx' ^ t'y' ^ tb 
dx' ca ty' da cb da 


But db/da is given by the relation d^f^/da *f {di^/db) (db/da) = 0, and therefore 
depends only upon a and b. Solving the preceding eijuatiuns (9*2) for dx'/da^ 
dy'/dGy we obtain, therefore, relations of the form 


^ = X(a, 6 ) f (x', y', b), ^ = X (a, 6 ) v (i\ /, b). 

da ca 


Now x' and y' do not depend upon h ; the same thing is therefore tnie of X, 17 
if they have been properly chosen. Therefore x' and / are integrals of the 
system of differential ei^uations, 


(93) 


fix' 

iWTin 


dy' 

n(^'f y') 


= X(a)da, 


which for a = take on respectively the values x and y. Conversely, whatever 
the functions {(x, y), 17 (x, y) may be, the equations x' =/(/, p, «), p^ = ^(x, p, a), 
which represent the integrals of the preceding system which reduce respectively 
to X and to p for a particular value a^j of the parameter, define a continuous group 
of transformations. In the first place, it will l^e simpler to introduce a new 
parameter, 

r X(a)da, 

which enables os to write the differential equations (98) In the abridged form 


m 


dxf di/ 
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The general integral of this system can be written, as we have seen above ({ 81), 
in tlie form 

where Oj and flj are definite functions of x\ y\ and where are two arbi¬ 

trary constants. Tluj solutions which take on the values x and y for t = 0 are 
given by the system of equations 

(05) y') = y), {x-\ y') = Oj(x, y) + t. 

7'he preceding expressions, indeed, define a continuous group, for if we carry 
out in succession the two transformations which correspond to the values 
and fg of tiie parameter, the resulting transformation corresponds to the value 
-f <2 the parameter. Tlie two transfonnations which correspond to the 
values t and — t are the inverses of each other. If we have 


X' t), 

we may wTite also 

X =/(x', y '; - <), 


If we take for the new variables 


y' = 4>(x, y; t), 
y - y'; - t). 


• ni(x. y), 0 = y). 


the equations (95) become 

m 


U =:M, 


r" =: t) -f ^; 


and we say that the group is transformed to the reduced form. Every con- 
tinuouH one-purameUyr group in therefore similar to a group of translations. 


Let us take, for example, the group x' 
inethoil, we have 


X 

a 


ca 


axy y' — a^y. Applying the general 


2ay = 


The differential equations (93) are in this case 

tlx' _ (if _ da _ ^ 
x' 2y' a ’ 

where t = log a. The finite equations of the group can be written in the form 
~ = logx + f, 

I ^ x^ 

and they will be brought to the reduced fonn by taking for the new variables 
log X and y/x’-*. 


85. Application to differential equations. Let us consider a given differentia] 
eciuation 
(07) 

and a known one-parameter group of transformations of the form (86). Let us 
suppose that the ecpiation (97) is identical with the equation obtained by carry¬ 
ing out on it the change of its variables x and y defined by the relations (86), 
whatever may be the numerical value of the parameter a. If this is the case, 
we shall say that the differential equation (97) admits the group of transforma¬ 
tions (86). We can make use of this property to simplify the integration. In 


tiPy 

dx^ 


y... -0 

r 'dxd~^' 
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let U8 sappoee tliat we carry out a change of variables such that the equa* 
tlons which define the group in question are brought to the simple form u' == u, 
9 ^ r= p ^ a. The same change of variables, applied to the proposed differential 
equation, leads to a new differential equation of the nth order, 


(98) 





da d*e d*v \ 
du * du^ * * duv 


0» 


which does not change if we replace in it p by e + a, whatever may be the 
numerical value of the constant a. This can happen only if the lefuhand side 
^ does not contain the variable v. If the equation is of the tirst order, we obtain 
the general integral by a quadrature. If n > 1, we can lower the order of the 
equation by unity by taking dv/du for the new unknown dependent variable. 

Let US consider, for example, the homogeneous equation of the first order, 



This equation does not change if we replace x and i/ by ax and aj/ respectively, 
whatever may be the constant a. Now the fonnuhe x' = ax, y' = ay define a 
group of transformations, which can also be written in the form 


z' X 


log y' = log + t. 


Hence if we put y/z = u, log p = v, we are led to an c(}uation that h integrable 
by a quadrature (see $ S). 

Let us now consider linear equations of the first order, and first of all the 
homogeneous equation dy/dx + P|/ = 0. Since this equation does not change 
when we replace in it y by ay, whatever may he tint consUint a, we my that 
it admits the group of transfonnations z' = x, y' = ay. Hence it will be inte¬ 
grable by a quadrature if we take log y for the dependent variable. 

Next, let 

(99) ^ + py+q = o 


be the general linear equation of the first order, and let yj be a particular 
integral, not zero, of the equation dy/dx + Py = 0. It is easily verified that 
the equation (99) does not change if we replace y by y 4* ay^ Hence it admits 
the group of transformations defined by the equations 


x' = X, 


Vi 



Taking for the new dependent variable y/y,, the equation must reduce to an 
equation integrable by a quadrature. We are led to precisely the calculations 
of 14, and it is easy to see in a similar manner that the different cases of reduction 
of the order of the equation which have been Indicated in $ 19, for equations of 
higher order, are essentially only particular cases of the preceding method. 

These different methods, which appear at first sight as so many different 
devices for solution, having no relation one to another, can thus be considered 
irotfn a oommon point of view by means of the theory of groups of transforma¬ 
tions. To every continuous one-parameter group of transformations on the 
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two variables x and y we can make correspond in this way an infinite number 
of equations of the first order which can be integrated by a quadrature, and 
equations of higher order whose order can be depressed by unity. 

This fact may be of practical importance in the setting up of the equations 
in certain problems. Suppose that it is a question of finding the plane curves 
whicii possess a certain property, and that we know a priori a one-parameter 
group (G) of transformations such that, if we apply any transformation of (G) 
to a curve having the given property, the new curve also has the same prop¬ 
erty. It is clear that the differential equation of these curves will admit the 
given group of transformations. If, then, we choose a system of coordinates 
(u, t) such that the equations of the group ((?) shall become m' = u, r' = t? + a, 
the differential equation of the curves sought in this system of coordinates will 
contain only m, dr/du, cf^r/du^, • • •. For example, suppose that we wish to obtain 
the projections on the xy-\)hiue of the asymptotic lines or the lines of curvature 
of a helicoid, the axis Oz being the axis of helicoidal movement in the sliding 
of the surface ujwn itself. It is clear that if a curve C of the ij^-plane is a 
solution of the problem, then all the curve.s which we obtain by making C turn 
through any angle alsnit the origin are also solutions. The differential equation 
of these curves lulmits, then, tlie group formed by the rotations about the origin ; 
the equations of this group in polar coordinates are p' = p, = w + a. With 
the system of variables p, w, the differential equation will contain, therefore, 
only p and dw/dp (sc*e I, § 243, 2d ed. ; §242, 1st ed.). 

So far we have supposed the group G known. We are now led to examine 
the following problem : A differential effuation being given^ to recognize whether 
or not it admits one or more one-parameter continuous groups of transformations^ 
and to determine these groups. This is a very important question, which cannot 
be developed here in detail. We shall limit ourselves to a few particulars. 


36. Infinitesimal transformations. Given a system of transformations on n varb 
ables, defined by the eqiiations 

(100) jr; =/i(x„ Xg, . • Xn ; a), (i = 1, 2, • • ., n), 

where the functions/* depend upon an arbitrary parameter a, we say again that 
these transformations fonn a group if the tran.sforination resulting from any 
two transformations of the system carried out in succession itself belongs to 
the system. As above, a group is said to contain the identical transformation 
if, for some value Ug of the parameter, we have 

/♦(Xj, X 2 , • • •, x„ ; Ug) = Xf, (i ~ 1, 2, • •», 7i), 

for all values of x„. It may be shown, as above, that such a group is 

obtained by integrating a system of differential equations 


( 101 ) 

Let 

( 102 ) 


tl(^» 

~ ^(®1» * * *’ 


dxl 


= cK. 


(Xj, • • •, X„) 

(i = l, 2,...,n), 


be the integrals of this system which reduce to Xj, x,, •••, x,, respectively 
for i s= 0, The relations (102) define a continuous one-parameter group, the 
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variable t playing the part of the parameter. Indeed, we have seen (§ 81) 
that the general integral of this system can be written in the form 

* * •» *») = * * *» 

JTa, •. <) = Cn^u O = ^ + 


where 0^ * * *> ^ *^re n functions of the variables acj, which we have defined 

exactly. The integrals which for t = 0 take on the values x, are 

furnished, therefore, by the equations 


(103) 


* * '* ”■ * * *» ^»»)» (i — It 2, • • •, n 

* ’ ■' ^ h ) ~ • • ‘t 


which are equivalent to the relations (102). In this new fonn we see immediately 
that these transformations form a group. 

Let F(Xj, x^, • • •, Xh) be a function of the n variables x,; if we replace the 
variables x* in it by the functions x,- given by the relations (102), the result 
F(Xi, X.J, • • x^) is a function of x^, Xg, • • •, x„, f, which f<>r t = 0 reduces to 

F(Xp Xj, x«). Let us consider the problem of developing this function 

according to increasing powers of t. We shall denote by F' the result of 
replacing x.- by x| in F(Xj, Xg, x„), and we shall put 

A'(/) = {,(x„ X,. ..x.) ^ + ... + {.(X.. x„ .. X.) 

where / is any function of Xj, Xj, •»•, x,. Similarly, replacing the variables Xi 
by xj, we shall put 

^ (f ) — ‘ ’^n) ~~ + • • * + (Xj, Xg, • • •, X„) . 

ax, ax. 


With these preliminary definitions, we have, by the differential etpiations (101), 
dF' f'F' r‘F' 

"W ~ 7-7 + ••• + •••. '.'>7-7 = 

cx, ox. 

Likewise we have 


and in general 




dpF' 

dU» 


X'(p^F'), 


where X'^p'>{F') denotes the result of the operation X' carried out p times in 
succession. Since, for t = 0, xj, Xg, • • •, x' reduce to Xj, Xg, . • x„, it follows 

that {dP F'/dtP)t=^o is equal to X^/»)(F), and the development of F' is given by 
the formula 

F'(x;,..xO = F(Xi,..X,) + LT(jF^ 

1 + Ja<*)(F)+... + ~X<j»(F)+.... 

iS 1 p ! 

If we assume that the function F is regular in the neighborhood of the values 
Xj, Xg. * •», x«, the series on the right is convergent as long as |t| is sufiSciently 
small. We have, in particular, 

xJ = Xi + + • • •. 


( 106 ) 
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Let U 8 give to t an infinitesimal value U. Putting = and neglect¬ 

ing infinitesimals of higher order than the first with respect to dt, the preceding 
formulae can be written in the form 

( 106 ) 3X2 = {2 W, • • •, iZn = 

We say that these relations define an ir^niiesimal tranf^ormation and that X(/), 
or symbol of this infinitesimal transformation. To every one- 

parameter group corresponds an infinitesimal transformation, and conversely. 
If we choose at pleasure n functions, ^27 • • of Xj, Xj, • • •, x„, the result¬ 
ing expression X{f) is the synilx)! of an infinitesimal transformation that 
defines a contiinious group whose finite ecpiations would be obtained by inte¬ 
grating the system of differential equations ( 101 ). 

The introduction of infinitesimal transformations has made it possible to 
apply the methods of the differential calculiLs to the theory of groups. Besides, 
in many (piestions concerning groups it is the infinitesimal transformation 
which is concerned, as we shall sec from a few cxamj)les. 

Let us consider Xj, x„ as the coordinates of a point in space of 

n dimensions, and t as an imh'pendent variable which denotes the time. If t 
varies, the point with the c<K)rdinates Xj, x.^, x,' desc*nl)es in a space of 

n dimensions a curve, or trajectory, starting from the ix)int (x^, Xj, • • •, x„). The 
space of 71 dimensions, or at least a region of that space, is thus decomposed 
into an infinite number of one-<iimensionaI manifolds, and each point of the 
given region belongs to a single one-<limensional manifold. We say that a 
function F(Xi, •••, x„) is an invariant of the group considered if we have 

whatever may be the value of i. It is easy to obtain all the invariants of a 
group. In fact, dividing the two sides of the equation (104) by t, and supposing 
F' = F, we obtain the relation 

X(F) + ^ A'W(F) + ... + X0»)(F) + • • • = 0. 

2 p ! 

Since this equality must hold whatever t may be, it is necessary in particular 
that we have X (F) = 0. We say, in this case, that the function F admits the 
infinitesimal transformation of the group. This condition is, moreover, suffi¬ 
cient ; for if we have X (F) = 0, we also have X [A’(F)] = 0, •«•, and therefore 
A<P>(F) = 0 , whatever p may be. The only invariants of the one-parameter group 
are therefore the integrals of the equation X{f) — 0. 

Let us notice that if two groups have for infinitesimal transformations X{f) 
and n-V(/) respectively, where 11 (x„ Xj, •••, x^) is any function whatever, 
these two groujis have the same invariants, even though they are not identical. 
If we apply to the same point the transformations of the tw’o groups, this point 
will indeed describe the same path, but with different velocities. Conversely, 
if two groups have the same invariants, the two infinitesimal transformations 
X{f) and F(/) can differ only by a factor Il(x,, x„) which depends 

only upon x„ Xj, • • x,, for the two equations X(/) = 0, Y{f) = 0 must have 

the same integrals. 

We shall now introduce another important concept. Let 

(107) I, =/(x, V; o), = * (ac, V : a) 
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be a condBUoua group in two variables. If we apply a transformation of this 
group to all the points of a plane curve C, we obtain another plane curve C|. 

Vt 1f"'t * • *» ^ successive derivatives of y with respect to x and 

yj, yj\ .. the successive derivatives of with respect to Xj; we have seen 
(I, § 61, 2d ed.; § 85, 1st ed.) bow to calculate these last successive derivatives 
in terms of x, y, y^, • • *, y<">. These calculations lead to formulas of the form 


(108) 


' yj = y'; a). 

Ui == y» y\ y";«)» 


The relations (107) and (108) define also a group of transformations in n + 2 
variables, x, y, y', • • •, y<’*\ which is called the extended group of the first. We 
shall assume this fact, the proof of which presents no other difficulties than the 
writing of rather long expressions. We shall merely show how the infinitesimal 
transformation of the extended group can be obtained. Let 

{(A t/)^ + n(Ai/)g 


be the infinitesimal transformation of the given group. We can write the 
equations of this group in the form 


(109) 




and from them we derive 


yi' = 


dy, _ 




The coefficient of t on the right, after expansion in a single power series, is the 
only thing we need to know. It is obtained by a division and is equal to 


ax dxj dx \dy/ \dxf 


The symbol of the infinitesimal transformation of the extended group is, there- 
fore, for n = 1, 


t(Ay)g + i,(AV)| + 




---1 

V'---v^ 

df 

Lax 

Vay “ 

dx) 

' dv . 

W 


The method is a general one. If the coefficient of t in the development of yj" 
is w(x, y, y', • • •, y^’*-*>), we have for yf*> 
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and the coefficient of t on the right-hand side is 


dw 

dx 






Hence we can calculate step by step, to any desired value of n, the infinitesimal 
transfonnations of the extended groups which are obtained from the given group. 
We say that a system of differential equations 


( 110 ) 



dXn 

Xn 


admits the one-parameter group of transfonnations G defined by the equations 
(100) if it changes into a system of the same form, 


( 111 ) 


dx[ dx^ dx' 

'K 


when we take for new variables Xj, x.^, • • instead of Xi, Xj, • • x«, and If 

this is true whatever the value of the parameter a may be. Here and below, 
the symbol X'- denotes the same function of the variables x\ that X,- is of the 
variables x,. In onier that this be true, it follows from the relation which has 
been established between the system (110) and the partial differential equation 

(112) X(/) = X,|^+X,^+... + X.|^ = 0 

CXj cx^ cx% 

that it is necessary and sufficient that every transformation of the group G shall 
carry the equation 

X'(/o = 


' t.-/ 1 * f 

^ *21 * * *1 *n) 


over into a linear equation equivalent to X{f)^0 for every value of the 
parameter a. If /(Xp Xg, • • •, x„) is an integral of X (/) = 0, /'(Xp x^, x') 

is al«j an integral of X'(f') = 0; hence, if we replace x,', • • x' by their values 
given by the expressions (100),/'(Xp • • •, x^) must also be an integral of A'(/) =0. 
It follows that the necessary and sufficient condition that the system of differ¬ 
ential equations (110) admit the group of transformations G is that every trans¬ 
formation of that group shall change an integral of the equation X(f) = Ointo 
an integral of the same equation. 

Let 


(113) r(/) = {.g- + t,|{ +.. 

be the infinitesimal transformation of the group 
by the parameter t defined above, we may write 



G, Replacing the parameter a 


/(Xj, Xj, • • •, X„) —/(X|, Xg, 


••,*.) + Jr(/) + ^ir[T(/)]+.... 


If /(X|, • * *, Xn) is any integral of the equation (112), the same thing must be 
true of/(Xp • • •, x,[), and consequently of 

/{Xj, • • •, xj —/(Xiit • • •» ®»)» 


m + |r[rcoi+--. 


or of 
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whateTer the value of t may be. In particular^ T(/) must be an integral of the 
equation (112). This condition issufiUctent. For, let/p/j, • • be a system 

of n — 1 independent integrals. If T{/j), • * *» are also integrals, 

the same thing must be true of T(/), where / is any other integral. For we 
have/= n(/p/ 2 , •• •,/«-!), and therefore 

m = i^T(/,)+... + 

c/j (/It ~1 

Since T(/) is an integral, the same thing is true of T[T(/)], and so on ; the 
same is therefore true of /(Xp • • •, /'). 

Hence, in order that iht Hyatcni (110) admit the group G of iran^fonnationn, 
it is necessary and sufficient that, iff is an integral of X{/) — 0, T{f) shall also 
be an integral. We say for brevity that the equation A'(/) = 0 admits the 
infinitesimal transformation T{f), 

Let us now take a differential c<iuation of the first order, 


(114) 


djt dy 

A “ jV 


In order that the equation A'(/) = .t r//(V-f Jlrf/^y — O a<lmit the infini¬ 
tesimal transformation ^cf/lx + vV/ry. it is necessiiry tliat we have 


cx ly cx cy 


where w(x, y) denotes an integral (other than a constant) of A'(/) = 0, and 
where 11 (w) denotes an undetermined function of w. We derive from these 
relations 

_ _ Bn(u>) ^ _ A n (u) 
dx At) — cy Aij B^ 

whence, 


dut Bflx -- A dy 
n (w) “ An ~' 


It follows that \/{Bi — Ari) is an integrating factor for Bdx — A dy. Conversely, 
let ^(x, ^) be a function such that its total differential is 


(Up = 

Then we have, simultaneously, 


Bdx — A dy 


CX cy 




((p r^fp 

rx cy 


hence T(0) is also an integral of the equation A’(0)™O. We can state this 
result as follows; 

In order that the differential equation (114) admit the group of trawforma- 
iUms derived from the infinitesimal tramformatUm ^bf/bx -f r\c)f/byt d is necessary 
and s^B^eieni that l/(/I^ — Aij) shall be an integrating factor for Bdx — A dy. 

This new method requires only the knowledge of the Infinitesirnal transfor¬ 
mation of the group. As there exist an infinite number of integrating fac¬ 
tors, we see that every equation of the first order admits an infinite number 
of infinitesimal transformations. 
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Let us return to the general case of the system (110). Let X(/) = 0 be 
the corresponding linear equation and T{/) the symbol of an infinitesimal 
transformation. Let us consider the equation 


(116) Z(/) = X[T{f)] ~ r[X(/)] = 0, 


where X[T{f)] represents the result of the operation X{ ) applied to T{f), 
and where T[A'(/)] has an analogous meaning; Z(/) is still a linear homo¬ 
geneous function in tlie derivatives of the first order df/dii, and it does not 
contain any derivatives of the second order. To show this, it suffices to prove 
that the coefficients of a derivative of the second order are the same in 
X[T(f)] and T[.Y(/)]. Now the coefficient of ^f/cx\ is XiL, and that of 
c-f/tXilxic is -f in T[A"(/)], and it is obvious that these coeffi¬ 

cients arc the same in A'[7(7)]. The equation Z(/) = 0 is therefore an 
equation of the same tyi>e as the equation A’(/) = 0, which can be written 
in a form exhibiting the coefficient-s explicitly : 

(116) Z(f) = [A'({.) - r(.V,)] 7 + ... + [A'(f,) - T(X.)] 7 + • • • = 0. 

rXj cXi 

If now T{f) is an integral of the equation X{f) = 0, whenever /is an inte¬ 
gral of the same e(|uation, every integral of A’(/) = 0 evidently satisfies the 
linear equation Z(/) = 0; we must have, therefore (§31), 

(117) X[T(f)] - T[X(/)] = p(x,, X,, ..., X,) X(f), 

w’here p is an undetermined function of jp Xg, • • •, Conversely, if we have 
an identity of tliis form, every integral of the equation X{f) = 0 satisfies also 
the equation X[T{f)] = 0, and tlicrcfore T{f) is also an integral of the equa¬ 
tion X{f)=: 0. The necessary and sufficieid condition that the linear equation 
X{f) = 0 admit the iy\finitesimal transformation T{f) is expressed by the relation 
(117), where p is any function of Xj, Xj, •••,Xn. That relation is equivalent to 
the (n — 1) distinct relations 


A(^,)- T{X,) ^ Xq,)^ T{X^) ^ ^ T{X,) 

X, X^ ’ Xn ' 

Given a differential equation of the nth order, 


(118) 




dx * dx^ 


dx—ir 


in order to determine whether it admits the group of transformations deduced 
from the infinitesimal transformation ^(x, y)df/dx + iy(x, y)^f/^y^ w'e need only 
replace the equation (118) by a system of n differential equations of the first 
order, taking for the auxiliary dependent variables the first (n—1) deriva¬ 
tives y\ ?/'",•••, and then determine whether this system admits the 

infinitesimal transformation of the extended group of G. 

I^t us consider, ft)r example, the equation of the second order y" = (x, y, j/), 

which may be replivced by the system 

dx _^dy _ djf 

^ ^ ^ ~ V' ~ lO 

or by the linear equation 
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It will be neeeanry to determine whether this eqo&tlon admits the infinitesimal 
txanaformation 


t(AV)g + ’.(*,V)| + 



On carrying througli the calculations, we find a condition which contains x, y, 
and y\ and which must be verified for all values of these variables. The equa¬ 
tion of the second oixier being given, if we wish to find the infinitesimal trans¬ 
formations which it admits, we have at our disposal the unknown functions 
|(x, y), If (x, y), which do not contain y^ Writing the condition that the preced¬ 
ing relation is independent of y\ we may have, acconiing to the given function 
Vi y')i^ limited or unlimited number of equations w’hich must be satisfied 
by the functions |(x, y) and if(x, y). In general these equations will be incom¬ 
patible, and we see that an equation of the second onler, taken arbitrarily, 
does not admit any infinitesimal transformation. The same thing is true of 
equations of higher onier, and it is seen from this how Sophus Lie was able to 
classify differential eiiuations according to the number of independent Infini¬ 
tesimal transformations which they admit. 


EXERCISES 


1*. Let be the greatest absolute value of/(x, y^) w’hen z varies from Xq 
to a. If the letters a, 6, K, Zq^ y^ have the same meaning as in § 30, the 
integral of the equation y' =/(x, y) which takes on the value y^^ for x = is 
continuous in the interval (x^, x^ + p), where p is the smaller of the two numbers 
a and log(l -p Kb/M^)/K, 

[E. Linoelof, Journal de Maihiinaiujues^ 1894.] 

[The inequalities 

Iv,- 

n ! 


are established step by step, as in § 27, and y* will remain between yQ — h and 
Vo + provided that we have V < 1 + 

S. Find two first integrals of the simultaneous systems of differential 


equations 


= 0, + 

(a) 

(« 


= z, (z- yf 2 = V, 

OX 

(7) 

dy _ 

dz ~ 

J^<* + V) C»- 

V)(2x+ 2v + 2) ~ x(* + v)' 


S. The expression l/[y — zf(y/z)] is an integrating factor for dy — f(y/x)dx» 

4« The general form of the differential equations of the first order which 
admit the infinitesimal transformation yij/tz^x^/dy is 


W-v 
* +w' 


= ♦(** + »*). 


Deduce from tUa an integrating factor. 
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5 . Find the general form of the differential equatione of the first order which 
admit the infinitesimal transformation -f x (df/ty ); the infinitesimal trans¬ 
formation x{^/dx) + ay{tif/by). 

6. Find a group of transformations for the differential equation 

dv 

j- = 0(x + ai/), 

ax 

where a is constant, and deduce from it an integrating factor. 

7 *. The differential equations of the elastic space curve, 

y'z'^ - z'y" = 5x' - i 
rx" ^x'z" i/3x, 

x'y" - j/'x" = - a, 

where or, /3, 3 are constants, possess the two first integrals = C, 

fi(x*^ + y'^) — 4 z' = C\ We then obtain x and y by the integration of a differ¬ 
ential equation of the second order. 

[Hkkmit£, Sur quelques applications desfonctions eUiptiques (p. 93).] 



CHAPTER III 


LINEAR DIFFERENTIAL EQUATIONS 

I. GENERAL PROPERTIES. FUNDA^lEXTAL SYSTEMS 

Linear differential equations have been studied more thoroughly 
than any other ela^s. They possess a grou}) of eliaracteristic proper¬ 
ties which distinguish them sharply and at the same time simplify 
their study. Moreover, they api)eai* in a great nuinl)er of important 
applications of Analysis, and a preliminary study of them is very 
useful before undertaking the study of dithuential eqmitions of the 
most general form. Exeej)t when otherwise expressly st;ited, we 
shall study here only thase ecpiations whose coefficients are analytic 
functions of the independent varial)le. 


37. Singular points of a linear differential equation. A linear differ¬ 
ential equation of the nth order is of the form 


d*y 




+ i being functions of the single variable x. Its inte¬ 
gration is equivalent to that of the system 


dx 

dy 


+ 4- • • • + + <1^ + 


dx 


= Vn-U 


obtained by taking for auxiliary dependent variables the first n — 1 
derivatives of y. I>et us 8upjx)se that the co<*fiicients a^ are analytic 
in a circle (\ with the radius ll and with its eenb^r at the point 
and let y^, • • •, yj^-n a system of n arbitrary constants. 

Applying to the equations (2) a general result established alx)ve 
(§ 23), we see that the eriuntion (1) has an integral analytic in the 
circle taking on the value y^ for x = tvhile its first n — 1 
derivatives take on respectively the values y^, y'', • * yo^^^^^hr x = x^. 

We know also, from the geneml theory, that it is the only integral 
of the equation (1) satisfying these initial conditions; we shall say 
for brevity that it is defined by the initial conditions y^, y^, yj', 

100 
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• • •, 3/^*“^^). Let ns now suppose at first, for definiteness, that the 
coefficients are single-valued functions of a;, having in the whole 
plane only isolated singular points. Let Z be a path joining two 
non-singular points and A, and not passing through any singular 
point; the integral which is defined by the initial conditions 
2/0, • • •, represented by a power series P{x — x^ convergent 

in the circle (\ with the center x^ and passing through the nearest 
singular point to x^. We can follow, by means of this series, the 
variation of the integral along tlie path L as long as the path does 
not go out of the circle ( If the path L leaves the circle at a 
point tiy let us tiike a point on the path within the circle and near 

enough to a so tliat the circde ( with the center x^ passing through 
the nearest singular jjoint does not lie entirely within the circle C^. 
From the series P(j' — x^) and from those which we obtain by suc¬ 
cessive differentiations, we can derive the values of the integral and 
of its first /I — 1 derivatives at the point x^. Let y^, yj, • • •, be 
these values; the integral of the equation (1), which is defined by 
the initial conditions {x^, y^, //j, • • 2/1"“^^), is represented by a power 

series P^(x — x^) convergent in the circle The values of the two 
series P(x — x^) and P^(x — are equal in the part common to the 
two circles ('^and (\y since they each represent an integral of the 
e(iuation ( 1 ) satisfying the same initial conditions. It follows that 
the series P^(x — x^) represents the analytic extension in the circle 
Tj of the analytic function defintnl in the circle by the series 
J*(x — x^), If all of tlie portion of L included l)etween x^ and A" 
d(x\s not lie in the circle we shall take a new point a-^on the path 
within Cj, and so on as before. 

At the end of n finite nuinl)er of operations we shall certainly arrive 
at a circle containing the point A'. In fact, let S be the length of 
the path L and 8 the lower limit of the distance of any point of L 
to the singular points. The ra<lii of the successive circles used are 
at least equal to 8, and we can choose the centers of these circles in 
such a way that the distance l>etween two successive centers is greater 
than 8 / 2 . After/; operations the length of the broken line obtained 
by joining these successive centers will l>e equal to at least /)8/2. 
If we have ph /2 > 5 , the length of the broken line will be greater 
than the length of Z. Hence, after at most (/> — 1 ) operations, we 
shall have arrived at a circle eontjiining all of the portion of Z included 
between the center of that circle and the point A". 

Recapitulating, we see tliat we can continue the analytic exten¬ 
sion of the integral as long as the path described by the variable 
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does not pass through any of the singular points of the coefficients 
We know, therefore, a priori, what are the only points which can be 
singular points for the integrals of a linear equation. It may, how¬ 
ever, happen that a point a is a singular point for some of the coeffi¬ 
cients Of without being a singular point for all the integrals. In the 
particular case where the coefficients are all j)olynomials or integral 
functions, all the integrals are analytic functions in the whole plane; 
that is, they are integral functions and they may reduce to polynomials. 

The reasoning may be extended also to the case where the coefficients a,- have 
any Bingularities whatever, it being possible for these functions to be miiltiple- 
valued. If we start from a point where these coefficients are analytic, and if 
we cause the variable x to describe a path />, along the whole length of which 
we can continue the analytic extension of the coefficients a,, we can like¬ 
wise continue the analytic extension of the integrals along this path. The power 
series which represent the integrals are convergent in the same circles as the 
series which represent the coefficients. 

These results are entirely in accord with those which we have deduced from 
the method of successive approximations (§ 28). 


38. Fundamental systems. Let us consider a linear equation which 
is also homogeneous, that is, not containing a term indei)endent of y. 


( 3 ) F(!,): 




V y 

- 4 - ... + 4 - ajj = 0 , 


where F{y) denotes no longer a function of the variable y but the 
result of an operation carried out on a function y of the variable a*. 
ITrom the definition of this symbol of oj>eration it is clear that, if 
Vv Vif- - f Vp P functions of ar, and (\, any con¬ 

stants, we have the relation 

nc,y,^c^y^^ ... 4- C\F(y^) -f- r^F(ij^) 4-..« -\-<\F0j^). 

Vv ‘-7 yp integrals of the equation (3), then C\y^ -h r^y^ ^ 
— -b an integral, whatever the numeric'al values of the 

constants may be. If we know n particular integrals yj, y,^, • • •> 
of the equation, we can therefore deduce from them an intt^gral 

W y = C’,y^+C,y,+ ...-f C^y„, 

in the expression of which appear n arbitrary constants 
We cannot conclude from this that the expression (4) really rep¬ 
resents the general integral of the equation (3); we must first assure 
ourselves that we can dispose of the constants C^,«• •, in such 
a way that, for a particular value of x, different from a singular 
point, y and its first n — 1 derivatives take on any values given in 
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advance. For the sake of brevity, let ns indicate by (y?)o the value 
which the jpth derivative of the particular integral takes on at the 
point x^. Setting the values of the integral y, and of its first » — 1 
derivatives at the point equal to these arbitmry quantities, we 
obtain a system of n linear equations to determine the constants C^, 
*1’^® determinant of the coefficients of these unknowns 
must be different from zero. We shall denote by A(yj, y^, • • *, y,) 
the determinant whose elements are the functions y^, yg, • • y„, 

and their derivatives up to those of the (n — l)th order: 

• Vn 

• y'n 

■ y."-*’ 

If this determinant, which is an analytic function of x in the whole 
region in which the coefficients are analytic, is not identically 
zero, let us choose for a point where this determinant is not zero. 
We can then determine the constants C, so that y and its first — 1 
derivatives take on any initial values whatever for x^. Every inte¬ 
gral of the equation (3) is therefore included in the formula (4). 
We say, for brevity, that this formula represents the general inte¬ 
gral of the equation (3). The integrals y^ y^, • • •, y„, such that 
the determinant A(yj, y^, • • y„) is different from zero, form a 

fundamental system. 

If this determinant is identically zero, some of the integrals y^, y^, 
• • * ) ^ deduced from the others. We shall say, in general, 

that n functions y^, y^, • • •, y, of the variable x are not linearly 
independent if there exists between these n functions an identity of 
the form 

(6) C\y,+ r,y,+ *“-f C,y„ = 0, 

where are constants not all of which are zero. In order 

that n functions y^, y^, • • y, shall not be linearly independenty it 
is necessary and sujfficient that the determinant A(yj, y^, • • •, y^) he 
identically zero. 

The condition is first necessary. For from the relation (6) we 
obtain the n — 1 relations of the same form, 

(7) C,yi^> + C,yiP> -f • • • + C,yL*»> = 0, (j> = 1, 2, • •n ~ 1) 

between the derivatives of the first order, of the second order, etc., 
of the functions y^. Since the coefficients C| are not all zero by 


( 6 ) 


Vn) 


Vx 

y'x 


y^ 

y% 


fi 
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hypothesis, the equations (6) and (7) cannot be consistent unless 
the determinant A(yj, * • *, y„) is identically zero. 

Conversely, suppose that A s 0, and supxx)se first that all the 
first minors of A relative to the elements of the last row are not 
identically zero, for example, that the cofactor of 





••* y«-i 

8 = 

yl 

y-j 

yl-i 


y.-o 


• • * y«-i 




is different from zero. Let .1 he a region of the plane of the variable x 
where the functions //, are anal 3 "tic and where this determinant 8 
does not vanish. Let us put 





+ A:,y, 


• -f Ar„_iy^_j, 

(8) - 

y.' 

= Ki!h 


+ • ■ 

• • + A'._, 




+ A',y'/- 




These n — 1 equations determine A'^, * • *, A"^_^ as analv^tic func¬ 

tions of X in the region J, since is the quotient of an analytic 
function divided b}' the minor 8 wliich is not zero in .1. These func¬ 
tions A'j, • • •, A'^.j satisfy also the relation 

(9) = A\//,-'> -f -h * • • -i- 

since A(yj, • • •, y„) is zero at every point of A. Differentiating 
once each of the ecpiations (8), and taking account of these same 
relations and of the relation (9), we find 

A’iyi + • • • -f A''_,//,_i = 0, 

A;;//i"“'^^ H--f == 0, 

and consequently K[ == A".^ — • • • = A''= 0. The functions ATj,. • *, 
A%_i are therefore consUiuts, and we have indeed a relation of the 
form (6) between the n functions y.^, • . y„, where all the coeffi¬ 

cients are constants and the coefficient (\ is different from zero. 
Since this relation has Ijeen established in the region d, it follows, 
by analytic extension, that it holds in any region in which the func¬ 
tions y^ y^, • • •, y« exist and are anah'tic. 

It will be noticed that the minor 8 is precisely equal to 

Vv • • •. ffn-l)- 

If this minor 8 is identically zero without A(yj, y,, • • •, y,_j) being 
also zero, a similar argument would show that the functions y,, 
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• • • > 2/w-i satisfy a relation of the form (6), where C„ = 0, ^ 0. 

Continuing in this way, we shall therefore surely arrive at a relation 
of the form (6), in which some of the coefficients may be zero. If, 
therefore, we know n integrals of the equation (3) such that A (y^, y^, 

... , y„) = 0, one at lejist of these integrals Ls a linear combination 
with constant coefficients of the other integrals. It may also happen 
that these n integrals reduce in reality to independent integrals 
<71 — 1]. In order that this may be the case, it is necessary and 
sufficient that all the determinants analogous to A which can be 
formed with -h 1 of these integrals shall be zero, one at least of 
the determinants formed with p integrals being different from zero. 

The same lemma enables us also to prove that the geneml integral 
of the ecjuation (3) is r(*presented by an expression of the form (4). 
For, let (//^, y.^, • • •, //„) be a fundamental system of integrals, and y 
any other integral. From the (w -f 1) equations 

= 0, /’(.v.) = 0, ..F(y,) = 0 

we derive, by elimination of the (coefficients • • •, a„, an equation 

of condition which is no other than 


( 10 ) 


Uv •f'v * * *’ 


We have, therefore, U^tween these ti -j- 1 integrals, a relation of the 

+ • • • + r„i/„ = 0, 


where r, are constants not all of which are zero. 

Finally, the coefficient of y, is certainly different from zero, since 
the integrals y^, y^j, • • •, y„ are linearly independent. 


Every linear cquatiun of the nth order has an infinite number of funda¬ 
mental systems of integrals. In order to obtain such a system, we need only 
tJike n integrals such that tlic determinant formed from the initial values of 
these n integrals and their first n — 1 derivatives for a non-singular point 
Xq is not zero. If (?/p • • •, j/«) is a first fundamental system, the n integrals 

Fn Fg, • • •, F„, given by the equations 

F,- = Ciiyi + 0 . 2^2 + • • • + (t = 1, 2, ..n) 

where the coefficients Cit are constants, form a fundamental system, provided 
that the determinant D formed by the coefficients c,ji. is different from zero. 
We have, in fact, by the rule for the multiplication of determinants, 

^(Fj, Vn)» 

It follows from this relation that the quotient [dA(yj, • • j/«)/(ijc]/A is the 

same whatever may be the fundamental system. We shall verify this by cal¬ 
culating this (luotient. For this purpose let us observe that the derivative of a 
function is equal to the coefficient of h in the development of F(x + h) in 
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powers of k* If we giye to x an increment A, and if we replace each element, 
of the determinant A by its development, retaining only the terms of the first 
degree in A, we obtain the determinant 

Vi + hy{ Va + Ayi • • • V* + Ay' 

Vl + A/; y^+Ay- ... l/^-fAy;' 

y(»~i) ^ -f ... yj,’*"’^^ + Ay^"> 

The coefficient of A is the sum of n determinants which are obtained by tak¬ 
ing the coefficients of A in any row and the terms independent of A in the other 
rows; n — 1 of these determinants, having two rows identical, are zero, and 
there remains 

Vx Vt - Vn 

dA(yt, yg,y,) _. 

dx ••• 

y<«> y^") ... y^") 

This result is true, whatever the functions y^, • • •, y, may be; if these func¬ 
tions are integrals of the equation (3), we can replace y[''^ in the last row by 
— OiyJ""'^—‘ ••• — a„y^, and similarly for the others. There remains, after 
developing with respect to the elements of the last row and taking account 
of the determinants which have two rows identical, 


(H) 


dA 

dx 


= — a, A. 


The quotient which we wish to calculate is therefore equal to — Oj, and we 
derive also from the preceiling result the value of the determinant 

. . ~ f a.djc 

A = \e •'‘^0 * , 

where Aq denotes the value of A for j = This eirpreasion for A shows that 
this determinant is different from zero at every non-singular point, if it is not 
identically zero — a result which we could also have obtained from the preceding 
properties. 

It should be noticed that every linear equation of which a fundamental 
system of integrals is (yp Pj,***, Vm) can Ije written in the form (10) 

A(y, y^, yj, •••, y,) = 0, 

the coefficients containing only the integrals y,' and their derivatives. This 
shows that any n linearly independent functions yp y^, * • *, y^ can alw'ays be 
r^;arded as forming a fundamental system of integrals of a linear equation. 


39. The general linear equation. A non-homogeneous linear equation 
can be written in the form 


( 12 ) 


F(y) = 


cf y 




• + «.-t 


dx 


+ a.y =f(x), 


where the term independent of y has been isolated on the right-hand 
side. We shall also consider the equation fcnrmed by replacing /(x) 
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by zero; the resulting equation, F(y) = 0, is called the corresponding 
homogeneous equation. If we know a particular integral Y of the 
equation (12), the substitution y = F -f- reduces the integration 
of that equation to that of the homogeneous equation F(«) = 0 by 
the identity F(F4- z)= F(z). The geneial integral of the 

non-homogeneous equation is therefore represented by the expression 

(13) y=Y+ + ... + 

where • • •, y* are a fundamental system of n particular inte¬ 

grals of the homogeneous equation, and where C^, • • C, are 
n arbitrary constants. It often happens in practice that we can 
easily obtain a particular integral of a linear non-homogeneous equa¬ 
tion, and in this case we are led to the integration of the homogeneous 
equation. The search for a ])articular integral is facilitated by the 
following remark, which we need only state: If /(x) is the sum of 
/) functions • • •, such that we know how to find a 

particular integral of each of the equations 

^(y)=/iW. n//)=/,(A •••, F{y)^f^{x), 

the sum F^ -|- l'^ ‘ ^ these p particular integrals is an 

integral of the equation F(y) = /(x). 

In general, if irr know the general integral of the homogeneous 
equation, we cttn alwags obtain by quadratures the general integral 
of the iwn-homogeneous equation (supposing, of course, that the 
left-hand side is the same for the two equations). 

The following prwess, due to Lagiange, is called the method 
of the variation of co7ustants. Let (y^, y.^, • • •, y„) he a fundamental 
system of integrals of the ecpuition F(y) = 0. Imitating as much 
as possible the process employed for a linear equation of the first 
order, we shall seek to satisfy the equiition (12) by taking for y an 
expression of the form 

(14) y = r^y^ + r,y, + • • • + C,y„ 

where C^, • • *, (\ denote n functions of a*. We can evidently 

establish between these n functions n — 1 relations chosen at pleas¬ 
ure, provided that they are not inconsistent with the equation (12). 
If we put 

yi^'i + y'a^'t + • • • + = 0 , 
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the successive derivatives of y up to the (n — l)th derivative have 
the values . , . 

4.... -f. 

y" = C^y( 4“ 4--h 


( 16 ) 




The first of the relations (15) has been chosen in such a way that 
the first derivative y' has the same expression as if (\y • • •, C\ 

were constants, and similarly for those that follow. The derivative 
of the nth order has a less simple form : 

y-) ^ c\y[-) ^ 4- • • • 4- 

4 - 4 - 4 - • • • 4 - ». 

Substituting the preceding values of //, y\ i/\ • • •, in the left-hand 
side of the equation (12), the coeliicients of (\^ ^ 
spectively F{y^)i * * •? ^be new relation 

(15^) 4 - • • • 4 - yi-^^(': =/C0, 

which, together with the relations (15), enables us to determine 
* * *> therefore find C,, (\^ • • •, (\ by quadratures. 


We can also make use of the following method, due to Cauchy. 

Let (y^, y 2 t***t l/n) b^ ^ fundamental system of integrals of the equation 
F(y)n 0. Let us determine the constants C\, (^. • • •, r„ so that the integral 

UiVi +- h ChI/h and its first n — 2 derivative.s all vanish, while the (n ~ l)th 

derivative reduces to unity for a value a of x. The integral <p (x, a) thus obtained 
depends, of course, upon the variable x and also ujkui the initial value a, and 
satisfies the n conditions 

(17) 0(a, a) = 0, 0'(a, a) = 0, 0"(a, <r)~0, 0^'’-i>(a, a) = 1, 

where a) denotes the pth derivative of ^(x, a) with respect to x for the 

value X = a. If we replace a by x in the preceding relations, winch amounts 
to a simple change of notation, they can also be written in the form 

(17q ^(x,x) = 0, ^'(x,x) = 0, j) ~ 0, 0^«"i)(x,x) = l, 

where x) denotes now the pth derivative of ^(x, a) with respect to x, in 

which we have replaced a by x after the differentiation. With this under¬ 
standing let us consider the function represented by the definite integral 

(18) ^=r o:)/{a)da 

with an arbitrarily fixed lower limit x^. Applying the general formula for 
differentiation, and taking account of the conditions (17q, we find successively 

dY p* d"*"* K /** 

— = JT ♦'(*, a)f{a)da, ■ ■= jT a)f(a)dz, 
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Substituting these values of F, F', • • •, Ft*) in F{F), we find 

P{Y)=f(x)+ f + «)+••• + <*■«(*,a)]/(a)(ia. 

•'“^0 

The function under the integral sign on the right is identically zero, since ^(x, a) 
is an integral of corresponding homogeneous equation, whatever may be the 
value of the parameter a. From this it follows that the function Y represented 
by the definite integral (18) is a particular integral of the non>homogeneous 
linear equation. It will be noticed that this integral, as well as its first (n— 1) 
derivatives, is zero for the lower limit which is supposed different from a 
singular point.* 

The application of this method to the equation d"iz/ix" = /(x) leads to 
precisely the result obtained above (§ 18). 


40. Depression of the order of a linear equation. If we know a certain 
number of particular integrals of a linear equation, we can make use 
of them to diminish the order of the equation. Let us consider first a 
homogeneous equation of the nth order, and let y^,, (p < n) 

l')e linearly indef>endent integrals of tliat equation. The substitution 
y = y^g;, where z indicates the new dependent variable, reduces the 
proposed equation F(y) = 0 to a new equation of the same type in 
X, for the expression for any one of the derivatives d^yjdxp is itself 
linear with resjx'ct to z and to its derivatives. If y^ is an integral 
of the equation F(.v)“ equation in z must have x = l 

for a solution, which requires that the coefficient of z shall be zero; 
this ffict is verified at once by calculation, for the coefficient of z is 
precisely equation in z is therefore of the form 


(19) 




+ K. 



•It i.H easy to verify that the method of the variation of constants and Cauchy's 
incthiKi lead to the .sjime calculations. In fact, the function 0(x, a) of Cauchy is of 
the form 

<p{r, a)»= 0 ^((i)j/, (r) + 0.»(<r)?/2(J')+ ••• i>n {ct) Pn (x), 
where the functions 0i (fr) are detonnined by the conditions 

1 ^1 Pi W + • • • + (n) Pn (a) « 0, 

*1 («) !/‘i" - ”(<!')+ • + ^. («) y (a) - 0, 

<t>i («•) >f\" (nr) + • • • + ^, (rt) y'’ "»> (cr) -1, 
and the particular integral (18) has the value 

F- Vi (r) f W/W da-¥ ’ - • + yn{x) f 4>n W/Wda, 

•'*0 

Bat il we compare the conditions (J) with the relations (15) and (150 which deter¬ 
mine the C j in the method of the variation of constants, we see at once that we have 
Cf (x)»^t(x)/(x), and therefore the first method gives us a particular integral by 
the same quadratures. 
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where ftp ft,, * • •, ft.^j are fxinctions of x. This equation reduces to 
a linear equation of order n — 1, 


( 20 ) 




• • * 4" =s 0, 


by putting u = dz/dx. If y,, • • yp are p integrals of the equor 
tion from which we started, the equation (19) has the p — 1 integrals 
Vi/yv * ‘ *> Vp/Viy therefore the equation (20) has the integrals 



These jp — 1 integrals are linearly independent; otherwise there 
would exist a relation of the form 



where C,, C,, • • •, are conshints not all of whic^h are zero, and we 
could conclude from it, by integration, the existen(*e of a relation of 
the same form, 4- • • • 4- ~ where (\ is a new (*on- 

stant. If p > 1, the application of the same i>ro('ess lt*ads from the 
equation (20) to a new linear equation of order n — 2, and so on. 
The irUegrathyn of a linear homogeneous eguatmn of whirh p inde¬ 
pendent part U'alar integrals are knf)ini redneeSy tJtereforCy to the inte¬ 
gration of a linear homogeneous equation of order n — />, foWnred hg 
quadratures. When = n — 1, the last equation will also be intc- 
grable by a quadrature. 

Similarly, if we know p integrals, //^ • • •, of a non-homoge- 
neous equation, such that the /; — 1 functions 


y^-Vv *•*> yp-Vx 

are linearly independent, the sulwtitiition // = y^ 4- z leads to a homo¬ 
geneous equation having the p — \ integrals yp — y^. 

It is therefore possible to reduce this equation to a linear homogene¬ 
ous equation of order n — p + \. 

Consider, for example, the linear equation of the second order, 

(21) n2/) = §+p2 + ?y = o, 

and let be a particular integral of this equation. If we put y = 
we find 



in, i 40] 


GENERAL PROPERTIES 


111 


and, substituting in the equation (21), we find, since the coefficient 
of » is zero, 



Putting dz/dx = u, this equation can be written in the form 


whence, by integration, 


Log 


f 


pdx-h Log yj = Log C, 


or 


u = 



A second quadrature will give z and consequently y. We see that 
the equation (21) has the integral given by the expression 


(23) 


y2 = yi f 



which is independent of y^. The general integral of a linear homo- 
geneona eguatwn of the seeoyui order is therefore obtained by two quad¬ 
ratures irhen we know a partwular integral * 

This property is a mark of similarity between the linear equation 
of the second order and Riccati’s equation (§ 7). There exists, in 
fact, a very close relation l^etween these two kinds of differential 
eijuations. If we depress the order of the homogeneous equation (21) 
by the process of § 19, by substituting 


ftdx 

we are led to a Riccati equation, 


(24) q. ^ = 0. 


• We can derive from these results a very simple proof of an important theorem 
of Sturm. I.<et us sup^mse that the coefficients p and q are continuous real functions 
of the real variable x in the interval <(i, b), and let a*i be two consecutive zeros of 
a particular integral in the interval (a, b). If is another particular inte¬ 
gral independent of the formula which gives u can be written 

d* Vvi/ y? 

which shows that the quotient Pt/Pi varies always in the same sense when z increases 
from Xq to Zi. Now this quotient is infinite for z^Xq and for a;»ari; hence it constantly 
increases from - qo to + qo or decreases from + ao to - oo. The equation y%{x) »0 Aos 
therefore one and only one root in the interval (zot ^t)* 
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Conversely, any Riccati equation 

(26) u' + au^ + bu + c ^ Oy 

where a, 6, c are functions of T(a ^ 0), may lie reduced to the 
form (24) by putting u = z/uy which transforms (25) to an equation 
of the form (24), 

3;' -f 4- 4- ar. == 0. 


It follows that the general integral of the equation (25) is 

where yj and are two independent integrals of the linear equation 

y + (* — ^)y' + 

This expression really contains only a single arbitrary constant, that 
is, the quotient appears in it to the first degree.* 


Example. Legendre's polynomial A\ (L § 00, 2d ed.; § 88, 1st ed.) satisfies 
the differential equation 

(27) (1 - x-J) y l - 2 X''/ + n (n + 1);/ =: 0. 

(Lt* (lx 


• It would s<!em that a quailraturf* might b<‘ nprensary to dorivf* thp gonoral 
integral <»f the linear e^jnation CiH from the general integral of Kieeati’s equation 
(24). In reality this is not the easi?, or, rather, the quadrature reduces to the ealeula- 
tion of fpdx. In genenil, let z^<p(r, f') he the gem*ral int«'gral of a differential 
equation of the first order, dz/(U^/{x, z). From the relation 


a0 

cx 


0 ) 


we derive, by differentiating with re.speet to the constant (\ 

a20 a/ a0 a/ a /, a0\ 

c(‘cx a0 a<.* f<p ajr\ ^^a<7 

From the last equation we find /(a//a0)dj'» L)g (a^/af’), M^here, of eourse, the 
same value of the constant (' is to he undersUwMi in the two sides of the equation. 
Ajiplying this to Riecati's equation (24), if z« 0(jr, C) is the general integral of that 
equation, we conclude that 

2 J’xWx + fpdr.^- U)g = 0. 

If z^tZ^ are three integrals at the equation (24), on carrying out the calculation 
(«ee JT) we find that the general integral of the linear (jquation (21) has the form 

y-c" g|(x,-xi) + r;,(x,-x,) 

(*, - *i) (** - *t) 
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To prove this it suffices to notice that, by putting u = (x* — 1)", we have the 
relation (x* — l)u' = 2 nxu, and by taking the (n + l)th derivative of the two 
sides we have an equation which is identical with the equation (27) when we 
replace d^u/dx** in it by y. In order to obtain a second particular integral of 
the equation (27), we shall apply the general formula (23) with p equal to 
2x/(x* — 1) = l/(x + 1) + 1/(J5 — 1); this gives 

~ Y C ^ 

It might seem necessary to know the n roots, ^r,, aj, • • •, o'n, of the polynomial 
Xn in order to calculate this integral, but this is not the case. For, let us write 
the integrand in a form which exhibits the simple fractions which come from 
the roots -f 1 and — 1 of the denominator: 

1 V 1_L_W P?. 

(x2 - 1)^'^ 2 \x - 1 X + 1/ A’l ’ 

where P. is a polymmiial of degree 2n — 2, the quotient obtained by dividing 
1 — J.'® by x^ — 1. It follows that 

,, = lA'.Log(^) + .T./J^dx. 

This last integral is a rational function, for if it contained a logarithmic term 
such as Log(x (r,), the i)oint would be a singular point for j/g, and the inte¬ 
grals of the Cfiuation (27) can have no other singular points than x = i 1 (§37). 
We can therefore calculate* this integral by rational operations (T. § 104, 2d ed.; 
§ lOi), 1st ed.). Since the integral must be of the form Qn~\/X„, where Qn-i 
may be taken as a polynomial of dc*gree not greater than n — 1, we can deter¬ 
mine the coefficients of this polynomial, for example, by the condition 

Having once obtained the polynomial Qn-^u we may write the general integral 
of the e(iuation (27) in the form 

g = C, T, + r, [q,. _ , + 1 Log (^)] • 


41. Analogies with algebraic equations. The preceding properties establish an 
evident analogy between the theory of linear differential equations and the 
theory of algebraic efiuations. I'liis analogy persists in a large number of 
questions. As an example of this we shall show how we can extend to linear 
equations the theory of the greate.st common divisor. In general, let 


Fiv) 


(?« y 


4- u 


fjH - 1 fj 

dx"-^ 


I V , 

+ a« -1 + ctn y 

dx 


Iw a symbolic polynomial where Up • • •, a„ are given functions of x. If 
is not zero, we shall say for brevity that F{y) is of the nth order. If G {y) is a 
symbolic polynomial of the same nature and of the pth ortler, it is clear that 
G [F(p)] is again a symbolic polynomial of the same kind and of the (n + p)th 
order. Let now 


‘ iw; ■ 


'dx^ 
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be another polynomiiU of order m (m ^ n)« We can find a third polynomial Q (y) 
of order n — m such that F(y) — G is at most of order m — 1 (a poly¬ 

nomial of order zero is of the form ay^ where a is a function of x). Let us put 






+ x, 




+ 




The coefficient of d^y/dx’* in {r[Fj(y)] is and if we take \ = the 
difference F(y)— will be at most of order n — 1. Let Oj 

be the coefficient of in this difference. If we take Xj = the 

difference 

F^U) - Xo^T^- [f.d/)] - X. [^■.(«/)] 

will be at most of onler 7i — 2. Continuing in this way, we see that w'e can 
determine, step by step, the coefficients X^, Xj, • • *, X„_»» in such a way as to 
obtain an identity of the form 

(28) ^'{l')-G[F,(i,)]=F,(,,), 

where F,(y) is at most of order m — \. This operation is entirely analogous to 
the division of one algebraic polynomial by another. 

Now suppose that we wish to obtain the integrals common to two linear 
equations 

(29) F(y) = 0, Fi(y) = 0. 

The Identity (28) shows that these integrals are tlio same as the integrals 
common to the two equations F,(y) = 0, F^iy) = 0. If F^{y) is not identically 
zero, the same operations can be repeated on F^{y) and Fg{y), and so on 
until we arrive at two consecutive XHdynomials, Ft_i(v) and F^iy), such that 
F*-.i(y)= [F 4 .(y)]. This last symbolic polynomial Fjt(y) is the analogue 

of the algebraic greatest common divisor: all the intiyruLs common to the two 
equations (29) satiny the linair ef{untion Fk{y) = 0, and convernely. If Fjt(y) is 
of the degree zero, the two equations have no other common integral than the 
trivial solution y = 0, 

If in the relation (28) Fj(y) is identically zero, the etjuation F(y) = 0 luis 
all the integrals of F^ (y) = 0. Conversely, in order that F(y) = 0 shall have all 
the integml-s of Fj(y) = 0, it is necessary that F.,{!/) be identically zerf>, for a 
linear equation of order not greater than m — 1 c annot have all the inU*gral.s 
of a linear equation of the rath order. Hence in this cjise we have identically 

F{y)=0[F,{y)l 

and if we put Fj(y) = z, the integration of F{y) = 0 is reduced to the successive 
integration of the two linear equations 

O{z):=0, F,(y) = z, 

of orders n — m and m, of which only the second is non-homogeneous. 

We can deduce from this observation another solution of a problem already 
treated. Suppose that we know p independent integrals y^ y^, * • yp(p < n) 
of F(y) sr 0. We can form a linear equation of the pth order having these p 
integrals ({ $8). Let Fj(y) = 0 be this equation of the pth order; then we have 
identically F(y) = 0[F|(y)], and If the equation O(z) = 0 of order n — p has 
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been integrated, we can integrate F^{y) r= z by quadratures alone, since we 
know the general integral of F^{y) = 0. The reduction is the same as by the 
first method, but the new process is more symmetric. 

Appel, Laguerre, Halphen, E. Picard, and many others after them have ex¬ 
tended to linear equations the theory of symmetric functions of the roots, the 
theory of invariants, and the very fundamental work of Galois relative to 
the group of an algebraic equation. The theory of invariants is founded on the 
easily verified fact that a linear homogeneous equation is changed into a new 
equation of the same kind by every transformation of the type 

a:=/(0i y = z4>{t), 

where t is the new independent variable and z the new dependent variable, 
whatever the functions f(t) and 4> (t) may be. 

We can sometimes make use of this transformation to simplify a linear equa¬ 
tion. For example, if we wish to make the coefficient of the derivative of 
order n — 1 disappear, we find that it suffices to put 


retaining the variable x. Since we have two arbitrary functions/and at our 
disposal, it would seem that we could take advanta,ge of them to make two 
coefficients disappear ; but this reduction, although theoretically possible, is 
illusory in most cases. For example, we can always choose the functions/and 
0 so as to reduce any linear equation of the second order to the simple form 
z" = 0, but the actual determination of these functions presents the same diffi¬ 
culties as the problem of integrating the original equation. 


42. The adjoint equation. Lagrange extended the theory of integrating factors 
to linear equations in the following way. Let F(y) be a linear function of y 
and of its first n derivatives, 


F(y) ~ ' 4- 

where a^, • • •, o, are any functions of x, and where y\ y'% • • •, denote 
the successive derivatives of y. Let us try to find a function z of x such that 
the product zF(y) shall be the derivative with respect L> x of another function 
linear in y and in its derivatives up to those of order n — 1. The general for¬ 
mula for integration by parts (I, § 87, 2d ed.; § 85, 1st ed.), applied to each of 
the terms of the product zF{y)y gives us 


(30) 




di 




+ — [an-izv] + y0{t), 
ax 


where we have put 
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If we denote by 4^ (y, z) the expression which appears on the right-hand side 
of the equation (30) which Is bilinear with respect to y and z and to their 
derivatives, we can write that equation in the abridged form 

(32) tF{y)-yG{z) = ~[*{y,z)], 

SO that for all the possible fonns of the functions y and z the binomial 
zF(y) yG {z) is the derivative of (j/, z). If wo now take for z an integral of 
the equation G{z) = 0^ the product zF{y) is the derivative of an expression of 
the same form, linear with respect to y, !/%•••, and the equation 

F{y) = 0 is equivalent to a linear equation of order n — 1, 

(33) 4^(1/, z)=C, 

which we obtain by replacing in 4' the function z by the integral in question. 
Now the equation G(z) = 0 is likewise a linear equation of the nth order; it 
is called the et/un/ion of F{y) — 0, and the symbolic polynomial G {z) is 

called the adjoint polynomial of F(y). 

We see, then, that if we know an integral of the adjoint equation, the inte¬ 
gration of the given equation is reduced to the integration of a linear equation 
of order n — 1 w’hose right-hand side is an arbitrary constant. If we know p 
independent integrals, z^, z^, • • •, z,,, of the adjoint ecjuation, every integral of 
the given equation satisfies p relations of the form 

(34) ♦ (v, s,) = Cj, ♦ (!/, Zj) = , . • •, 4' (y, Zp) = Cp, 

where Cj, • • •, Cp denote p constants. Eliminating the derivatives 

+ from these p etpiations, we obtain a linear equation of 
order n — p whose right-hand side dejHMKl.s uix)n thep arbitrary constants Cj, 
U,, • • *, Cp. In particular, if p = n (that is, if we know the general integral of 
the adjoint equation), we can sfjlve the n et|uations (34) for y, y\ •' and 

we can obtain the general integral of the given equation without any qua<iratiire. 

There exist between the integrals of the two equations F{y) = 0, G{z) = 0 
some remarkable relations, which we cannot develop iiere.* We shall only show 
that there exists a reciprocal relation between these two e<iuatioii.s. More pre¬ 
cisely, if G{z) is the adjoint polynomial of Fiy), then, converstdy, F(y) is the 
adjoint polynomial of G (z). For if denotes the a<ijoint polynomial of G (z), 
we have a relation between F^{y) and G{z) of the same form as the relation (32), 

(32') yG(z)-zf\{u) = ^[*^{y,z)]. 

Adding the relations (32) and (32^), we find 

nP{y) - Fiiy)] = - [4' (I/. 2) + *,(y, 2)]. 

If F{y) — Fj(y) were not zero, the product z[F(j^) — F,(j/)] would be the deriva¬ 
tive of a function containing z and some of its derivatives. Now the derivative 
of a function containing z, r', •••, z^p'f contains at least one derivative of z, 
namely, z<-i> + ri. The preceding relation Is therefore possible only if F^(y) is 
idenrical with F{y). 


♦ See DAaBotJX, TfUorie des mr/aces^ VoL II, Bk. IV, chap. v. See also Exercise 
17, p. 171, at the end of this chapter. 
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n. THE STUDY OF SOME PARTICULAR EQUATIONS 

43. Equations with constant coefficients. Linear differential equsr 
tions with constant cocfiicients were integrated by Euler. Consider 
first a homogeneous equation 


(35) F(}/) = -h = 0, 

wliere are any constants. By the general theory (§ 37) 

none of the integrals of this equation have a singular point in the 
finite plane; that is, they are Initijral functions of x. Let 


(36) 


X”* 


y = ^0 T ^ -b j -f 


Ix' the development in s(‘ries of an integral. The series which repre¬ 
sent the successive derivatives have an analogous form. Replacing y 
and its successive derivatives by their developments in series in the 
left-hand side of the e(iuation (35), and equating to zero the coefficient 
of any power of 3r, say we obtain the following relation between 
n -}- 1 consecutive coefficients : 


(37) -f -f- 4“ • • * -f 1 -f 

If we substitute in it successively /> = 0, 1, 2, • • •, we can calculate, 
step by sbq), all the coefficients c„, + 1 , • • •, in terms of the n first 
cwfficients • • •, which may l>e taken arbitrarily. The 

series (30) thus obtained is convergent in the whole plane and repre¬ 
sents the integral wdiicli for a* = 0 is equal to c^, while the first n — 1 
derivatives Uike on respectively the values • • •, for x = 0. 

We shall show that this integral can Ix^ expressed in terms of expo¬ 
nential functions w hen it does not reduce to a polynomial. 

The ecpiation (37) is a recurrent formula with constant coefficients 
which connects the w -f 1 consecutive coefficients. Now it is easy to 
find jxirticular solutions of that equation. For this purpose, let us 
consider the algebraic equation 

(38) f{f) = r" -f -p . . . + 4- = 0, 

which, for the sake of brevity, we shall call the auxiliary equation^ 
the left-hand 8ide/(r) being the auxiliary polyimmiaL If r is a root 
of this equation, it is clear that the relation (37) is satisfied, what¬ 
ever may be the value of the integer by putting = r^. The 
particular integral thus obtained is equal to and we see that e" 
is a particular integral of t?ie equation (35) if r is a root of the 
auxiliary equation f(r) = 0. The verification ia immediate, for if we 
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repla 4 )e y by in the left-hand side of the equation (35), the result 
of the substitution is er^f{r). 

If the equation (38) hiis n distinct roots r^, r^, • • •, r^, we know n 
particular integrals • • •, eV, and therefore an integral 

(39) y = + • • • + 


the expression for which contains n arbitrary constants Cj, C^, • • •, 
This expression represents the general integral, for the determinant 
A(e’'»*, eV) can be written in the form 


A = + r, + • • • + r»)* 


1 

1 


n 



rj-* 




1 


-1 


and the determinant on the right is, except for sign, the product of 
the differences r, — 

Before studying the case in which the auxiliary equation has 
multiple roots, we shall prove a lemma. Let us make the substi¬ 
tution y = in the equation (35), where a is any constant and z 
the new dependent variable; by Leibnitz^s formula we have 


(40) 


y' = e**(az + *'), 

.> 

/»’> = -f f-Cf - pA) -h 


Substituting these values of y, y', y", • . • in the left-hand side of 
the equation (35), ap{x»ars as a factor, and we have 

where G(z) is a linear expression in z, z\ • • •, z^*^ with constant 
coefBcients. In order to calculate the coeftit^ients of G{z)y let us 
observe that if we replace in F(y) the indices which indicate differ¬ 
entiation by exjx)nents, and y itself by y*’ = 1, the result obtained is 
identical with /(y). If we <iarry out the same transformation with 
the function the formulae (40) may l)e written symbolically 

hence 0(z) can also be written, in the same symbolic notation, 
/(a -f-«), and, replacing the exponents of z by the indices which 
indicate differentiation, we see that the new equation in ;;; is 

(41) F(«««)=<r[/(a)*+/'(a)*'+ ... + 
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Now let r be a 2 ?-fold root of the auxiliary equation; if we replace a 
by that root r in the equation (41), the coefficients of z\ z'\ • • 
in this equation are zero, and we obtain an integral by taking for z a 
function whose j^th derivative is zero, that is, an arbitrary polynomial 
of degree i? — !• Consequently, if r is a pfold root of the auxiliary 
equation^ to that root corresponds j)particular independent integrals of 
the linear equation (3«5), e", • • •, 

Let the k distinct roots of /(/*)= 0 be r^, • • •, r^, and let their 

resjiective orders of multiplicity be denoted by = n). 

From these roots we can form n particular integrals of the linear 
equation. These n integrals are independent, for any linear relation 
with constant coefficients between these n integrals would lead to an 
identity of the form 

4- • • • -h = 0, 

where • • •, denote polynomials not all of which vanish 

identically. Such a relation is imj>ossible if the k numbers r^, ‘ 

r* are distiiuit. For, let n^, n^, • • n^. l)e the respective degrees of 

these polynomials. It is understood that any term in the identity 
is simply omitted if the corresponding polynomial is zero. Dividing 
by we can again write this relation in the form 

. .. + 0 . 

Differentiating both sides of this equation, we have 

+ -= 0 - 

The degree of the polynomial which multiplies is again 

equal to 72 ^, and the polynomial does not vanish; and similarly for 
the others. After having differentiated {n^ -h I) times, we shall have, 
therefore, a relation of the same form as the relation from which 
we started, but with one term less, 

• • • + 0, 

where the A* — 1 nuinlH'-rs • • •, Sf. are different, and where 
. • are |X)lyuomials of degrees • • •, % respectively. Continu¬ 

ing in this way, we arrive finally at a relation of the form e‘*7r(x) = 0, 
where w(x) is a polynomial not identically zero. But this is evidently 
absurd. The general integral of the linear equation (35) is therefore 
represented by the expression 

(42) y = ... + 

where • • •, are polynomials with arbitrary coefficients, 

of degrees equal to their subscripts. 
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If the auxiliary equation haa imaginary roots, the general integral 
(42) contains imaginary symbols, but we can make these imaginaries 
disappear if the coefficients • • •, aie real. For in this case, 

if the equation /(r) = 0 has the root a •+• /Si of nuiltiplieity a — fii 
is also a root of the same degree of multiplieity. The sum of the two 
terms of the formula (42) coming from these two roots cjin be written 

e^*[(cos )QLr 4- « sin y5U)<I>(r) + (cos fix — i sin 

where ^(x) and ^(x) are two i>olynomial3 of degree — 1 with 
arbitrary coefficients, or in the equivalent form 

e^’*'[eo8 + sin 

where and ♦j are also two arbiti-ary jx)lynomials of degree /> — 1. 


Note, In order to express the general integnil of the tnpiation (35) in tenns 
of exponential functions, we olxst‘rve that it is first necessivry to wdve the equa¬ 
tion/(r) = 0. If this equation is not solved, the recurnMit relations (.37) enable 
us always to calculate, step by step, as many as we wish of the coertioients of the 
power series which represi*nts the integral correspouding to the given initial 
conditions. 

We can determine in advance the number of c<^eftieient.s which it suffices to 
calculate in order to obtain the value (jf the integral with a ceruin degree of 
approximation. Let be the largest of the numbers 1, ;a, , and li the 

largest of the numl>ers [Cj!, • •It is easy to prove, step hy step, 
that we have < if(4n)/» + h The absolute value of the remainder of the 

series which represents the integral, commencing with the term in x" is there¬ 
fore less than the value of the si^ries 

L (n + p)! (n 4 p+l)l 

where p = (xl, and consequently less than 
B{A n )p^^p ^^p 
(n -f J>)! 



Consider now a non-liomogcneous linear equation with constant 
coefficients. We can avoid the use of the general method and find 
a particular integral directly if the right-hand side, is a poly¬ 
nomial. For if the coefficient of y in the equation 




<hf 


— H-+ «—1 ^ = *0*" +' 


is not zero, we can find another polynomial of degree m, 

y = + Cjar—* -|-, 

which, snhstituted for y in the left-hand side of the preceding 
equation, gives a result identical with ^(x). The m 1 coefficients 
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‘ determined, step by step, by the relations 

= ««<=x + wa,_,Cj = J,, 

(w - + m(7n - = b^, .. • , 

where is different from zero by hypothesis. This computation is 
not applicable when = 0. More generally, suppose that the deriva¬ 
tive of the lowest order which appears in the left-liand side is the 
derivative of the /Ah order. Taking for the dependent variable 
jg = dPyjdj:^^ tlie givT.n equation is transformed into a linear equation 
of order n — y;, where the coc^fficient of z is not zero. According to 
the cjuse which has just been treated, this equation in z lias a poly¬ 
nomial of the ?//th degree, for a ]>artieular integral. Hence one par¬ 
ticular intt^gral of the eijuation in y itself is a polynomial of degree 
m +/>. The (*.oeflicieiits of this jiolynomial can again be determined 
by a direct substitut ion. It should be noticed that the coefficients of 
ir''”*, , .r, and tlie constant term are arbitrary. 

If the right-hand side </>(•/) is of the form where a is con¬ 

stant and P{sr) denotes a }K)lynomial, we reduce this case to the 
preceding by ]mtting y = which leads to the equation 


(43) 


(/",r 

71 \ (ij** (/i —1)1 


+ . . * +/'(u) 


dz 

dx 


+f(a)z = P(x). 


This eipiation has for a particular integral, as we have just seen, a 
polynomial whose degr(‘C we <nin determine a priori; the equation 
in y has therefore a jiarticular integral of the form where 

Q(x) also is a polynomial. Suppose in particular that P(x) reduces 
to a consUvnt factor If a is not a root of the auxiliary equation, 
the ecpiation (43) luus the particular integral = C/f(a)^ and the equa¬ 
tion in y has the particular integiul Ce"^/f((i). If a is a multiple 
root of multiplicity /> of the auxiliary equation, the equation (43) is 
satisfied by putting 

or 


and consequently the equation in y has the particular integral 
CxPe‘^Y/^^^(a). By virtue of a general remark (§ 38) we can there¬ 
fore find a jwticular integral directly whenever the right-hand side 
is the siun of products of exponentials and polynomials. This is the 
case in particular if the right-hand side is of the form Pipe) cosoo; 
or P{x) sin for we need only express cos ax and sin ax in terms 
of ****** and of Having once recognized by the preceding 
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considerations the form of a particular integral, it is not necessary 
to pass through all the indicated transformations in order to calculate 
the coefficients upon which it depends; it is often preferable to 
substitute directly in the left-hand side of the given equation. 

Exatnple, Let it be required to lind the general integral of the equation 
(f* u 

(44) F{y) “ ™ ~ y = at*^ + -h c sin JT 4- fir cos 2 x, 

where a, 6, c, g are constants. The auxiliary equation >^—1 = 0 has the sim¬ 
ple roots 1, — 1, + i, — i; the general integral of the homogeneous equation is 
therefore 

(46) y = -l- C\e-^ + cosx + C\ sin x. 

We must next find a particular integral of each of the four equations obtained 
by taking successively for right-hand sides c sin x, g cos 2 x. Since unity 

is a simple root of /(r) = r* — 1 = 0, the first of these equations has the particular 
integral ax€f^//"{l) = axe^/4. Since 2 is not a r(K)t of the equation /(r) = 0, the 
second equation has the particular integral 

In the thirtl equation, F{y) — c sinx, we can replace sin x by 
and we have to seek a particular integral of each of the two equations 

Now, since -1- i and — i are simple roots of /<r) = 0, we know, a priori, that they 
have respectively two particular integrals of the fonn Afxe^*, AVe"-'"'. The sum 
of these two integrals is of the form x(m cosx -f nsinx), and we can detennine 
the coefficients m and n by 6ul)stitutiiig in F(y) and eipiating the result identi¬ 
cally to csinx. This meth<xl avoids the use of the symbol i. It turns out that it 
is necessary to take m = c/4, n = 0. We find similarly that the last equation 
F(y) = yco82x has the particular integral ycos2x/15. Adding all these par¬ 
ticular integrals to the right-hand side of the equation (46), we obtain the general 
integral of the given equation (44). 


44. D’Alembert’s method. A large nuinlxu- of inet]io<ls have l^een 
devised for the integration of linear e<juations with er)nstant coeffi¬ 
cients, particularly in the ease where the auxiliary e(|uation has mul¬ 
tiple roots. One of the most interesting, which is appliciahle to many 
questions of the same kind, consists in considering a linear equation, 
in which/(r)= 0 has multiple roots, as the limit of a linear equation 
in which all the roots of /(r)= 0 are distinct. In general, let 


(46) + 


+ o» 


dy . 


y «= 0 


be a linear equation, where the coefficients a^, are functions 

of X which depend also upon certain variable parameters a^. 

Suppose that there exists a function f(pe, r) having the following prop¬ 
erty : for q values of r, depending upon the parameters ucj, a,, • • •, Op, 
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and in general distinct, the function fix, r) of x is an integral of the 

equation (46). Let r^, r, be these q values of r such that the 

functions */ v ^ v 

/(*> f(x, r^, fix, r,) 

form q independent particular integrals of the equation (46), whatever 
the values of the parameters a^y * * •> niay be. If for certain par¬ 
ticular values of these parameters the q values ‘ 

distinct, the nurnljer of the known integrals is diminished. Suppose, 
for example, that becomes e<|ual to If is different from r^, 
the equation has the two integrals /(jr, r^), /(x, r^), and consequently 


>2 - ^*1 

is also an integral. Now, if approaches the preceding function 
has for its limit the derivative If a third root becomes 

equal to r^, we take, similarly, siqiposing first that differs a little 
from 7\y the integral 

O -/(■'> '•,) - ^)]r, 

c. - n? 


and this integral has for its limit when approaches 

Tins reasoning is j>erfe(.*tly g(*neral: if, for certain values of the par¬ 
ameters • • •, fq,, k of the roots are equal to r^, the corresponding 
equation (46) has the k })articular integrals 


/(•f. »•,). 




In the ease of a lim‘ar equation with constant coefficients the 
[)arameters • • •, coefficients themselves, and the 

function /(x, /•) is This leads again to the results which we 
obtiiined before directly. 


45. Euler’s linear equation. The linear equation 


(47) 






dx" 


dx’ 




0 , 


where -4^, are constants, reduces to the preceding by the 

change of variable* x = c*. Since dt/dx = 1/x, we have 

dy ^dy dt _ 1 ^ d^y _ 1 / iT^y ^ dy\ 

dx ^ dt dx X dt^ dx^ x\dt^ dt)^ 


• The general theory (§ ST) tells ua that the integrals of the equation (47) can have 
no other singular p 4 )int than ar«» 0. Now e* cannot be zero for any value of t. The 
integrals obtained by the change of variable ar ** must therefore be integral functions. 
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and we easily verify, step by step, that the product x^[d^y/dx^'\ is 
a linear expression with constant coefficients in dy/dt^ d^fdt\ 

• * *1 dJ^yjdt^. The given linear equation is therefore transformed by 
this change of variable into an equation with constant coefficients. 

To obtain the general integral of the equation (47), it is not 
necessary to carry out the calculations of this change of variable, 
for we know that the transformed equation has integrals of the 
form The given equation has therefore a certain number of 
integrals of the form (e')'* = Replacing y by in the left-hand 
side of the equation (47), the result of the substitution is r*/(r), 
where 

/(r) = r (r — 1) • •. (r — n -h 1) 

+ A^r(r - 1) ... (r - n -f 2) H-f- -f- .4,. 

If the equation /(/*)= 0, which here plays the same role as the 
auxiliary equation, has n distinct roots • • *, r,, the general 

integral is 

y = -h CjX”* -f * • * -h 

If r is a multiple root of multiplicity of /(r)= 0, to that root 
corresponds, by Alembert’s method, the i)artieular integrals 

The general integral of the equation (47) is therefore in all cases 

(48) y = aft _I (Log x) H--f /V* -1 (Log x), 

where r^, r^. are the k distinct roots of /(r) = 0, where 

• • /x* are their orders of multiplicity, and where /V<-i ^) 

a polynomial in Log x with arbitrary coefficients of degree /x,. — 1. 

If, in the equation (47), we replace the right-hand side by an 
expression of the form x^Q(Logx), where Q denotes a polynomial, 
it can be shown, as in the case of the equations with constant coeffi¬ 
cients, that the new equation thus obtained has as a particular inte¬ 
gral an expression of the same form, whose unknown coefficients 
can be calculated by a substitution. 

46. LapUc«’t equation. We can sometimes represent the integrals of a linear 
equation by definite integrals in which the independent variable appears as a 
parameter under the integral sign. One of the most important applications of 
this method is due to Laplace and affects the equation 

(49) F0r) = («# + M^ + («1 + M^^^+ ••' + (a. + MV = 0. 
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whose coeflaclents are at most of the first degree. Let us try to find a solution 
of this equation by taking for y an expression of the form 

(50) y = r Ze^dz^ 

where Z is a function of the variable z and where L is a definite path of inte¬ 
gration independent of x. We have, in general, 



and, replacing y and its derivatives in the left-hand side of the equation (49) by 
the preceding expressions, we find 

(51) F(y)^C Ze*^(P+Qx)(iz, 

where we have set, for brevity, 

P=z a^z**-*! + - + a„_iz + a„, 

+ ... + 5„_iz +6„. 

The function under the integral sign in the expression (61) is the derivative 
with respect to z of Ze^ Q, provided that we have 

(62) 'li^91=ZP, or l[Log(ZQ)] = ^. 

We derive from this condition 



where the lower limit does not cause Q{z) to vanish. The function Z having 
thus been determined, the definite integral (51) is equal to the variation of the 
auxiliary function 

V=€^ZQ = e 

along the path L. It will suffice, therefore, in order to obtain an integral of 
the given eijuation (49), to chouse the path of integration L in such a way that 
the function V takes on the same value at the end as at the beginning, and so 
that the integral (50) has a finite value different from zero. 

Let a, 5, r, • • •, Z be the roots of the ecpiation Q(x) = 0. The auxiliary func¬ 
tion V is of the form 

(58) + ^ (*> (z - a)« (z - 6)^ •. • (z - 

where R{z) is a rational function whose denominator has no other roots than 
the roots a, 6, c, • • •, Z of Q(x), and of a multiplicity one unit less. Let 3, 
C, • • • denote loops described about a, 5, r, • • •, in the positive sense, starting 
from an arbitrary initial point, and let.//_ i, 3_ i, C_ i, • • • denote the same loops 
described in the opposite sense. The function V is multiplied by c'-**”* when z 
describes the loop ./f, and by e~ 2 rwr when z describes the loop and simi¬ 
larly for the others. It follows that if we make the variable z describe the 
loops 3, 3~i In succession, the function V takes on again its initial 

value. The definite integral (50), taken over this path ^31/4-. x 3- 1 » is not, in 
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general, zero. It gives a particular integral of tlie given equation. By associat¬ 
ing the p points a, 6, c, • • •, i in pairs in all possible ways, we obtain p(p —1)/2 
integrals, which in reality reduce to p — 1 independent integrals. 

We do not find n particular integrals in this way. In ortler to obtain others, 
we may look for the paths L having their extremities at certiiin of tlie singular 
points a, 6, c, • • •, I and such that the function vanislies at the two extremities. 
If a is a simple root of Q{Jt) = 0, the function Z contains tlie factor (z -> 
and it will be possible for the integral (50) to liave a finite value when one of the 
extremities of the path L is at the point a only if the real part of a is ix^sitive, 
and in this case V does approach zero at the same time a.s jz — <i|. If a is an 
m-fold root of Q( 2 ) = 0, the rational function lt(z) contains a term of tlie fonn 
— «)"•“■ *. In order to determine the behavior of the absolute value of 
V in the neighborhood of the ixjiiU 2 = a, we need only study the absolute value 
of the following important factor : 


Setting 


(2— 


2 — a = p (cos ^ 4* i sin ^ i =:: A (cos ^ i sin \p), a = a’ + a"u 


we may wTite the absolute value of this factor in the form 

g— p4f' —im — 1 

In order that V shall approach zero with [z — a ', it w ill suffice to make z de¬ 
scribe a curve such that the angle 4> wdiich ihif tangent makes with tlie real 
axis satisfies the condition cos — (m — 1)^] < 0. For examine, we may take 
^ +(21c + l)ir]/(in — 1). If the angle <p has been taken in tliis way, the 

product Ze** also approaches zero with > — uj. Proceeding in the sivme way 
with the other points 6, c, • • •, w'c see that w’e ran determine new paths 
closed or not, giving other particular integrals. 

Finally, we can also take, for Uie paths of integration, curves going off to in¬ 
finity. We are again led to determine a path L having an infinite branch such 
that the function V approaches zero when the fxiint z goes off indefinitely on 
this branch. If, for example, the rational function Ii{z) is zero, and if the angle 
of X lies between 0 and ir/2, it will suffice to make z dewTihe an infinite branch 
asymptotic to a line that makes an angle of 3 7r/4 with the real axis. 

l^eaving these general considerations,* let us consider in particular BessePs 
equation, 

(64) x?‘^ + <2n+l)2 + xy = 0, 


where n is a given constant. We have here 

P = (2n+l)^, ^ = l + z*, 

and consequently 

1 i 

z = (1 + y = + zV *• 

The definite integral 



♦ See aa important paper by Polncar^ in the American Journal 0/ Mathematie$f 

Vel.m 
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U therefore a particular integral of the equation (54) if the function 

1 

takes on the same values at the extremities of the path of integration. We can 
first take a succession of two loops described, the first in the positive sense 
about the point z = -\- the second in the reverse sense about the point z — 

For the second path of integration we can take next a curve surrounding one 
of the singular points ± i and having two infinite branches with an asymptotic 
direction such that the real part of zx approaches — oo. 

The real part of the constant n may be supposed positive or zero, for if we 
put y = x-^^z^ the equation in z does not differ from the equation (54) except 
in the change from n to — n. When this is the case, we can also take for the 
path of integration the straight line joining the two points + i and — i. More¬ 
over, the integral thus obtained is identical with the first except for a constant 
factor. In order to reduce this integral to the usual form, let us put z =U. It 
then takes the form 

y = j 

or 

(66) cosxf(l*-t^) 2 (it. 

The remarkable particular case in which n is half an odd number deserves 
mention. If n is positive, the integral (66) always exists and can even be cal¬ 
culated explicitly, since n— 1/2 is a positive integer. But if the path L is a 
closed curve, the definite integi‘al (66) is always zero. It seems, then, that in this 
case the application of the general method gives only one particular integral. 
However, in this apparently unfavorable case we can express the general inte¬ 
gral in terms of elementary functions. For, let us make the inverse transfor¬ 
mation tx) the preceding, so that n shall be half of a negative odd number. Then 
n — 1/2 is a negative integer, and the definite integral (66), taken along any 
closed curve, is a particular integral of the linear equation (64). Taking for the 
path L a circle having one of the points ± i for center, we see that the residue 
of the function ' ^ 

with respect to each of these pwiles is an integral of the linear equation. Now, 
it is clear that the residue with respect to the pole z = + i is the product of 
and a polynomial, and, similarly, that the residue wdth respect to the pole z = — i 
is the pixxluct of e~ and a polynomial. These two particular integrals are 
independent, for their quotient is equal to the product of and a rational 
function. It is clear that their sum is a real integral, as is also the product of 
their difference and t. 

Note. The linear equation with constant coeflScients is a particular case of 
Laplace's equation, which is obtained by supposing all the coefficients 6,* zero. 
If we suppose also = 1, we have Q(z) = 0, while P(z) reduces to the auxil¬ 
iary polynomial/(z). The general method appears to fail, since the expression 
for Z becomes illusory. But it requires only a little care to recognize how the 
method must be modified. In fact, the reasoning proves that the definite integral 
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is a particular integral of the linear equation, provided that the defi¬ 
nite integral taken along the same path L, is zero. Now, if we 

take for L a cl<M?ed curve, it is sufficient that the product Z/(z) be an analytic 
function of z in the interior of this curve. If, therefore, n( 2 ) denotes any 
analytic function in a region R of the plane, the definite integral 


= r 


(z) 


taken along any closed curve L lying in this region, is a particular integral of 
the linear equation with constant coefficients. We see how this result, due to 
Cauchy, is thus easily brought into close relation with Laplace's method. 

As a verification, it is etisy to find the known particular integrals. Let 2 = a 
be a p-fold root of the auxiliary equation/(z) = 0. Let us take for the path of 
integration a circle alxnit a as center not containing any other roots of f{z) ~ 0, 
and let 11(2) be an analytic function in thi.s circle. The re.sidue of the function 
II(z)c*^//(2) or n(2)e®V[(2 — ( 2 )] is equal to the coefficient of in the 

development of the product 

n{a + h)€^ 


/,(«+*) 

according to powers of h. If we have 

A + • • • + A- -> + • • •, 

the coefficients /Ij, • • •, are arbitrary, since the function n(z) is any 
function analytic in the neighlwrhood of the point a. The residue sought is 
therefore equal to 


e^l An 


XP-l 




+ Aj-- 


XP~ * 


• + A 


p-l I 


that is, to the product of the exponential and an arbitrary polynomial of 
degree p — 1. This agrees with the result already known. 


III. REGULAR INTEGRALS. EQUATIONS WITH 
PERIODIC COEFFICIENTS 

Aside from the very elementary cases which we have just treated, it is, in 
general, iinpr>H8ible to determine, simply from the fonn of a linear equation, 
whether the general integral is algebraic or whether it can be expressed in terms 
of the classic transcendentals. Mathematicians have therefore lM»en led to study 
the propertifjs of these integrals directly from the ecination itst*If, Instead of 
trying to expre.«w them (somewhat at random) as combinations of a finite num¬ 
ber of known functions. We have alreacly seen (Chap. Ill, Part I) that the 
nature of the singular points of an analytic function is an ess^mtial element 
enabling us in certain cases to characterize these functions completely. Wo 
know a priori (§ 37) the singular points of the integrals of a linear equation. 
We shall now show how we can make a complete study of the integrals In the 
neighborhood of a singular point In a special case, which is nevertheless rather 
g^ieral and very important. 
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47. P«nnttt«tioo of the intogiaUi oroaDd a critical point. Let a be an isolated 
singular point of some of the coefficients p^, p^, • • •, PnOt the linear equation 


(67) 


= TT + Pi TT-T + 

(Ixn dxn -1 


dy 

+ p»-i + p»v = 0 . 

ax 


We shall suppose also that the coefficients are single-valued in the neighborhood 
of a. Let C be a circle with the center a in the interior of which Pj, Pj, • • pn 
have no other singular point than a and are otherwise analytic. Let be a 
point within C near a. All the integrals are analytic in the neighborhood of the 
point Xf^. Let yj, J/jji • • •, Un be n particular integrals of a fundamental system. 
If the variable x describes in the positive sense a circle passing through the 
point Xq alx)ut a as center, we can follow the analytic extension of the integrals 
Vv ‘ along the whole of this path, and we return to the point x^ with 
n functions 1'^, which are again integrals of the equation (67), 

where F,- indicates the function into which pi passes after a circuit around 
the point a in the positive sense. We have, therefore, since Fj,, 
are integrals of the equation (57), n relations of the form 


P'l =<inJ'i + “ij8's+ • 

• • -4 ai„p„ 

I 2 “ ®2l 4 ^22 Pj 4" * ' 

■• + 02,8/,' 

Yn = <Jn 1 i/i 4* a Pa "f • 

•• + On^Vn 


where the coefficients ( 1 , 4 . are constants which of course depend upon the fun¬ 
damental system chosen. It is easy to obtain the value of the determinant D 
formed by these coefficients. For we have, by § 38, 

Vj. • • •, Vm) = Ce ^^0 

If X describes the circle 7 with the center a in the positive sense, p,- changes 
into r,; hence w'e have 

A(r„ r,,••.. r.) = A(p,,pj.•••,s/,)e 4”''*^. 

But the quotient of the tw'o Wronskians is equal to 1) (§ 38), so that D = 
where H indicates the residue of pj with respect to the point a. This determi¬ 
nant is therefore never zem. 

Since the coefficients in the equations (58) depend upon the fundamental 
system chosen, it is natural to seek a particular system of integrals such that 
these expressions are as simple Jis possible. Let us seek first to determine a 
particular integral u = -f + • • • + X„p„, such that a circuit around the 
point a reproduces that integral multiplied by a constant factor. It is necessary 
for this that we have U = su^ where U is the value of u after the circuit, and 
where » is a constant factor, that is. 


^12 “h * * * "b " Vn) + • • • 

4* kn(«wi lyj + 4* • • • + a^^nyn) — s(Xipi 4* • • • 4* \iP») = 

Such a relation cannot exist between the n integrals unless the coefficients 
0* Vv *•*» y>^ vanish separately. The n + 1 unknown coefficients 
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•• '• satisfy the n conditions 




- «) + \ 

+ 

• * • + = 0, 

(60) 

XjOj, 

+ 

~«) + 

* • * + X^Ona = 0, 



+ 


» 

... + X,(a«,-*) = 0. 


Since the quantities X,, X,, • • •, X. cannot all be zero at tlie same time with¬ 
out having u = 0 , we see that s must be a root of the equation of the nth degree, 


(60) 


F(s) = 


an — 8 
«ia 


Oai 

om —a 






On*- 


= 0 , 


which we shall call the characteristic equation ; acconllnj^ to a remark made a 
moment ago, this equation cannot have the root s = 0, for the determinant 1) 
of the n* ct>efficient8 a,* would be zero. 

Conversely, let s be a root of this equation ; the relations (50) determine 
values for the coefficients X,- not all zero, and the intej^ral u ~ 2 /^ -f • • • + 

is multiplied by s after the circuit around the jKiint n. This being the case, let 
us suppose first that the characteristic equation has n distinct roots • • •, s,*. 
We shall have n particular integrals Uj, •••,«* such that, after the circuit in 
the direct sense around the point a, we have 

^61) L' ; ~ f' 2 ~ ^^3’ * * * 1 ~ U„, 

where Ui denotes the final value of u, after the circuit. These n integrals u,, 

• • *1 form a fundamental system. For, suppose that we have a relation of 

the form 

{62) ^1*^1 d* C/2 ^2 d* • ’ • “f* C7nU„ ~ 0, 

where the constant coefficients C^, C^, • ♦ are not all zero. After one, two, 

• "t ~ circuits, we should have the relations of the same form, 



rc,*,u, 


+ ' 

• • *f c„ .s, w, = 0, 

(68) 


+ 

+ ' 

+ =0, 




W2+ . 



The linear relations (62) and (63) can bo satisfied only if we have at the same 
time = 0 , •. *, C,u, = 0 , since the corresponding determinant is different 
from zero. 

It is easy to form an analytic function which is multiplied by a constant 
factor $ different from zero after a circuit around the ixilnt a. In fact, tlie func¬ 
tion (x — ay or Lo«(x-aji {g multiplied by after such a circuit, and if we 
detennineV by the condition r = this function (x — ay is indeed 

multiplied by s after a circuit around a. ICvery other function u having the 
same property is of the form (x — ay<p{x — a), where the function ^(x — a) is 
single-valued in the neighborhood of the jiolnt a, since the product u(x — a)'*'* 
comes back to its initial value after a circuit around the point a. The integral 
% is therefore of the form 
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where r* = Log(«*)/ 2 iri and where the functions are single-valued in the 
neighborhood of the point a. In a circle C with the radius R about the point a 
as center and in which the coefficients are analytic except at the 

point a, the integral u* cannot have any other singular point than a. The same 
thing is therefore true of the function 4>ic(z — a), and the point a is an ordinary 
point or an isolated singular point for that function. We can dismiss the possi¬ 
bility that a is a pole. In fact, if the point a were a pole of order m, since the 
exponent r* is determined except for an integer, we can write 

ut-(x- - a)], 

and the product (x — a)"» 0 i.(x — a) is analytic for x — a. If the x>oint a is not 
an essentially singular point for 0 x-(x — </), we say that the integral is regular for 
X ~ a. We can then suppose that the function 0 i.(x — a) has a finite value, 
different from zero, for x — a. 


48. Examination of the general case. It remains to examine the case where the 
characteristic equation has multiple roots. We shall show that we can always 
find n integrals forming a fumlamcntal system and breaking up into a certain 
number of grou]>s stich that if //j, g.>, • • •, j/p denote the p integ;ral 8 of the same 
group, wt* have, after a circuit in the positive sense around the point a, 

(64) = = s((/j + Vj), yp = »(yp-i + vp). 

The different values of s art* the roots of the characteristic equation, and to the 
same root may correspond several different groups. If the n roota are distinct, 
which is the case we have just examined, each group is composed of a single 
integral. 

The problem reduces in reality to showing that we can reduce the linear sub¬ 
stitutions defined hy the equations (58) to a canonical form such as we have 
just indicated by replacing • l/n by suitably chosen linear combinations 

of these variables. Assuming that the theorem has Veen proved for the case of 
n — 1 variables, we shall show that it is also true for n variables. 

From what has been shown in the preceding paragraph, we can always find 
a particular integral u sucli that we have U — /xit. Replacing one of the inte¬ 
grals, for example, by this integral u, the expressions ( 68 ) take the form 


( 66 ) 


ir = P.U, 

Fj = 63 U + 5„2 J/g + • • • + 62 „ , 


y\ = 4- KlP^ + • • * + Knl/n* 


If in the last n — 1 expressions we neglect the terms 60 ^, • • •, these equa¬ 
tions define a linear substitution carried out on the n — 1 variables Vg, Vg, • • y*. 

The determinant lY of this substitution in n — 1 variables is not zero, for the 
determinant!) of the linear substitution in n variables is equal to/tD' and can¬ 
not be zero. Since the theorem is assumed to hold for n — 1 variables, we may 
suppose this auxiliary substitution reduced to the canonical form. This amounts 
to replacing Vj, yjt * ’ by n — 1 linearly independent combinations Zj, 
• • •, Sn. j such that the equations which define the linear substitution 

Yi s + • • • + ^Vm (i = 2, 3, • • n) 
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are replaced by a certain number of groups of equations such as 

= asi, Zj = 8(r| + *3)» •**» = «(^~i + *p)* 

If we carry out the same transformations on the equations (66), it will be 
necessary to add to the right-hand side of the preceding relations terms con¬ 
taining u as a factor. In other words, we can find n — 1 integrals that form with u 
a fundamental system, and that separate into a certain number of groups such 
that we have for the integrals r,, Zp of a single group 

(66) Zi = sZi4-^iM, Z^ = 8(z^^z^) + K^u, ..., Zj,-8{Zp^i-\‘Zp)^KpU, 

where A'g, • ••, Kp are constants. We shall first try to make as many as 
possible of these coefficients disappear. For this purpose let us put 

= Zj 4 - XjM, Uj = Zj + • • *1 Up = Zp 4 XpU, 

where X^, Xj, • • •, Xp are p constant coefficients. An easy calculation shows that 
we have for these new integrals 


IRT\ f r, =»!/, + [«■,+ (m-S)X,]m, 

' f \ r, - «(u,«i 4 Mi) +[6r. +(m - •s)x,~ «x,_i]u. (t>i) 

If — s is not zero, we can choose X^, X^, • • ^p in J^nch a way that the coeffi¬ 
cients of u on the right are zero, and we have for the now integrals Uj 

Ui = suj, t\ = s(uj 4 Uj), • • •, r p = s(Up-.i 4 Up). 

The substitution to which this group of integrals is subjected after a circuit 
around a is of the canonical form. If m = *» since s cannot be zero, we can 
choose Xj, X^, • • •, Xp_i in such a way as to make the coefficients of u in the 
expressions for T,, • • •, Up disappear. But we may have several groups of 
variables z, subjected to a transformation of the canonical form for which the 
value of 8 is equal to p. Suppose, for definitene.ss, that there are two such 
groups, containing respectively p and q variables. After the preceding change 
of variables the substitutions which these two groups undergo are of the form 


(I) U, = «u, + «r,u, U, = s(u,+ u,), •••, ir^ = a{Up + Uj,.i), 

(II) u,' = «u;+jrju, ui = s{i4 + u[), = s(wi + 


If JT,' = Jvj = 0 , we have three groups of integrals, w, (Uj, Uj, • • •, Up), (uj, 

..., u'), subjected to a substitution of the canonical form. If we suppose that 
Qi and if is not zero, by putting r, = u'— K[ui/K\ the second group 
of integrals is replaced by a group of q integrals r, which undergo a substitution 
of the canonical form. Next, putting Uq = K^u/s^ the (p 4 1) integrals Uj, 
.. Wp form a single group which undergoes a transformation of the canonical 
form. If /Tj = 0, while K\ is not zero, putting u' = K[u/8^ we have two groups 
of Integrals, (Uj, Uj, • • •, Up), (ic^, u^, • • •, u^), which undergo a substitution of the 
canonical form. The theorem stated Is therefore true in general.* 


•For a full treatment of the application of Weierstrass’s theory of elemerUary 
divisors to linear differential equations the paper by L. Sauvage {AnnojM de V6coU 
NcrmaU HtpirieurCt 1691, p. 285) may be consulted. 
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49. Formal ezproMlona for the integrals. It remains for us to find a formal 
expression which will show clearly the law of permutation of the integrals of 
the same group after a circuit around the point a. Let l/p be a group 

of integrals which undergo the permutations (04). Let us put = (x — 
where r is equal to Log»/2iri. The •p functions Zj, ***» H must be such 
that we have 

~ ^2 ~ * * *» = 2Jp_i + 

Hence the function Zj must be a single-valued function — a) in the neigh¬ 
borhood of the iK)int a. As to the function "we derive from the preceding 
equalities Z^/Z, = z^/z^ + 1; hence the difference Zj/Zj — Log(x — a)/2 7 ri is a 
single-valued function — a), and we have also 

^2 = - «) - «) + 02 


where ~ a) is another single-valued function. Let us putt = Log(z— a)/2'irt 
and consider the general citse. When x describes a loop in the Y»ositive sense 
around the ]X)int a, t increasea by unity, and Zj, considered as func¬ 

tions of f, must satisfy the relations 

f = "^2(0 + ^i(0. • • 

' ' \ z,.(t + l) = z^(i) + z,>.,(t). 

In order to find the most general stdution of the equations (08), we may 
remark that these relations can he satisfied by taking z^ = 1, Zo = ^ and by 
choosing for z,(f) a polynomial of degree i — 1 in f whose coefficients are deter¬ 
mined step by step. The calculation is facilitated by observing that the relation 


z.(f+ l)-z.(0 = ^i-i(0 (t^3) 

is satisfied for f = 0, 1, 2, • • •, i — 3 if we take for z,(t) a polynomial of the 
form Kit(t — 1) • • • (f — i -f 2), In order that it may be satisfied identically, it 
will suffice if it is stiti.sfied by another value of f, for example, by f = 2, since 

the two sides are polynomials of degree i — 2 in L We thus find the condition 
(i — I) A", rrr A"j _ i, wlieiicc wc dcrive A"i = l/(i — 1)!. We therefore obtain a 
particular solution of the etpiations (08) by putting 




(«-.• +2) 
(i-i)r 


(i = 2, 3,...,p) 


In order to obtain the general solution, let us indicate by 0*(/) functions such 
that 4>jt(t 4* 1) = 04.(0* The first of the equations ((J8) shows that Zi(0 is a func¬ 
tion of this kind, say 0i(O- The second slunvs, similarly, that the difference 
Zj(0 — ^ 2 ( 0 -^ 1(0 change when we change i to f + 1 ; hence z^it) is of 

the form Z 2(0 = 0 . 2(0 + ^ 2 ^i( 0 - can continue the reasoning step by step. 
Suppose that we have shown that Zk^\(t) is of the form 


= 04:- l(0 + ^.20fr-2(O +-h <9*-l0,(O. (A: = 3, 4, • • •, t) 

The general relation Zi(t + 1) — zt(t) = Zi-i(/) shows that the difference 

Z{{t) — ^2 0,- 1(0 — ^8 01-2(0 — • • • — ^l0l(O 

does not change when t changes to ( + 1; hence the function *{(t) is of the form 

Zi{t) = 04(0 + ^20i-l(O + * * • + ft0l(O‘ 
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ComUning these results, the general solution ot the equations (68) is given by 
the relations 

( 69 ) ^ *,(0 = ^ 1(0 + ^,(0 + 

• ... • t 

102(0 4* • —h ^2 0p~i(O "!• 0p(O» 

where the functions 0^, * • *, 0p do not change when t is changed to t + 1. 

Let us return now to the variable x, and let us indicate by 0^[Log(x — a)] 
the polynomial in Log (jr — a) obtained by replacing t by Log {x — a)/2 m in 
^,(0. We see that the p integnils j/j, * * *» t/p group under considera¬ 

tion, which undergo the substitution (04) after a circuit in the |X>8itive sense 
around the point a, are represented by formal expressions of the following type: 

Vi = (* - - a), 

(70) < <i)''[Q 2 (Log(-*: - a)} - «) 4* *.>(x - a)], 

. ..•» 

j/p = (X - a)'^[ep {Log(x - a)} a) 4 - Bp ^ i! Log(x - a) ] 0,(x - a) 4- • • *]» 

where 0j(x — a), — ^)» • • •» — <0 single-valued functions in the 

neighborhood of the point a. 

It will be obsened that all the integrals of this group can be deduced from 
the last of them, yp, which is of the form 

yp = (X - iiY[^o(x - a) 4* 0,(x - a) Log(x a) 4- • • • 

4- 0p_i(x- a) :Log(x~ 

where 0^, 0p • • 0p_i are single-valued functions in the neighborhood of the 
point a, the last of which, 0p-i, is different from zero. From the relations (04) 
we have 

j/p-i = 

9 

and consequently yp^ \ is the prixluct of (x — a)'’ and a polynomial of degree 
p — 2 in Log(x —a), the coefficients of which are single-valued functions in 
the neighborhood of the jwint a. In the same way we derive j/p-j from gp-i, 
and so on. 

If the point a is not an essentially singular iK>int for any of the functions 
♦j, 0p, all the integrals of the group considered (70) are said to be 

reffular for x = a. By the remark made on page 131, we can then suppose that 
all the functions ♦.(x — a) are analytic for x = a, replacing r, if necessary, by 
another exponent which differs from it only by an integer. 

60. Pucht* theorem. The determination of the numbers«p •••,#», or, what 
amounts to the same thing, the corresponding exponents rp r^, • • •, r„, Is in 
general a very difficult problem. We can obtain these exponents n by algebraic 
calculations whenever all the integrals of the equation considered are regular 
in the neighborhood of the point a. This results from an important theorem due 
to Fuchs: In order that the equation (57) shall have n independent integrals., regular 
in the neighborhood of the point a, it is necessary and sufficient that the coefficient 
Pi of in this equation be of the form (x — a)-*P<(x), where thefuno 

tUm F({x) U analytic in the neighborhood of the point a. 
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If Pi{a) Is not Eero, the point a is a pole of order i for ; but if Pi{a) = 0, 
the point tt Is a pole of order less than i. It may even ha(|>pen that the point a 
is an ordinary point for some of the coefficients p,-. The preceding conditions 
may be restated as follows : TJie linear equation must be of the form 


(71) 


(X - + (X - a)->P,(x)^ + ... 

+ (X - «)P«_,(x)^ + l\(x)y = 0, 


where ^ 2 ’ * * •> analytic functions in the neighborhood of the point a. 

We sliall develop the proof only for the case of an equation of the second 
order, and we shall suppose, for simplicity, that a = 0. In this particular case 
the first part of Fuchs’ theorem may be stated as follows: Enery equation of 
the second order^ which has two independent and regular integrals in the neighbor¬ 
hood of the origin^ is of the form 


(72) /V'+-cP(x)y'+ Q(x)y = 0, 

where P(ic) and (^{x) are analytic in this neighborhood. 

If the eorrespomlin^ eijuation in s (dO) has two distinct roots 8^, Sg, the equa¬ 
tion (72) has tw’o regular integrals of the form 


(I) y, r= x’'l^,(x), Vs = X''l^„(x), 

where the exponents r^, i\, are different and where 0i(x), <h^{x) are two analytic 
functions which are not zero for jr = 0. If the etjuation in s has a double root, 
without causing the appearance of logarithmic terms in tlie expression for the 
general integral, we liave again two particadar integrals of the preceding form, 
where the difference — Tj is an integer. We can always suppose that that 
difference is not zero ; for if we had r.^ - Tj, w'e could replace y.^ by the com¬ 
bination 0^(0) y.j — 0.j(O) y ^, wdiiob is divisible by ^ Finally, if the expression 
for tlie integral contains a logarithmic term in the neighborhood of the origin, 
we can take a fundamental system of the form 


(II) V, = Vs = x’'>[«i(x) Li>g(x) + V',(x)], 

where 0j(jr) is an analytic function which is not zero for x = 0, and where ^i(x) 
is a single-valued function in the neiglihorhood of the origin, which may have 
the jKiint x = 0 for a lude. We have to show that every equation wdiich has two 
independent integrals of the form (1) or of the form (II) in the neighborhood 
of the origin belongs to the Fuchs type. The direct verification does not offer 
any difficulty, but we can abridge the work as follows: If we put y — x'’»0i(x)u, 
the linear equation in u obtained by this transformation has a general integral 
of one of the forms 

u = Cj -f C^xP7r(x), u = Cl -h Cg[Ix)g(x) + ^(x)], 
where ir(x) is analytic for x = 0 or has this point for a pole. This equation is 
of the form (72), for the derivative u' is of the form 

«' = C,x^i-(x), 

where f(x) is an analytic function which is not zero for x = 0. The linear 
equation in u is therefore ^ 
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which is of the Fuchs type. Now it is easy to see that this type is preserved 
after a transformation such as p = u. The first part of the proposition 

is therefore established. 

In order to prove the converse, let us substitute for y on the left-hand side 
of the equation (72) a development of the form 

(73) y = + i ‘ + » + • • *, (Cq ^ 0) 

and let 

P(x) = % 4- UjX + •. Q(x) = + • • • 

be the developments of the functions P and Q. The coefficient of x** in the 
resulting equation is 

[r(r- 1) + a^r + 

Since, by hypothesis, the first coefficient is not zero, we must take for r one 
of the roots of the equation of the second degree 

(74) D(r) = r(r-l) + Our + 6o = 0. 

Having taken a root of this equation for r, we can choose arbitrarily. Let 
us take, for example, = 1. Similarly, the coefficient of + after the sub¬ 
stitution is 


<■/.[(’• + ?)(»• + p- 1 ) + «o('‘ + P) + + F=CpD{r + p) + F, 

where F is a polynomial with integral coefficients in c,, • • •, rp_i, Uj, Uj, •. 
Op, 6 j, 63 , • • •, bp. Putting successively p = 1, 2, 3, • • •, we shall be able to cal¬ 
culate, step by step, the successive coefficients c„, unless I){r + p) is 

zero for a positive value of the integer p, that is, unless the equati«)n (74) has a 
second root K equal to the first r increawnl by a |)ositive integer. Discarding 
this case for the moment, we shall obtain a particular integral represented by a 
series of the form (73), the convergence of which will be demfuistraUni later. 
If the equation D(r) = 0 has two distinct roots r, K, whose difference is not an 
integer, the preceding method enables us to obtain two independent integrals, 
and the general integral is represented in the neighborhood of the origin by the 
expression 


(75) 


V = CiZ'<t>{z)+ C^x'-'<l>{i), 


where ^(x) and ^ (x) are two analytic functions which do not vanish for x = 0. 

This is no longer the case if the two roots of the ecjuation (74) are equal or 
If their difference is an integer. Let r and r — p be these two roots, where p is 
a positive integer or zero. We can always obtain a first integral of the form 
Pj = x^^(x). A second integral p, is given by the general formula (28), which 
becomes here 


y. = Z'4,(z) f -- e-fO + ’-i* 

U X2»^[0(X)]* 


The sum of the roots of the equation (74), or 1 — is equal In this case to 
2 r — p; hence = p + 1 — 2 r, and accordingly 

• -)-x ^ 

where 8{z) is a regular function in the neighborhood of the origin, which Is not 
zero for x := 0* The second integral y^ can therefore be written in the form 
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where T(x) Is an analytic function which is not zero for x = 0 , 

If A is the coefficient of xp in r(x), we see that the integral is of the form 

V, = Logx + =x’'-i’^(x) +Ax’- 0 (x)Log*, 

where f (/) denotes a new analytic function in the neighborhood of the origin. 
This result agrees i)recisely with tlie general theory. As a particular case, it 
may hapj)en that we have A —0 ] the general integral does not then contain 
logarithms in the neiglihorhood of the origin. But since r(0) is not zero, it is 
to be noticed that tliis case never arises when p = 0, that is, when the equation 
(74) hiis a doable root.* 

To complete the demonstration, it remains only to prove the convergence of 
the series (78) obtained by taking for r a root of the equation (74) such that the 
second r(H)t r' is not e<jual to r increased by a positive integer. To simplify the 
proof, we may suppose tliat r = 0 and that the second root r' is not equal to a 
positive integer ; f(»r if we p»U ?/ = the equation analogous to I)(r) = 0 for 
the linear ecpiation in z has the roots of the equation (74) reduced by g. We shall 
8 upjH>so, therefore, that such a transformation has already been made, so that the 
equation (74) has the root r = 0 and that the second root is not a positive inte¬ 
ger. For this it is necess^iry that be zero. Modifying the notation somewhat, 
and dividing all the terms by /, we shall write the equation (72) in the form 

(76) xy^' + dy?/' ~ + • • •) + y (?>i + + * * *)» 

where the coefficients u.,. •»• are not tlie same as before. We are to prove 

that thi.s e<ptation (76) has an analytic integral in the neighborhoo<l of the origin, 
which does not vanish for j = 0 , jmwided that 1 — is not a positive integer. 
Now', if w'e try to siiti.sfy thi.s ecpiation/or?/id% by a series of the form 

(77) V - 1 + ('iX + • • • + 

we obtain successively relations betw'een the coefficients of the form 

/7ft\ X1 + ^0* ~ ^2’ ’ * ’’ ^2’ * * —1}» 

1 (n = 1 . 2 ,...) 

where i.s a polynomial w'hose coefficients are all real positive numbers. By 
hypothesis, the coefficient 7i — 1 + ci^ does not vanish for any positive integral 


•Lc't us 8 npi>ose that the functions P {x) and (Xj-) in the equation (72) are even 
functions of x, and that the difTerence between the roots of I) (r) is an odd integer, 
2 « 4 ^ 1 . In this case the logarithmic term always disappears in the integral ^ 2 *-^ 
fact, if we take for the independent variable the equation (72) is replaced by 

an equation of the same form, 

.(72') . •irJ~^| + 2t[l + P(V<)]^+0(V<)y“0, . . 

and the roots of the equation analogous to Z)(r)-0 are, as is easily verified, half of 
the roots of J)(r)^0. Since their difference is not an integer, it follows that the 
general integral of the equation (720 does not conUln any logarithmic term in the 
neighborhood of the origin. The. same thing is therefore true of the equation (73)i > 
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value of n. We can therefore determine a positive number fx such that we have, 
for every positive integral value of n, |n — 1 + Uq] > m(h + 1)» since the quotient 
(n ^ 1 q. a^)/{n + 1) approaches unity as n becomes infinite. Let us replace, on 
the other hand, the coefficients of xy' and y on the right-hand side of the equa¬ 
tion (76) by dominant functions, and let us consider the auxiliary equation 

(79) y{xY" -I- 2 r) = xY'(Ai + + • • •) + +B,x + • • •). 

If we attempt to satisfy this new equation by a series of the form 

(80) r=l+C^x+...-hC.x»+..., 
we are led to the relations analogous to the relations (78), 

(81) n,iCn(n + 1) = Pn{A^, A ^,. •C\, • • Cn^i). 

If we compare the expressions which give the values of the coefficients c„ and C., 
_ P «(®1» — l) ^ _ f n jA I . A^n , * • • < — l) 

n(ii —l + cfo) * " nix(n-\-l} 

the conditions I a, {, |6,|, |n — 1 + ^ol show successively that 

jC||<Cj, ***» 1 <’n I < n ) 

hence it will suffice to show the convergence of the auxiliary series or to show 
that the equation (79) has an analytic integral, in the neighborhoixi of the origin, 
not vanishing for x = 0. If w'e take for the dominant functions an expression 
of the form 3f/(l — x/r), the auxiliary equation (79) can be written 

xY" + 2Y' _M 1 
xY'^ Y "* A* 

r 

whence we derive, by a first integration, 

xF'+ r = c(i-5)' “ 

and then 

We have only to take C" = 0, C = 1 in order to have an analytic integral, in the 
neighborhood of the origin, not vanishing for x = 0. 

Extension to the general cue. The proof of Fuchs' theorem for the general 
case can be based on the same principles by showing that if it is true for an 
equation of order (n — 1), it is also true for an equation of order n. 

If the equation (67) has n particular integrals separating into a certain num¬ 
ber of groups of the form (70), it has at least one particular integral of the form 
(X — <iy^(x — a), where ^(x — a) is an analytic function in the neighborhood 
of the point a, which d»:>es not vanish for x = a. The substitution 

y = (3C — a)''0 (x — a) u 

will lead to a linear equation in u which has the particular integral u = 1; 
hence the derivative u' satisfies a linear homogeneous equation of order n -- 1. 
The theorem being supposed true for a linear equation of order n — 1, this 
equation in u' is of the Fuchs form; the same thing is evidently true of the 
equation in u and therefore of the equation in y. 
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Conversely, let us consider an equation of the form (71), in which a = 0. 
This equation is formally satisfied by a series of the form 

y = + i (Co 0) 

where r denotes a root of the fundamental characteristic equation 
(m fI>(r) = r(r-l)...(r-« + l) 

' ’ \ +P,(0)r(r-l)...(r-n + 2)+... + P,(0) = 0 


such that no other root of this same equation is equal to r increased by a posi¬ 
tive integer. In order to establish the convergence of this series, it is easy to 
show, by an artifice analogous to the one employed for n = 2, that it suffices to 
prove that a linear equation of the form 


djc" 


(x»-i Y) = 


M d"- ^ 

j X dx”- 

r 


-(x-iF) 


has an analytic integral in the neighborhood of the origin not vanishing for 
X = 0. Now this equation has the particular integral (§§18 and 39) 


(n — 2) 1 X” 


'I— 


dt. 


which actually satisfies the preceding condition. If the equation (82) has n 
distinct roots, r 2 , • • •, r„, such that none of the differencesr, — r^ is equal to 
an integer, the general integral of the linear equation is of the form 


y = (X) -h C^x^t<p^{x) + • • • + CnX^n<Pn{x), 

where 0,, 02» ***» analytic in the neighborhood of the origin. If the 

equation (82) has equal roots or, more generally, roots such that some of the 
differences r, — r*- are integers, these roots separate into a certain number of 
groups, the difference between two roots of the same group being an integer, 
while the difference between two roots of different groups is never an integer. 
Let r be the largest root of one of these groups. We have just seen that the 
equation (71) lias a particular integral of the form x^0(j), where <p{x) is an 
analytic function in the neighborhood of the origin and such that 0(0) is not 
zero. By putting y = x'‘0(x)u, then du/dx = r, we are led to a linear differ¬ 
ential equation of order n — 1 in tJ, which is again of the Fuchs form. The 
theorem being supposed true for an equation of order 7i — 1, that equation in v 
has n — 1 particular independent integrals of the form 


t? = x«[00 (x) + 0^ (X) Logx + . •. + 0^(X) (Logx)9], 

where 0o, 0p • • 0<7 are analytic functions for x = 0. If a is not an integer, 

we easily see, by a succession of integrations by parts, that dx is an expres¬ 
sion of the same kind as r. If a is an integer, fvdx contains also a logarithmic 
term 

C(Logx)v + i, 

where C is a constant coefficient. Fuchs’ theorem is therefore true for an 
equation of the nth order.* 


* For greater detail see the paper by Fuchs in Crelle^s Journal or the thesis of 
Jules Tannery (Antiales de VJScole Normalet 2d series, Vol. IV, 1875). 
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51. Gaass ’0 eqoatioxi. Let us apply the general method to the equation 
(83) »(1 - x)r + [7 - + !)»]/- <xPy = 0, 

’Where a, y are constants. The singular points in the finite plane are x = 0 
and at = 1. The characteristic equation for the point x = 0 is r(r -f 7 — 1) = 0, 
and its roots are r = 0, r = 1 — 7 . If 7 is not zero nor ecpial to a negative 
integer, it follows from the preceding theory that the equation has an analytic 
integral in the neighborhood of the origin corresponding to the root r = 0, In 
order to determine this integral, let us substitute in the equation the series 


2/ =: Co 4- CiX + • • • + • • • 

and equate to zero the coefficient of This gives a recurrent relation 

between any tw’o consecutive coefficients 


n (7 + n — l)c„ = (or + n — 1)0 + n — ; 

hence the analytic integral is the series 


F(a, /3, 7 , *) = ! + 


rt . jS _ , «(« + + 1) 

z + —. 

7 1 


X^ + 


1.7 1.2.7(7 + 1) 

which is called the hypergeometric series. This series is convergent in the circle To 
with unit radius alxuit the origin as center. In order to obtain a second integral, 
let us make the transformation = This leads to an equation of the 

same form, 

|■x(l - x)r" + [2 - 7 - (<r + ^ + 3 - 2 7 )x]x' 


(84) 


(<1 + 1-7)03+1-7)2 = 0, 


which differs from the first only in tlie .substitution ofnr+ 1 — 7 , /3+1— 7 , 2 — 7 
for a, /3, 7 respectively. If 2 — 7 is not zero nor equal to a negative integer, 
the equation (83) has therefore the second integral z\-~yF(a +1 — 7 , /3+1 — 7 , 
2 — 7 , x); and if 7 is not an integer, the general integral is represented in the 
circle by the expre.ssion 

(85) y = C, F(a, 7 , 2 ) + CsX'-7F(a+I- 7 ,/3+I- 7 , 2 - 7 , x). 

If 7 is an integer, the difference between tw'o roots of the characteristic 
equation is zero or equal to an integer, and the integral contains in general 
a logarithmic tenn in the neighborhood of the origin. We shall study only the 
case where 7 = 1 . Tlie two integrals 

F(a, p, 7 , 1 ), x>-vF(a + 1 - 7 , ^ + 1 - 7 , 2 - 7 , x) 

reduce in this case to the single integral F(a, 1 , x). 

In order to find a second integral, let us first suppose that 7 differs but little 
from unity, say 7 = 1 — 4 , where 4 is very small; then the equation (83) has the 
two integrals 

F(a, i 8 , 1 - 4, X), x*F(a + 4, ^9 + 4, 1 + 4, x), 
and consequently the quotient 


x^F(a + 4 , /9 + 4, 1 + 4, X) - F(rr, /9, 1 - 4, x) 

4 

is also an integral. As 4 approaches zero, this quotient approaches as a limit the 
derivative of the numerator with respect to 4 at the point 4 = 0. The deriva¬ 
tive of the factor x* gives us a logarithmic term which, for 4 = 0, reduces to 
F(ar^ 1, x)Logx. To find the derivative with respect to 4 of any coeflicient 
in the two series, such as the coefficient 
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(g -I- 4* ^ 4* 1) • * * (or 4* ^ w — 1) 4- /it) (/3 -f -f 1) * * • (^ 4* ^ ^ 1) 

ti \ (1 4" (2 4" ^) • • • (w 4" 

it is convenient to calculate first the logarithmic derivative. We find thus a 
new integral which has the form 


( 86 ) 


>,(x) = F(a, P, 1, x)Log® 

+ SA,- — -X-, 


where we put 

4 - ^ ^ ^ 4 . 


1 




_2(l + l+... + l) 


cr 4* n — 1 /3 

4- 


■ ^4-n~l 


We might study in the same way the integrals of Gauss’s equation in the 
neighborhood of the point z = but it suffices simply to notice that if we 
replace / by 1 — the equation does not change in form, but y is replaced by 
a 4 - /3 4 - 1 -> 7 . The general integral is therefore represented in the circle Fj 
with unit radius about the point x = 1 as center by the expression 

y -C\F(a, g 4- /3 4- 1 - 7i 1 - J) 

+ ^ ’2 (1 — ic) V - « - ^ F{y — 7 — /3, 7 4- 1 — g — / 8 , 1 — x), 

provided that 7 — g — /3 is not an integer. 

In order to study the integrals for values of x of very large absolute value, 
we put X = 1/t^ and we are then led to study the integrals of a new linear 
equation in the n(‘ighborhood of the origin. The integrals of this equation 
are likewi.se regular in the neighborhood of the origin, and the roots of the 
characteristic etjuation are jirecisely g and /3. If we substitute simultaneously 
X = 1 /t y — the eipiation obtained is again of the form ( 88 ), but is 
replaced by g 4 - 1 — 7 , and 7 by g 4* 1 — jS. Gauss's equation has therefore 
the integral 

x-«F^g, g 4* 1 - 7 , 4- 1 - 


By symmetry it has ahso the integral obtained from this one by interchanging 
g and jS, and therefore the general integral is represented in the region exterior 
to the circle 1\, by the expres.sion 

y=: CjX-«F^g, g 4- 1 - 7 , 4- 1 ~/3, 4- 1 _ ^ 4 . 1 _ , 

provided that g — /9 is not an integer. 

Note, Every linear ecpiation of the form 

(87) (x - a) (x - b) y" {lx + m) y' 4 - ny = 0, 

where a, 6, /, m, n are any constants {a f>), reduces to Gauss's equation by the 
change of variable x = a + (6 — <i)f. For, to identify the resulting equation 

with the equation (83), we need only put 7 = — (fa 4- »i)/(6 — a), and then 
determine a and p by the two conditions a 4- /J 4-1 = f, g /9 = n. 
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52. BoMel’s equatioii. Let m consider in particular the equation 


(89) x(l - fct)/' + (c - hx)y' - ay = 0 , 

which has the two singular points x = 0 , x = 1 /it, and which can be reduced to 
Gauss's equation by the change of variable ibc = f. If we make the parameter k 
approach zero while a, 6 , c approach finite limits A, B, C, the singular point 
X = 1 /k goes off to infinity, and we obtain at the limit the linear equation 

(90) xy" + (C — B/)y' — Ay = 0, 

whose only singular point at a finite distance is the point x = 0. If B is not 
zero, replacing Bx by x we are led to an equation of the same form, where 
B = 1. Likewise, if B = 0 and A is different from zero, we can suppose A = 1 . 
Finally, disregarding the trivial case A = B = 0, the equation (90) can be 
replaced by one of the two forms 

( 01 ) x/' + ( 7 -x)/-ay = 0 , 

(92) xy" 4* 71 /' — y = 0. 


Studying the integrals of these two equations in the neighborhood of the 
origin, as we have done for Gauss's equation, we are led to introduce the two 


senes 


^ ^ ^ ^ . or(a +1) 

G (or, 7, x) = 1 + -— X + -—- 

1.7 1 . 2 . 7(7 4 - 1 ) 


x*4* 


X) = 1 + - X +——i—— 
7 1.2.7(7 4-1) 


X*4- 


which may be considered as degenerate cases of the hypergeometric series. If 
we replace in F(a, /3, 7 , x) the variable x by fcx and by \/k, the coefficient 
of X* in F(a, l/lc, 7 , fcx) approaches the coefficient of x* in <7 (a, 7 , x) as A 
approaches zero. Similarly, the coefficient of x" in F(l/A:, 1/fc, 7 , Ic^x) approaches 
the coefficient of x" in J( 7 , x) as Jk approaches zero. 

H7 is not an integer, the general integi'al of the equation (91) is given by 
the expression 

(93) y = Cfi (a, 7 , x) 4- C^z^-yQ (a 4 -1 — 7 , 2 — 7 , x). 

Likewise, the general integral of the equation (92) is 


(94) V = Cl J(7, X) 4- C^xi-yJ(2 - 7 , *). 

These formulae are valid in the whole plane. 

If 7 is an integer, the general integral of the equation (92) always contains a 
logarithmic term. For example, if 7 = 1, we obtain an integral different from 
J ( 1 , x) by finding the limit for A = 0 of the quotient 


x*J(l4*h,x)-J(l-^h, X) 
h 

which gives for the general integral 

V = c, J(l, X) + c,[j(l, x)Log* - 2^ (1 + 1 + ... + 1)^]. 

We can reduce to the form (92) a certain linear equation which appears 
in a large number of questions of mathematical phyidcs. Let us put in the 
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equation (92) oj = — ; replacing > by n 4* 1, the equation obtained ia iden¬ 

tical with the equation already studied (§ 46), 


(96) 


‘^ + <2« + l)2 + «y = 0. 


If, in this last equation, we put y — we obtain a new form of BessePs 
equation, 

(96) 




The three equations (92), (95), (96), where 7 = n + L are therefore absolutely 
equivalent to one another. If n is not an integer, the preceding development 
shows that the general integral of Bessers equation (96) is 

z =: 4- 1, — "i- * 

We have shown above (§ 46) that if n is half an odd integer, the general integral 
of the equation (95) can be expressed in terms of elementary transcendental 
functions. Hence the transcendental function J ( 7 , x) is expressible in terms of 
exponential functions if 7 is half of an odd integer. 

Note, The equation studied by Riccati, 

(97) 


™ 4 - Au^ — Bx”* = 0, 

djr. 


dx 

where B, m are given constants, can also be reduced to any one of the 
ecjuivalent equations (92), (95), (96). Indeed, we have seen (§ 40) that the gen¬ 
eral integral of the ecjuation (97) is z'Mz, where z is the general integral of 
the linear equation 

d^z 

(08) —-^Bx”»z = 0. 

dx* 

If we make the change of variable x = Xt**, where X and y, are two undetermined 
quantities, the last ecjuation becomes 

, dz 


(99) 


df* ' 


1) ^^/iX«» + 2 + 2)^ - 1 « = 0. 
dt 


In order to identify this equation with the equation (95), we need only take 
fi = 2/{m *f 2), and determine X by the condition ^BX”» + 2/x2 =-- 1. The cor¬ 
responding value of n is — g/2 or — l/{m +2). We can therefore express the 
general integral of Riccati's equation (97) in finite terms whenever I/(m 4- 2) 
is half of a positive or negative odd integer 2 1 4- 1, that is, whenever m is equal 
to — 4 //(I 4 - 2 i), where i denotes a positive or negative integer. 

53. Picard's equations. Given a linear differential equation with coefficients 
analytic except for poles, we can determine by Fuchs’ method whether the 
general integral is itself an analytic function except for poles. For this it is 
necessary and sufficient: (1) that the integrals shall be regular in the neigh¬ 
borhood of each of the singular points; (2) that all the roots of the charac¬ 
teristic equation, relative to each of these singular points, shall be integers; 
finally, (3) that all the logarithmic terms shall disappear from the expression 
for the general integral in the neighborhood of a singular point. 
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S\it»po8e that all these conditions are satisfied. The general integral is then 
a 8ingle*valued analytic function-except for poles in the whole plane. If the 
coefficients of the equation are rational functions, there are only a finite num¬ 
ber of singular points a,, • • •, a». In order for the general Integral to be a 
rational function, it is sufficient that the equation obtained by putting x = \/i 
shall itself have all its integrals regular in the neighborhood of the point t = 0, 
since the general integral is single-valued and therefore cannot contain log¬ 
arithmic terms nor fractional powers of <. If this last condition is satisfied, we 
can obtain the general integral by equating coefficients according to tlie method 
of undetermined coefficients. In fact, let — rn, be the smallest root of the char¬ 
acteristic equation relative to the point x — and the smallest root of the 
characteristic equation relative to the point ^ = 0 for the transformed equation. 
It is clear that the product of any integral y and the expression 

(x — ai)«i (x — ... (x — a„)«- 

is a rational function having no poles in the finite ix)nion of the plane. This 
product is therefore a polynomial P(x), whose degree is at most equal to 

+ m.> 4* • • • + Wn — A". 

Since we know an upper bound for the degree of this polynomial, the coefficients 
can be determined by replacing y by an expression of the form V{x) n (x — 
where P(x) is the most general iwdynomial of this <legree, in the left-hand side 
of the given equation, and then eiiuating the result identically to zero. 

Picard has given another very lm|X)rtant ca.se where the general integral can 
be expressed in terms of the classic transcendental functions. Gixsen a linear 
homogeneous differential eifuaiion^ whose coeffieienU are elliptic functions of the 
independent variable vnth identical periods^ if its general integral is an analytic 
function except for poles, that integral can be expressed in terms of the standard 
transcendental functions of the iheoiry of elliptic functions. 

For simplicity in writing, let us develop the proof for an equation of the 
second onler only. Let /i(x), f^ix) l)e two independent integrals of a linear 
homogeneous eijuatiori y" 4- p (x) y' + y (x) y — 0, where p (x) and g (x) are elliptic 
functions with the periods 2 u and 2 w'. liy hypotliesis, fi{x) and /^(x) are single¬ 
valued functions analytic except for poles. Since the given ecjuation does not 
change when we replace x by x 4* 2 w, /j(x 4- 2 w) and f^{x -1- 2 «) are also inte¬ 
grals, and we have the relations 

(100) /i(x + 2 a,) = af,{x) 4- bf^{x), 4(x 4- 2 «) = cf,(x) + fJf^(x), 

where a, 6, c, d are constant coefficients whose determinant ad •— he is not zero. 
For if we had ad—bc—O, we could derive from (100) a relation between /j(x + 2 w) 
and /j(x 4- 2 w) of the form C^f^(x 4* 2 «) 4- C„f„{x 4- 2 w) = 0, where and 0^ 
are constants not both equal to zero. This is impossible, since /j and f^ are two 
Independent integrals. For tlie same reason, we have another system of relations 

(101) /i(x 4- 2 «') = a/j(x) 4- 4- 2 w') = c7\(x) + d'f^{x), 

where a', b% c\ d' are constant coefficients, and a'd' — l/c' is not zero. Let us try 
to find, as in § 47, an integral 0 (x) = Vi(x) 4- ^/^(x) such that 0 (x 4* 2 w) = S0 (x). 
We have for the determination of X, m, s the two equations 

X(a — s) + MC =s 0, X6 4- M(<i — «) = 0; 
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whence we derive the equation of the second degree for 
F(s) = — (a + d )8 + od — 6 c = 0. 

If this equation has two distinct roots there exist two independent inte- 
grals 02 (®) 

(102) + 2 w) = + 2 w) = *202(x), 

and the relations ( 101 ) can be replaced by the two relations of the same form 

(103) ^j(* + 2 w') = i0i(x) + 1^2(x), ^2(x + 2ai') = m^j(x)+7i^j(x). 

By means of the relations (102) and (103), we can now obtain two different ex¬ 
pressions for 0 j(js -f- 2 w + 2 <j') and -f 2 w -f 2 w'). We have, on the one hand, 

^i(x -f 2 w + 2 w') = Si0i(x + 2 = «iA:0i(ic) + 

On the other hand, proceeding in the inverse order, we may also write 

4>^{x -4- 2 w -h 2 w') = A: 0 j(x 4- 2 w) + + 2 w) = ks^(i>i(x) -f ls2^2i^)* 

Since these two expressions must bo identical, we have I = 0, for is not 

zero. Similarly, by considering the two expressions for 4>^{x + 2 w -f 2w'), we 
find m = 0. The integrals 0 i(/), therefore analytic functions except 

for poles, which reproduce themselves multiplied by a constant factor when the 
variable x increiuses by a period ; these are called doubly periodic functions of the 
second kind. Kvery function <p (x) analytic except for poles which possesses this 
property can be expressed in terms of the transcendental functions p, f, <r, since 
the logarithmic derivative <p\x)/<p{x) is an elliptic function, and we have seen 
that the integration does not introduce any new transcendental (II, Part I, § 75). 
Moreover, we can prove this without any integration. Let ^ (x) be an analytic 
function except for poles such that 

0 (x + 2 w) = (j), 0 (x + 2 uf') = y.'(f> (x). 

Consider the auxiliary function ^ (x) = eP^<r(x — a)/(r(j), where a and p are 
any two constants. From the properties of the function <r (see Vol. II, Part I, 
§ 72) we have 

^(X -f- 2 a;) = c 2 «P~ 2 i?o^(j)^ ^ (x -f 2 a;') = 217 'a^ 

In order for the quotient 0 (x )/0 (x) to be an elliptic function, it is sufficient that 

2 oip —• 2 a?; = Log Ai, 2 a;'p — 2 aty' = Log /a'. 

These relations determine p and a (II, Part I, p. 101). It should be noticed that 
we can take a = 0 if Log /a and Log /a' are proportional to the corresponding 
periods 2 o), 2 a;'. 

Let us now turn to the case where the equation F{s) — 0 has a double root s. 
We can find (§ 48) two indei>endent integrals 0 i(x), ^^(x) such that 

(104) 0 j(x + 2 «) = .s 0 ^(x), i>^(x -b 2 oi) = 802 (x) + C 0 ^(x). 

If C = 0, all the Integrals of the equation, and in particular/^(x) and/ 2 (x), are 
multiplied by s when x is increased by 2 a;. Assuming (7 = 0, let us try to find a 
linear combination X/j(x) + M/ 2 (aJ) which reproduces itself multiplied by«' when 
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X increases by 2 Starting from the equations (103), we find two independ¬ 
ent integrals ^|(x), 0 ,(x) such that either 

+ 2 «') = + 2 w') = 

or 

+ 2 (o') = s>i(x), 05 (x + 2 wO = «' 0 a(aJ) + C' 0 i(x), 

where O' is not zero. In the first case the integrals ^^(x), 02 (x) are again 
doubly periodic functions of the second kind. In the second case the integral 
0 j(x) alone is a doubly periodic function of the second kind. As for the inte- 
gral 0 a(x), the quotient 02 (^)/^iW increases by a constant C when x increases 
by 2w', and it does not change when x increases by 2w. Now the function 
^^(x) + Rx, where A and B are two constant coefficients, possesses the same 
prox)erty, provided that we have 

^ At! A ^ B(i) ” 0 , 2 Aif‘' A ^ Bu>' = O'. 

The difference ~ Af(x) — Bx is therefore an elliptic function. 

If the coefficient C is not zero in the equations (104), we have relations between 
the integrals ^^(x), ^^(x), + 2«'), ^^(x -f 2 w') of the form (103), and we 

can again deduce from them two different expres.sions for 0 j(x -f 2 « -f* 2 «') 
and 02 (x + 2w -I- 2w'). By writing that they are identical, we obtain the con¬ 
ditions 1=0, A? = n. The integral ^^(x) is again a doubly periodic function of 
the second kind, while the integral (x) satisfies the two relations 

02 (x -f 2 fa) ) _ 02 (x) ^ C ^ 02 (x -b 2 (tf') _ 0 2 (x) ^ m 

0 j(x-f 2 «) 0 i(x) H 0 , (x+ 2 w') 01 (x) k 

Let us determine just as before the two coefficients A and B in such a way 
that 2 Aiy + 2 Rw = C/s, 2 Aii' -f 2 Rw' = m/k. Then the difference 


0g(x) 

01 (Jf) 


— ^^(x) — Bx 


is again an elliptic function. We see, therefore, that the general integral is in 
all cases expressible in terms of the single transcendentabs e*, p(x), f(x), ^(x). 
Let us consider, for example, Lamp's equation 


(105) 




-[n(n + l)p(x) + 4]y = 0 , 


where n is an integer and h is an arbitrary constant. The integration of this 
equation by Hermite was the starting point for the preceding theory. The gen¬ 
eral integral of this equation is a function analytic except for poles. In fact, 
the only singular points are the origin and the points 2mw + 2m'u>\ In the 
neighborhood of the origin the integrals are regular, and the roots of the char¬ 
acteristic equation are r'= — n, r" = n+ l. Their difference is an odd integer, 
and the coefficient of y is an even function; therefore the expression for the 
general integral does not contain any logarithmic term (see ftn., p. 187). 


54. Equations with periodic coefficients. In many important questions of 
mechanics, linear equations with periodic coefficients occur. We shall indicate 
rapidly their more important properties. Let 


(106) 


d'y (i*-^y 

dl» («•-« 


+ • • • + PnV = ® 
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be a linear equation whose coefficients are continuous functions of the real 
variable having a period w, which we may always suppose positive. If the 
integrals l/i *(0 form a fundamental system, it is clear that 

+ w), yjit-f 2 /»(^ + w) are also integrals of the equation (106), 

since that equation remains unchanged when we replace t by t + w. Hence 
we have n relations of the form 


(107) yi(i + w) = an2/i(0 + ai 2 !/ 2(0 + • * • + ainVnit)- (f = 1, 2,..n) 
The determinant 7/ of the coefficients Oik is rlifferent from zero. For, by 
repeating the reasoning of page 129, we find that this determinant has the value 


(108) 


-f\dt 

77 = e ‘'o 


The equations (107) define a linear substitution with constant coefficients, 
whose determinant is not zero. We are therefore led to a study entirely similar 
to the one which has already been made in detail in §§ 48, 49. Instead of 
making the complex variable x describe a circuit in the positive sense around a 
singular point a, the variable t describes a segment of the real axis of length w. 
It follows from that study that we can always choose a fundamental system of 
integrals such that the relations (107) reduce to a simple canonical form. The 
actual formation of this system depends first of all on the solution of the 
characteristic efiuation 


(109) 


F(») = 


ail — » “i3 

U 2 I fl32 ~~ ® 


Ctln 
02 n 


0 «l 


On 2 


= 0 . 


All the roots'of this equation are different from zero, since their product is 
equal to the determinant 77, whose value we have just written down. If the 
n roots of that ecjuation are distinct, there exists a fundamental system of 
integrals such that the equations (107) take the form 

(110) l/i(^ + w) = Sil/i(f), •••, z^«(( + w) = ««y«(f). 

If the equation (109) has multiple roots, we can always find a fundamental 
system of integrals which separate into a certain number of groups such that 
the p integrals 2 / 3 , • • •, Vp of the same group satisfy relations of the form 

>1 (< + «) = (<). 

V3(t + ") = s[yi<<) + ViCOL 

. . 

yp{t + a)-s[yp (0 +yp-i (t)]. 

In order to find expressions for these integrals, let us seek first the general 
form of a single-valued continuous function f(t) such that f(t 4 * w) = 4 ^( 0 i 
where the factor s is not zero. Let a be a determination of (l/«)Logs. It is 
clear that the product has the period w; hence f(t) is of the form 

/(t) = e«* 0 ((), where 4>(t) is a continuous function with the period «. Accord¬ 
ingly, if Si is a root of the characteristic equation, we shall put at = (l/u)LogSi. 
The constants af, which are determined except for multiples of 2 ir V— 1 /w, 
are called the characteristic exponents. The real parts of these exponents, which 
are determined without ambiguity, are called the characteristic numbers. If the 
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equation (100) has n distinct roots a., the equation (106) has then n 

Independent particular integrals of the form 

( 112 ) = ...» = 

where o'j, • • are the characteristic exponents, and where 0^, 
are continuous functions with the period w. 

In the general case it is evidently sufficient to find expressions for the 
integrals of a group which satisfy the relations (111). Now if we substitute in 
these relations yi = where ix is equal to (l/w)Log a, they become 

(( + «) = ( 0 , 

rj(f+ «) = 23(«) + Zi(0, 

.. 

Zp(t + «) = 2p(«)+Ip-l(t). 

When t increases by the variable r = t/ta increases by unity. Taking r for a 
new variable, the problem is reduced to one solved above (§ 40). If we set 


p.(«) = 




.. (t — iw + u>) 
u>* i! 


(i = l,2,...,p) 


the general expressions for the functions j/j, i/p are 

(113) ^yi{l) =e“'[P._,(O0,(() + ^'.-2(O^2(O+---+ + 

[ (i = l, 2,...,p) 

where 0 ,, • • •, are continuous functions witli tiie periofl w, the first of 
which, ^,(0. ia not zero. Wc see iigain here, as in § 4!t. that ail these integrals 
can be deduced from the last one of the grtuij). For Zp_i(t) is C(|ual to the 
difference Zp(t + w) — Zp(<), and, similarly, Zp_a(<) = Zp_i(t + w) — Zp-i{t), and 
BO on. We can therefore write the equations (113) in the form 


(114) 


>p (0 =«*'Zp( 0 . 

yp-\{t) = c»'A,(zp), 

- yp-i(t) = e“Aj(Zp), 

.» 

,g,(<) = e«'Ap_i(Zp), 


where - indicate the successive differences of Zp(t) when we 

change t to «. I>r4?t us observe that Zp (t) i.s a polynomial in t of degree p — 1, 
whose coefficients are periodic functions of t. The successive differences Aj(^,,), 
A^(Zp)i * * • therefore polynomials of the same kind witli decreasing degrees, 
the pth difference being zero. Let us indicate by J>Zp, •, l)*Zp the suc¬ 

cessive derivatives of Zp taken with respect to f, considering the coefficients of 
this polynomial as constants. From the theory of Unite differences, we know 
that the successive differences ^^(Zp), A^fZp), ••• are linear combinations wUh 
numerical coefficients of the derivatives Dzp, l^^Zp^ • • •, I^Zp^ and conversely.* 


•Without resorting to this theory, we may observe that Taylor’s formula gives us, 
A(zp)-«‘j!)'zp+.... 

where the terms not written contain only the derivatives ••*. We can there¬ 

fore express, conversely, the derivatives 2 ^ as linear functions of the differences 
hi, 
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We can therefore replace the system of integrals (114) by the equivalent system 





= e^Dzp, 

■ Yj-iil) 

= e^D'^Zp^ 


* • • •» 

= e^^Rp-'^Zp 


Note 1. The integrals of the group (113), corresponding to the characteristic 
exponent a, approach zero when t becomes infinite passing through positive 
values, if and only if the real part of a is negative. In order that all the inte¬ 
grals of the equation (106) sliall approach zero as t becomes infinite, it is there¬ 
fore necessary and sufticient that all tlie characteristic numbers shall he negative^ 
or, what amounts to the same thing, that the absolute value of each of the roots 
of the equation ( 100 ) is less than unity. 

Note 2 . If s is a real positive root of the equation (109), it is natural to 
take for a the real determination of (l/w)logs. If the coefficients of the equa¬ 
tion (106) are real, the same thing will evidently be true in this case of the 
integrals ,7/j, y^^ ‘ yp of the group (113) and consequently of the periodic 
functions ^^(O, </>o (f), • »•. 

Let 8 = X 4 - g V— 1 be a p-fold root of the equation (109), where g 0, and 
let a = ex' a" V— 1 be a corresponding determination of the exponent a. To 
the group of integrals (113) we can adjoin a conjugate group obtained by replac¬ 
ing LX by ex' — ex" V— 1 and the functions y>i{t) by the conjugate functions. It is 
clear that by combining these 2p integrals linearly in pairs we can derive from 
them a system of 2p real integrals. 

Finally, suppose that s is a real negative root. Then we can write the value 
of a = a' + {xr/uf) V— 1 , and to that root corresponds a particular integral of 
the form 

y ~ /cos sin (t) + V- 1 in (0)» 

\ a; w/ 

where the functions ami are real and periodic. If the coe fficie nts of (100) 
are real, it is clear that the real part and the coefficient of V— 1 must each 
satisfy separately the linear eciuation. We would proceed similarly with the 
other integrals of the group (113) if p is greater than unity. 

Moreover, the case where s is real and negative reduces to the case where s 
is real and positive by considering the period 2 u» instead of the period w. It is 
clear, in fact, that if an integral is multiplied by s when we change f to f + «, 
it will be multiplied by s^ when we change f to i + 2 w. 

NoU 3. When the coefficients p,* are analytic functions of the complex vari¬ 
able f = t' 4 - t" V— 1 , analytic in the strip li included between the two parallels 
to the real axis t" = i /i, the integrals of the equation (106) are analytic func¬ 
tions in the same strip. The reasoning used under the supposition that the 
variable t moves along the real axis applies without modification to the case 
in which that variable moves in the strip R. It follows that the functions ^(t), 
which appear in the expressions of (113), are perioiiic analytic functions in the 
strip R, They can therefore be developed in series of sines and cosines of 
multiples of the angle 2 irt/w (see Vol. II, Part I, § 65). 
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55. Chazmctftiittic exponents. The inYestigation of the characteristio exponents 
is in general very difficult.* The solution of this problem evidently reduces to 
the determination of the coefficients which appear in the equations (107), 
which, in turn, is equivalent to the following; knowing the initial values, for 
t = of the n integrals * “» their first n — 1 derivatives, to find 

the values of these integrals and of their derivatives for f + w. The coeffi¬ 
cients <tik are then obtained by the solution of the n systems of linear equations 

+ «) = UilJ/l(fo) + ««2y2(fo) + • • • + dinVnik) 

+ «) = + • • • + 

(p=l,2 ,...,(n-l)) (i = l,2,...,n) 

We cannot in general solve this last problem except by the use of general 
methods, for example, by successive approximations. Let us replace p, by Xp,- in 
the equation (106), where X denotes a variable parameter, and then develop in 
powers of X the integral of that equation which together with its first (n — 1) 
derivatives takes on preassigned values independent of X for t = 

(117) y =4(0 + X4(0 + • • • + X»/.(0 + • ■ •, 

where4(0 is a polynomial in f, of degree n —1 at most, which can l)e written 
down immediately from the initial conditions. Substituting this value of y in 
(106), we see tliat the other coefficients/j(0,4 (0» • * * determined, step by step, 
by relations of the form 

^ = < 1 . 

in which the right-hand sides depend only upon the functions 4, 4» • * *» 4-i» 
and upon their derivatives. Moreover, these coefficients, together with their first 
n — 1 derivative.s, must vanish for t = Hence these coefficients can be found 
by quadratures. We have already noticed (§ 28) that the series obtained is con¬ 
vergent for any value X. If we put X = 1 in the relation (117) and in all those 
which we obtain from it by differentiation, we shall have the developments of 
the integral under consideration and of its derivatives in series which are con¬ 
vergent for all real values of t. Hence we can obtain in this way the quantities 
y*(fo+ «)»+ ‘^) which appear in the equations (116), and consequently 
we can determine the coefficients 

Example. Let us consider, for example, the equation 

(118) 

where p{t) is a continuous function of t with the period w. The product of 
the roots of the characteristic equation is here equal to one, by formula (108). 


* When the coefficients pi are analytic integral functions of the complex variable f, 
the change of variable e**^'*/"-* replaces the given equation by a linear equation 
whose coefficients are single-valued in the neighborlu>od of the origin, and we are led 
to study the law of the permutation of the integrals when the variable x describes 
ft loop around the origin. But the equation thus obtained is not in general of the 
Fuchs form. 

t If we allow the parameter X to have any value, it follows, from the process used 
above, that the coeffideuts a«b, and consequently the coefficients of the characterlsUo 
equation, are integral functions of this parameter. 
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That equation Is therefore of the form 

(119) s*-As + l = 0. 

In order to determine the coefficient A, let us denote hyf(t) and the inte¬ 
grals of the equation (118) which satisfy the initial conditions /(O) = 1 , f'{0) = 0 , 
0 ( 0 ) = 0, ^'(0) = 1. From the relations 


f(t + w) = (t) + 0 ( 0 » 

0(t + w) = + ^22^ (0l 

+ w ) = + ^ 22^(01 


we derive, by putting i = 0 , =/(w), «22 = 


in this special case is 


(au~ «) (Og^-s)- aiaUg 


The characteristic equation 

= 0 , 


whence A = + Ugo =/(w) + </>'(")• 

If we now replace p(i) by Xp(t), we obtain the developments of the integrals 
f(i)y <p{t) in the form 


f{t) = 1 + X 4 (t) + ... + + ..., 

0(0 — ^ + X0j(O + • • • 4* X”0,i(o + • • 

where the functions /« and 0 „, together with^]^ and 0 ^, vanish for t = 0. Substi¬ 
tuting these developments in the two sides of the equation (118), after having 
replaced p by Xp, we find 

~ = P (0/- -i(0, ~=P (0 ^ -iW. 


whence we derive the recurrent relations 


/,(<) = j'^dl 0 ,(<) = jy 


which enable us to calculate step by step all these functions by starting with 
/^{t) = 1 , 0 ^j(O = t. It follows that we may write 

+ ac 

(120) ^ = 2 + 2^ [/.(«) +<(«)]. 

1*^1 


If the function p{t) is never negative, we see at once that all the functions 
/n(0» 0n(O» 0«(O ix)sitive for t > 0 . It follows that A > 2, and the equa¬ 
tion (119) has two real and positive roots, one greater and the other smaller 
than unity. The conclusion is much less evident in the other cases. If p(t) 
never takes on a positive value, it follows from a thorough study made by 
Liapunof * that the absolute value of A is less than 2, if the absolute value of 


w 



is less than or equal to 4. The equation (119) has in this case two conjugate 
imaginary roots, the absolute value of each of which is unity. 


•Liapunof, Prohlhme g€ti4ral de la fttabilit^ du mouvement (Annales de la 
FacultS des Sdencen de Toulouse, 2d series, Vol. IX, p. 403). On the general theory 
of linear equations with periodic coefficients, in addition to the preceding paper, see 
alao Floquet’s Annates de VEeole Normals supirieure, 1883, and Poincare^s Les Mithodes 
nouvelles de la Michanique dleste (Vol. 1, chap. iv). 
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56. General properties. Most of the theorems established for a 
linear equation can be extended without diflSculty to systems of 
linear equations in several dependent variables. We shall assmne 
in what follows, as we may without loss of generality, that these 
equations are of the first order (§ 22). Let y„ be the n 

dependent functions, and a* the indej)endent variable. It follows 
from a general theorem (§ 37) that the integrals have no other 
singular points than those of the eoetheients. If we assign the 
initial values y?, y?, • * •, i/2 for a ])oint x = which is not a singu¬ 
lar jK)int, we can follow the analytic extension of these integrals 
along the whole of any path stiirting from and not passing through 
any of these singular points, wdiich are known in advance. 

We shall sup|K)se, only for simjdification in writing, that we have 
a system of three equations with three dejHindent variables. Let us 
consider first the system of three homogeneous equations. 


( 121 ) 


^ + ('ll = 0 , 

• ^ 4- «,y + + rjM = 0, 

d u 

^ = 0. 


where a, b, c, •• • are functions of the single variable x. If we know 
a particular system of integrals (yj, ?/j), the functions (Cy^ Cu^) 
also form a system of integrals for any value of the constant (\ 
Similarly, if we know two |)articular systems of integrals, (y^ ?q) 

and (y^, w^), we can derive from them a new system of integrals 

depending upon two arbitrary constants, 

C,!/, + C3M,. 

Finally, if we know three particular systems of integrals, 


(y,. «,). (yjr ”i). (y». «,)> 


the equations 

( 122 ) 


y = + (\y^ + 

* = + fj*,, 

M = CjMj 4- CjMj 4- CgM, 


represent also a system of integrals, where (?j, C^, C, are arbitrary con¬ 
stants. In order to assert that the expressions (122) represent the 
general integral of the syst^ make sure that we can . 
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'Choose the constants in such a way that, for a given point 

sc = not a singular point, y, u take on any preassigned values 
y^y Zq, whatever. In order for this to be true, it is necessary and suf- 
hcient that the determinant of the nine functions iji, z^y (i = 1,2,3), 


A = 


Vi 


shall not vanish identically. If this is true, we shall say that the set 
of three particular systems of integrals form a fundamental system. 


If A vanishes identically, the three particular systems of integrals reduce to 
two, or even to a single system. Suppose, first, that not all the first minors of A 
vanish simultaneously, for example, that the minor 5= — y^z^ is not identi¬ 

cally zero. Let A he a region of the plane where 5 does not vanish. We shall 
determine two auxiliary functions ii, and iTg, analytic in the region A, such 
that we have 

(123) 1^3 = A'j.Vi + Z3 = A'jZ, + A'jZj, 

and since the determinant A is zero, these functions and also satisfy 
the relation 


(124) u, = jrjUj + A'2Mj. 

If we replace y, z, and u in the first two equations of the system (121) by the 
preceding expressions for //g, Zg, Wg, observing that Zj, and {y^^ z^y 
form two particular systems of integrals, we obtain, after simplification, the 


equations 


Vi = 0 , 


from which we derive K[ = K!^ = 0. The functions and are therefore 
constants, and the relations (128) and (124) remain true in the whole region 
of existence of the functions y,-, Zi, w#. It follows that the system of integrals 
(j/g, Zg, Ug) is a combination of the other two. 

If all the first minors of A vanish identically, the three systems of integrals 
reduce to a single system. Since the elements of A cannot all vanish simul¬ 
taneously, let us suppose that y^ is different from zero, and let us put y., = Ky^. 
From the relations j/^z., — Zj^^ = ^ derive also z^ = Kz^y 

Uj = Auj. Replacing y, z, u in the first of the equations (121) by Ky^, iTZj, Ku^ 
respectively, there remains K' = 0. Hence K is constant, and the system 
(l/jt ^ 2 ) differs from the system (y^, z^ wj) only by a constant factor. Similarly, 
the third system of integrals is identical with the first. It should be observed 
that y^y y^y are not necessarily lii^early independent; for example, one or 
two of these functions may be zero, but not all three may be zero. 

The value of the determinant A may be calculated as follows. The derivative 6! 
is the sum of the three determinants 



y[ w. 


Vi »i 


yi 


*2 wj 

+ 

y% z'l tta 

4 - 

^2 ^2 ^ 


Ml H 


Vz < W5I 


w; 
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Replacing the deriTatiyes by their yaluee obtained from the eq^mtions 

(121), these three determinants reduce, respectively, to -> oA, A, e,A. 
We ^ve, therefore, the relation A' — (a + 6^ + c^) A, and consequently 

(1S6) A(z)= + 


When we know the general integral of the homogeneous system 
(121), we can deduce from it by quadratures the general solution of 
the non-homogeneous system 


dx 


-f -h -f cn = f^(x), 


(126) 


— + a,y + b^z + c,« =/,(x), 
du ^ . 


Indeed, if we make the change of variables defined by the equations 
(122), Cj, Cj, Cj being considered as new dejxnident variables, the 
system (126) is replaced by the following system, 


(127) 



</C’i 



dC. 

!/i 

dx 

4- 


dx 


dCi 

1 


dC^ 

*i 

dx 

*T 


dx 


dC, 



dC. 

“i 

dx 



dx 


= fM)y 
= /A)) 
= /,W. 


which is integrable by quadratures, for we derive from it 


dCj 

dx 




(/ = !, 2, 3) 


Let ns also observe that this transformation is unnecessary whenever 
we can determine directly a particular system of integrals (K, Z, U) 
of the equations (126). In order to obtain the general integral 
of these equations, we need only add F, Z, resi>ectively, to the 
right»hand sides of the equations (122) which represent the general 
intej^l of the homogeneous system (121).'* 


* A method analogoas to that of Cauchy (§ S0) may also be employed. Let 

y-0<(ac,a), «-»<(*,a) (i-1,2,3) 

be mree lyatemg of Integrals of the homogeneous equations <121), satisfying, respeo^^ 
tively, the initial condition 

a)-1, ^|(a, a)-0, »,(ar, a)-0, 

fa(a, ur)*0, ^,<a, a)-l, Va<ar, a)-0, 

^ (ur, a)«0, #§(«, «)• 0, Wi(a, a)- L 
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When we know one or two particular systems of integrals of the 
equations (121), we can lower the order of the system by one or two 
units. Suppose, first, that we know a single system of integrals 
(Z/iJ ^ 1 ) where the function is not zero. The change of 
dependent variables 


leads to a linear system of the same form which must have the par¬ 
ticular system of integrals F = 1, Z = 0, t7 = 0. Therefore the 
coefficients of Y in these new equations must be zero. In fact, the 
transformed system is 


(128) 


+c?7 = 0, 


If we replace dYjdx in the last two equations by its value derived 
from the first, we obtain a system of two linear homogeneous equa¬ 
tions in the two dependent variables Z and U. After integrating 
this system 1' can Ije obtained by a quadrature. 

Suppose now that we know two independent systems of integrals, 
{Vii ^ 1 ? Since the three determinants 

?A-.2 !/a-c “ ^3^1 

do not vanish simultaneously, as we have shown above, let us sup¬ 
pose that y^z,^ — is different from zero. The transformation 

y = yiK-f- u = u^Y n^Z 

where 1^, Z, U are the new dependent variables, leads to a linear 
system of the same form having the two particular systems of 


It is easy to see that the functions 


Y 

Z 



LA(^f)0i(*. +/3 W<f>i (*» ■‘■/s i ^)(*t o^)]da, 

LA(«)^i(*. «)+/a(«^)^ 2 (*» <^) +/8(<»)^t(*i oc)]da, 


r- r*[/i(a)iri(x, a)^/^ia)iri{x, a) +/,(a)ir, (ar, a)]da 
•'*0 


form a system of integrals of the non-homogeneous equations (126). 
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integr^s (F, = 1, = 0), (F, = 0, 1, U, = 0). The coeffi¬ 

cients of F and Z in the equations of the new system must therefore 
be zero, and this new system has the form 

as is easily verified. It is clear that this system is integrable by 
quadratures, since the last equation contains only IJ, 

The preceding methods may be extended to systems of n linear 
equations with n de^xjudent variables. In order to obtain the general 
integral of such a homogeneous system, it is sufficient to know n 
particular systems of integials which form a fundamentiil system. 
If we know p indejicndent systems of integrals (y^ < /i), the integra¬ 
tion reduces to that of a system of the same form with n — p 
dependent variables and to a number of quadratures. Finally, the 
general integral of a non-homogeiieous system can l)e obtained by 
quadratures if we know the general integral of the corresponding 
homogeneous system. 

57. Adjoint systems. Given a linear homogeneous system with n dependent 
variables, 

(129) —* = anVi +.••-!- aijcVk + • *• + (t\ A: = 1, 2,. • n) 

the linear system 

(180) _ a,. F,-at, r*-a,. Y„, 

ax 

which is obtained from the first by replacing y,- by F,', and by changing the 
rows into columns in the determinant of the coefficients aa, after having changed 
the sign of each element, is called the adjoint of tlie first. It is evident from the 
definition itself that this relation is a reciprocal one between the two systems. 

The integration of one of the stystems (129), (130) involves thit of the othf^r. In 
fact, let y„) and (Fj, F^, • • •, F«) be any two particular systems of 

integrals of the two adjoint systems. From the relations (129) and (130) we have 

(F4* • • • + F iioiiyi 4- • • • 4* ^kVk 4* • * • 4* ^\nVt^ 

+ V.-(-«»•■ r,- auYt - OntYn). 

If we permute the indices i and k in the second sum, we see Immediately that 
the coefficient of Yiy^ on the right-hand side is 

Oik — Oilr = 0, 

and the right-hand side is identically zero. We have therefore the relation 
between these two particular systems of integrals 


(181) 
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where C denotes a constant. The knowledge of a particular system of integrals 
(Fj, Fj, Yn) of the equations (130) furnishes therefore a first integral of 
the system (129), which is linear with respect to the dependent variables 
• • * ^ yti" If we know the general integral of the adjoint system (130), the gen¬ 
eral integral of the given system (129) is represented by n relations of the form 
(131), where we take successively, for Fj, Fj, • • •, Fn, a set of n independent 
systems of integrals of the equations (130). 

Particular attention has been paid to linear systems which are identical 
with their adjoint. In order to have this case, it is necessary and sufficient 
that the determinant of the aoc be a skew symmetric determinant; that is, that 
we have aa- + ati = 0, whatever may be i and fc, and consequently an — 0. If 
(^11 Vi't" (^ii 2 : 2 , • • Zn) are two particular systems of integi-als, the 

relation (131) becomes 


y^Zy^ + + • • • + VnZn = const.; 

and if the two systems are identical, we have also 

2/1 + 2/2 + * • * + 2/n = const. 

The integration of a linear system of the third order identical with its 
adjoint leads to the integration of a Riccati equation (§31, Ex. 2). The inte¬ 
gration of a system of the fourth order of that kind leads to the integration of 
two Riccati equations (see Ex. 15, p. 170). 


58. Linear systems with constant coefficients. If all the coefficients 
a, 6, c, • • • of the equations 


(132) 


^ + ay + -4- cw = 0> 

^ 

+ V + = 0 


are constants, the general integral can be found by the solution of 
an algebraic equation. For let us try to satisfy these equations by 
taking for y, z, v expressions of the form 

(133) y = w/*, * = u = ye™, 

where a, p, y, r are unknown parameters. Substituting these func¬ 
tions for y, z, u in the left-hand sides of the equations (132), and 
suppressing the common factor e™, we find the conditions 

(a -+- r)a ft/3 -|- cy = 0, 

+ (*i + r)^ -f Cjy = 0, 

+ (Cj + >•) y = 0, 


(134) 
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which must be satisfied by values of a, jS, y which do not all vanish. 
For this it is necessary and sufficient that r shall be a root of the 
equation of the third degree, 

a ^ r b c 

(136) F(r)=: \ + r =0, 

b;^ -f r 

which is called the auxiliary equation. Having taken for r a root of 
this equation, the relations (134) are consistent and we ctiii deduce 
from them values for y, at least one of which is not zero. 

To every root of the equation F{r) = 0 corresponds therefore a 
particular system of integiuls of the form (133) ; there may even he 
several, as we shall see presently. If the auxiliary e(]uatiou has 
three distinct roots eac^h one furnishes a particular system 

of integrals. These three systems are indej^endent, for, if they were 
not, we could express as a linear combination with coiistjint 
coefficients of and of which would be absurd. We c-an there¬ 
fore, in this case, obtain the general integral of the system (132) 
after we have solved the equation F(r) = 0. 

It remains to treat the case in which the auxiliary equation has a 
multiple root. Let us denote by /(r), ^(r), ^(r) the three cofac¬ 
tors of the auxiliary determinant corresponding to the elements of 
the same row, for example, the first. The last two equations of 
the system (134) are always satisfied for any value of r by taking 
for a, j3, y quantities proportional to these cofactors; if r is a root 
of F(r) = 0, these values of a, y also satisfy the first of the equa¬ 
tions (134). It follows from this that if r is a root of F{f) = 0, 
the functions 

y=fif)e% z = <b(r)e’^, 

form a particular system of integrals. Now let us suppose first that 
the equation F(r) = 0 has two roots, and whose difference is 
very small. Each of them furnishes a system of integrals, and the 
functions 



are also integrals. If we now let approach and pass to the limit, 
we may conclude that if is a double root of F(f) = 0, the two 
groups of functions, 

w = /(»•,) (»■>) «'■* 
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(H) 


a; [/(»•) 






form two systems of integrals. Similarly (see § 44), if the equation 
jP(r) = 0 has a triple root we can add to the preceding two groups 
the group of three functions, 


(III) 


^8=^5 C/W r,, *8 = ^ C<^ (0 r., 

«8=p[^(»-)e"]r-r,, 


which form a third system of integrals. 

Let us now consider first the case where the equation F(r) = 0 
has a double root and a simple root r^. If the double root does 
not cause all the first minors of the auxiliary determinant to vanish, 
we may suppose that at least one of the cofactors ^(^i) 

is not zero, for we can evidently rejdace, in the reasoning which pre¬ 
cedes, the first row by the second or the third. Suppose, for example, 
/(^i) ^ systems of integrals (I) and (II) are independ¬ 
ent, for 7/^ is equal to the product of and a binomial of the first 

degree +f(r^). As for the simple root r^, it furnishes a third 
system of integrals whi(‘h, for the same reason as above, is not a 
linear combination of the first two. 

The reasoning fails if the double root makes all the first minors 
vanish, for the system (I) reduces to the trivial solution 


Vi = 

But in this case the three ecjuations (134) reduce to a single equa¬ 
tion when we rephu‘e in it r by r^. If, for example,, c is not zero, 
they reduce to the single equation (a 4- H- -f cy = 0, and we 
can take the two constants a and p arbitrarily. If we take, first, 
(a = 1, )3 = 0), then (a = 0, ^ = 1), we obtain two independent 
systems of integrals of the form (133). A double root of F(r)= 0, 
thereforCy alicays furnisher two particular independent systems of 
integrals. 

Suppose, finally, that F(r)= 0 has the triple root r = r^. If this 
root Tj does not cause all the first minors of the determinant to 
vanish, we may suppose, for example, that /(r^) is not zero. The 
three particular systems of integrals (I), (II), (III) are independenl^ 
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for the coefficients of e'‘i* in y^y y, are respectively of degrees 
0, 1; 2 ill X. 

If the triple root causes all the first minors of the determinant 
to vanish, we can determine firat of all two independent systems of 
integrals of the form (133), as we have just explained in regard to 
the case of the double root, and we can then obtain the general 
integral if we can find a third system indei>endent of these two. 
Developing the expressions in (III), and noting that 

we find 

w. = [2 ('•,) +f ('•,)]. 

and this system of integrals is certainly inde])cndont of the first 
two unless we have at the same time = V'('*]) = 

Hence we obtain in this way a new system of integrals, unless the 
triple root also causes the derivatives of all the first minors to 
vanish. Now this cannot hapj>en, as we see at once, unless we have 


i = c = f/j = c, = =0, « = />, = r., = - r,, 

and the system (132) reduces to three identical equations, 


dy dz 


dx 


0 , 


du 

--r,u = 0. 


In this case, which may be considered as a limiting case, the three 
equations (134) are satisfied identic\ally, when we re])laee r l)y in 
the expressions of (133), for any values whatever of the parameters 
a, py y. Summing up, to a triple root of the ooxUionf equofion there 
always correspond three particular independent systems of integrals. 


Generalization. 

coetBcienta 


(136) 


Similarly, a system of n linear equations with constant 


f dy, 

+ “iiVi + OjiVs + • • • + auV» = 0, 


1 dVm 

<^^2 + * ' • + (^nnVn — 0 , 


may be Integrated by finding particular systems of integrals of the form 

(137) Pi = ajC", •••, Vn-ocne^y 

where «•., cr„, r are unknown constants whose values are to be 

Wo ^r6 thu^ led to n equatione of condition 
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({<hl + »•) + « 12^2 + • • • + au(Xn = 0 , 

a^i + (aj2 + r)a^ + • •« +a2„a„ = 0, 


4- 0 * 2 tr 2 + • • • + (a„n + r)an = 0, 
which give for the unknown quantity r the auxiliary equation 




Uii + r 

<*12 

<*ln 


(130) 

F{r) = 

^21 

<*22 + ^ •• 

<*2n 

= 0. 



flnl 

Un2 

• Unn + r 



If this equation lias n distinct roots r^, r„, we obtain by this method 

n particular systems of integrals of the form (137) and, consequently, the gen¬ 
eral integral. If there are multiple roots, the discussion is somewhat more 
complicated. Let he a p-fold root; to obtain from this root particular sys¬ 
tems of integrals of the equations (136), we may proceed in two ways. On the 
one hand, apxdying d’Alembert’s method, as in the case of three equations, we 
can obtain p systems of integrals corresponding to that root. These integrals 
w'ill be independent only if r^ does not make all the first minors vanish. On the 
other hand, if makes all the minors formed from n — g +1 rows of the deter¬ 
minant vanish, without making all those of n — g rows zero, that root furnishes 
g systems of integrals of the form (137), for the n equations (138) reduce to 
n —g independent equations when we replace r by Tj. Combining these two 
methods, we find that they always furnish p independent systems of integrals. 

Practically we can obtain all these systems by equating coefficients. In fact, 
by the combination just mentioned we should obtain a system of integrals 
depending upon p arbitrary constants, which is of the form 

Pj (x ), 2/0 = P^(x), • • •, y, = P, (x), 

where P^, P^, • • •, P„ are polynomials of degree p — 1 or of lower degree. If 
we leave the coefficients of these fiolynomials as unknown, and if we substitute 
in the given equations, wo shall obtain a certain number of relations between 
these coefficients, which enable us to express all of them in terms of p of them, 
which may be taken as arbitrary constants. 


69. Reduction to a canonical form. Every linear system with constant coeffi¬ 
cients can be reduced to a simple canonical form the integration of which is 
immediate. 

Let us write this system under a slightly different form, 


(140) 


Vi - auVi + "uV. + • 

• + 

2^2 = «2i2'i + ^22 2^2 + * 

• + dUni/ny 

jy'n = "hI^i + an22/2 + • 

. . . ., 

• * + 


whore j/J denotes dyt/dx. If wx take n dependent variables, Yj, F^, ••*, F«, 
linear in terms pf Pp » 2 /h, 

(141) 




(i = l, 





162 


WNEAR DIFFERENTIAL EQUATIONS [HI.*89 


where the coefficients hit are constants whose determinant is different from 
sero, the system (140) is repiaced by a system of the same form, 

rr; = A„rj + A„r,+ ... + A,.r., 

, ^3 — -^ 31^1 + -^ 23^3 + • * * + 

^ + -^na^Tj + * * • + 

obtained by replacing the variables ^ 2 ' * “» expressions for n. 

Y‘ =biiy\-k- - binV"^ = 2^1 +-h otuyn) + • • • 

+ binlanlVi -f - . -f annVn), 

by their values given by the equations (141). If we consider the equations (140) 
as a linear substitution carried out on the variables ^ • i, Vnt and Tj, 

..., as n new variables, the preceding calculations are precisely those which 
we must make in order to find the new linear siilwtitution on the variables 
F|, Fj, •••, Fii, wdiich corresponds to the linear siilistitution (140). Now we 
have seen that by suitably choosing the variables Y{ (§ 48) we can reduce every 
linear substitution to a simple canonical form.* In this c*anonical form the 
variables separate into a certain number of distinct groiq)s, such that the 
substitution which the p variables F^, F^,. * *, Fp of the same group undergo 
is of the form 


(143) f;=:sf„ F2 = s(Fj+F2), f; = 8(Fp_, 4-Fp). 

We can therefore, by a suitable change of variables of the form (141), always 
reduce the integration of the system (140) to the integration of a certain num¬ 
ber of systems of the form (143), where F/ = dF./dx. 

The integration of this system is immediate, but it is preferable to employ a 
somewhat different canonical form. For this purpose let us set F< = s%{s 0). 
The system (143) becomes 


(144) 


dx 


dz^ 

dx 


= 8 Z„ + z. 


dzp 

dx 


>+ Zp-l. 


This new canonical form is unchanged if we multiply all the dependent vari¬ 
ables by a facU^r 6^, except for the change of s to s -f X ; and it is applicable 
idso to the case where the auxiliary equation has zero for a root. 

The general integral of the system (144) is represented by the equations 

(Syr (S)! + • • •++c.- (i=1,2,.. .,p) 

or by equivalent equations obtained by solving for the constants Ci 

(146) z,<r-“=C„ (z,-iz,)e-“ = Cj, (z,-zzj + ~ z,)e-**= 0„ 

(z,- zzi-i + ^Zi_2-+ {- !)<-> ^^z, je-“ = C.-. (1 = 1,2,.. p) 


*We supposed before that the determinant of the substitution was not zero, 
whereas the determinant formed by the coefficients ait may be zero. But if we 
change yt to e^Zit the coefficients ' • *, Uim are diminished by X, while the 

a4k% where do not change. We can therefore always choose X In such a way 
that the determinant of the new coefficients shall not be zero* 
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60. Jacobi’s equation. Let us consider again a system of three 
linear equations with constant coefficients, which we shall write in 
the form 


(146) 


— = ax + % + cz, 
dy 

. — = + b^y + 

dz , 

— =«,*+ hjf + c^z. 


where t denotes the independent variable. Let us add these three 
equations, after having multiplied them respectively by ydz — zdyy 
zdx — xdzj xdy — ydx. The relation obtained is 


r-f 4- C^z)(zdx — xdz) 

^ I + 4- ^> 2 // 4- ^ 2 -) (xdy — ydx) = 0 

and it is homogeneous in x, //, z. Hence it can be replaced by a rela¬ 
tion between xjz and y/z. Indeed, if we put x = Xz^ y = and 
divide by z^^ this relation takes the form 

n 4S^ + hY + c)dY^- (a^X + b^Y + c^)dX 

^ ^ \ + (a,X -f ^ r -h c^) (XdY - YdX) = 0, 

which is exactly Jacobi’s equation (pp. 11 and 32). 

Let X =/(0) y = ^(/)y z = \l/(t) he 2 i system of integrals of the 
equations (146). As t varies, the point whose homogeneous coordi¬ 
nates are x, y, z (and whose Cartesian coordinates are X = xjz^ 
Y = y/z) describes a plane curve T which is, by the preceding argu¬ 
ment, an integral curve of Jacobi’s equation (148). The integration 
of Jacobi’s equation therefore reduces to the integration of the sys¬ 
tem (146), that is, to the solution of an algebraic equation of the 
third degree, iis we have already seen. 


If tlie auxiliary equation has three distinct roots « 3 , the general inte¬ 

gral of the system (146) is, according to the preceding paragraph, of the form 

(I) Pe-V = Ci, Qe-V = C2. Pe-V = Cg, 

where P, Q, R are three linear homogeneous functions of r, ?/, z. It is easy to 
derive from these equations a homogeneous combination of degree zero which 
does not contain the variable t, 

(a) P»8 “*iQ'i-‘*3P'*-*i = ir, 

which is the same result that we obtained before by another method. 

The case in which the auxiliary equation has a double or a triple root 
(san also be easily treated. The equations representing the general integral form 
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either two groups or a single group. In the first case these equations are of 
the form 

(II) Pe-V = Uj, (Q - fP)c-V = Cj, Re-V = 

and in the second case, of the form 

(HI) Pe-V = C„ (Q - = C^, - (Q + ^pj e-V = C„ 

where P, Q, R denote in each case three linear homogeneous functions of 
z, y, z. From (II) we derive the following homogeneous combination of zero 
degree, independent of t: 

(fi) = 

and from (III) the combination 


(7) 




The relations (a), (^), ( 7 ) represent the three forms possible for the general 
integral of Jacobi's equation. 

61. Systems with periodic coefficients. Let us consider first, for simplicity, a 
system of three e<iuation 8 of the form (146), whose coefficients a, 6 , (*,••• are 
continuous functions of the variable t, each of which has the period w > 0 . 

I-«l (J^ii 1 /r (-^ 2 ^ 2 ^ 2 ' ^ 2)1 (^ 8 ’ h) independent systems of inte¬ 

grals. Then the functions 

Xi (() = r. (t + «), Pi (0 = yi (< + «), Z. (0 = z,- (C + «) 

also form a system of integrals, and we have consequently three groups of 
relations of the form (§ 56), 


(149) 


fX’t == cliiXj -f ^,2X2 + OigXa, 
} Yi = anyi + <1.2^2 + a.sys. 
( Zi = an Zi + 0 , 2 X 2 + 0,8X8, 


(i = L2, 3) 


where the a.t’s are constant coefficients whose determinant H is not zero. We 
have, in fact, the relation 


r, z, 




= /f 


Vi 

Vt 


I 38, 66 ), we may write 


or, by (126), reasoning as we have done several times 1 
the value of JT in the form 

(160) 

If the variable i is increased by the period ut, the three functions 

x^{l), X 3(0 

undergo a linear transformation whose determinant is different from zero, 
defined by the relations 

( JT, = ajiX| 4- «i2X2 4 

jr, = o,,*, + a,,*, + 

JT, = 


( 161 ) 
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and the two other Bystems of functions, (yj, undergo the same 

transformation. Now we know that it is possible to replace the three functions 
- 1^11 ^ 2 f *8 three independent linear combinations with constant coefficients 
such that the equations (161), which define the new linear transformation, take 
on a simple canonical form. Taking the same linear combinations of the func¬ 
tions (y^, j/gf V 3 ) and of (Zj, Zgf Zg), we obtain three systems of functions which 
are transformed by the same linear substitution of canonical form when t is 
changed to i + w. 

The reasoning is evidently general and applies to every linear homogeneous 
system in n dependent variables with periodic coefficients. Let 2 / 2 ? ’ ’ *> 
be these n dependent variables. We can determine n independent systems of 
integrals (yi,*, i/ 2 i, • • 2 /ni) (i = 1, 2, • • •, n) such that the n functions 

1 / 1 - 2 , 2 /i*n 

undergo a linear substitiiti<m of canonical form when t changes to f + w, this 
linear substitution bcnng the same for all the indices k. The consequences are 
the same as those which have been developed above (§ 54). All the integrals 
are expressible as the product of an exponential factor of the form and 
another factt)r which is either a periodic function of ^ or a polynomial in t 
whose coetticients arc continuous p(‘riodic functions of t. Let 

Vn ~ Vn = ^'^ 2 ’ * • 2/ni = 

be a particular system of integrals, w’here Zj, Zg, •••, Zn are polynomials in f, 
with periodic coefficients, of which at least one is of degree p — 1 , and of which 
none is of a degree greater than p — 1. From this system of integrals we can 
derive (p — 1 ) other systems of the form 

= 2/.,j = e«'Dzj, •••, yni = e‘<Dz„, 

. * * 1 * ’ ‘1 * * *» ’ * * ? 

yi,p = c^'7)p-iZp y2,p = •••, = c^^Dp-Izh, 

w'here the derivatives D'Zk are taken regarding the periodic coefficients of the 
powers of t as constants (§ 54). All the systems of integrals of the given equa¬ 
tions can thus be derived from a certain number of them. The actual formation 
of the.se integrals, of which we know only the analytic form, depends, above all, 
on the .solution of an algebraic equation of the 71 th degree, which is called, as 
before, the characteristic equation of the system. The coefficients of this equa¬ 
tion can be obtained in general only by approximations, as in the case of a 
single differential equation of the nth order (§ 55). 

62. Reducible systems. Let us con.sider a system of linear homogeneous equa¬ 
tions of the form (140), whose coefficients are real, continuous, and bounded 
functions of the real variable t for all the values of that variable greater than 
a certain lx)und < 0 , and let us suppose that we apply to this system a transfor¬ 
mation of the form 

(162) ZI = biiVi + bitVi + •' ■ + binVn, (i = l, 2, ...,n) 

where the coefficients 6,-^ satisfy the following conditions: 

1) They are real, continuous, and bounded functions of the variable ( for 

2) They have derivatives satisfying the same condition ; 

8) The reciprocal of the determinant of the dj^’s is bounded. 
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If we take the funoUons zt for new dependent yariables, it is clear that the 
Bystem (140) ia replaced by a linear eystem of the same kind as the first. We 
have, in fact, . 

— = baVi + b^iVi + • • *1 

or, replacing yj, yj, • • •, by their values obtained from the equations (140), 

~ = CrtVi + daVi + • • • + 

di 

where the coefficients dt have the same properties as the coefficients a,>. We 
have now only to replace yi, ya, • • •♦ i/m in these last equations by their expres¬ 
sions in terms of the new dependent variables zi, Za, • • 2i, obtained from the 

equations (152). 

If it is possible to choose the coefficients bn of the transformation in such a 
way that the new system will be a system ipith coruttant coqfficientSy the system is 
said by Liapunof to be reducible. See page 242 of his paper cited in the footnote 
on page 161. 

Ewry system whose coefficients are real^ continuous^ and periodic functions^ vrith 
the same period w, is reducible. 

In fact, let us consider the adjoint system, which is also a system with 
periodic coefficients. Let s be a root of the characteristic e(|uation and a the 
corresponding characteristic exponent. We shall suppose, in order to consider 
the most general case, that to this exponent a corresponds a group of p par¬ 
ticular systems of integrals of the form previously considered. This gn)up will 
therefore furnish (§ 57) p linear first integrals of the given system, which will 
be of the fonn 

+ Z4y2 + • • * + ^»•y«) = Cl, 

e«<{yi J>zi + piDZi + • • • + - C2, 


€f*{yiDP-^Zi + y2^'*“'22 + • 


+ y«/)P-»Zn) = Cp, 


where zi, za, • • •, z» are polynomials in t, of degree p — 1 at most, with periodic 
coefficients, and where the derivatives are taken regarding these coefficients as 
constants. Arranging these first integrals with respect to t, we may write them 
in the form 


L(P-I)! 


(p-2)! 


g..r. -i ^ L - Fi 

L(P-2)! 


(P-3)! 


d: l^p ~ Cl, 

4 . ... = Ca, 


e»*ri = Cp, 


where Fi, Fa, • • Fp are independent linear combinations of yx, ya, • • y« with 
periodic coefficients. For if they were not independent, we could derive from 
the equations (153) a relation between the arbitrary constants Ci, Ca, • ••, Cp 
and the variable t. If we take the linear combinations Fi, Fa, •••, Fp for 
dependent variables, the relations (158) represent precisely the general integral 
of the linear system of equations (§ 59), 
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Proceeding similarly with all the groups of first integrals furnished by the groups 
of Integrals of the adjoint system, we see that the given system is transformed 
into a linear system with constant coefficients by means of a transformation of 
the form 

+ 0122/2 + • * • + 4>iHVn^ 

where the coefficients 0,* are periodic functions with the period w. 

The reciprocal of the determinant D of the 0,t’8 is bounded for t > for 
we shall show that D does not vanish for t > Indeed, if we consider n inde¬ 
pendent systems of integrals (yu, y„i) of the first system and the corre¬ 
sponding n systems of the transformed system, the determinant D 

is equal to the quotient obtained by dividing the determinant of the F^^’s by 
the determinant of the i/ti’s, and we know that these last two have finite values 
different from zero for all finite values of t. It follows that the absolute value 
of J) remains greater than a certain positive minimum for all values of t 
between and + at. 

In order to complete the proof, we may suppose that the characteristic equa¬ 
tion of the adjoint system has no real negative roots; for, by § 54, any root is 
replaced by its square if we consider the period 2uf instead of the period <a. 
If the characteristic equation has only real positive roots, we may evidently 
suppose that all the functions 0,* which appear in the equations (155) are real. 
Then that transformation actually satisfies all the required conditions. More¬ 
over, all the characteristic exponents are real, and the transformed system has 
real coefficients. But if the characteristic equation of the adjoint system has 
conjugate imaginary roots, to each group of p linear combinations, such as 
Fj, F,, •••, Fp, in which appear imaginaries we can associate the group 
formed by the conjugate imaginaries. Hence, combining them in conjugate 
pairs, it is clear that we again obtain a system with real constant coefficients 
by means of a transformation of the desired form with real coefficients. 


EXERCISES 

1. Integrate the linear equations 

y<>v) — 24- y = Ae^ + Be-* + C sinx + B cosx, i/<^> + y" = x» 
y'" — y" + y' — y = — 4 cosx, 

y'" — 3 y' + 2 y = ((IX + 6) c* 4- ce- 2 ^, 
x^y'" — 9 xy" -f9y' = l4'2x4'3x2 Log x, 

XV' — 2xy' 4* 2 y = x2 4- iwc + 
x»y'''-8acV'+ 7x/-8y = x»~2x, 

xV' — Sxy' + 4y = x* 4 - f —^r-. 

Vl 4* ** 

xH/'^ - OxV' 4*87xy'-04y = x^[a4"b Logx 4- c(Logx)*], 

X V'' + 2 xy' — 2 y = X COB X — sin X, 

xV+ 8a5y'4- y =/(«). 

If/(x) is analytic in the neighborhood of the origin, prove that this last equa¬ 
tion has a particular integral analytic in the same neighborhood. 
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2. Integrate the systems of linear equations 

,.) + g-f + » = 0, + . = 

dt dt dt dt dt dt 

M, 

(/*) — + 6*+y = cos2«. 


(•y) 

(«) 

(*) 

(f) 

(>») 


|H —+3,.0i 


dx^ dx dx 

^ + ‘j*? + 3'-^ + 2y + 3* = e-- 
^dx^ dx dx 


dt 


~ 4- - 2 = 0, 

dt 

4- X — y = 0, 




dt 


'-2 = 0, 


dz 

dt 


+ X —2 = 0; 


dy 


dt 

3^,4.82-414 = 0, 
dx 

du 


^ 4 - y ~ 4 2 = 0 , 


(i2 

dt 


4- 42 — X = 0; 


(iz 

dx 


4 - y — 5 2 4 - 2 M = 0, 


— 4- 3 y — 14 2 4- 0 u = 0 ; 
dx 

-(X4-l)y- 22 4'2(l-X)u = 0, 
2^ 4" Xy 4" 2 4" 2 (X — 1) w = 0, 
w' 4- Xy 4- (2X - l)w = 0. 


3. Find the general integral of the equation 

(2x4- l)y" 4- (4x - 2 )y' - 8 y = ( 6 x« 4 x - 3)e^ 

from the fact that the homogeneous equation lias a particular integral of the 
form where m is a constant. [Licence^ Caen, 1884.] 

4. Prove that the differential eciuation 

(x'--l)y" = n(n4*l)y, 

where n is a positive integer, has a {ndynoinial /*(x) for integral. From this 
prove that the same equation has a second integral 

PLo8('-±1)+,. 

where Q is also a polynomial. [Licence, Paris, 1800.] 

6. The linear differential equation 

xy" — (x 4“ pi 4* »') / + Aty = 0, 

where and p are two positive integers, has a polynomial y^ = P(x) as an inte¬ 
gral. Hence prove that it has a second integral y, = e^Q(x), where Q(x) is also 
a polynomial. [Licence^ Paris, 1003.] 

6. Find the necessary and sufficient condition that the linear equation 

V" 4* PP' 4* ^y = 0 may have two independent integrals, y^, which satisfy 
the relation yty 2 = 1. Assuming that p =; — 1/x, find the coefficient ^ and the 
general Integral. [Licence^ Paris, 1902.] 

7. Derive the formula (23), p. Ill, from the formula (11), p. 106,;'which 
gives the value of the determinant A(yi, y^, •••, y»). 
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8. BessePs equation, 

xy" + 2 (m + 1)|/' + xy = 0, 

has as a particular integral the function represented by the definite integral 

• = r (1 — cos xz dZj 

Jo 

provided that the real part of m is greater than — 1. If m is a positive integer, 
that integral is of the form (see Vol. I, end of Chap. V, Ex. 20, 2d ed.; Ex. 21, 

Ist ed.) 2.4.6 • • • 2m(t/'sinX + Fcosx), 

where U and V are polynomials in 1/x whose coefficients are all integers, and 
the general integral is 


y = C(U sin X + V cos x) + C'(V sin x — U cos x). 

9. The integration of the system of linear equations 


[Hebmite.] 


dy 

dz 


+ ay i- bz = 0, 


dz 

^ + a,y + = 0, 


where a, 6, are any functions of x, reduces, on putting y = tz, to the 

integration of Riccati’s equation, 

^ + 6 + (a - bi)t - = 0, 

and to the calculation of/(a + b^)dx (see ftn., p. 112). 

10. The ratio z of two independent integrals of the linear equation 
y" + !>/ + 92 / = 0 

satisfies the differential equation of the third order, 



11. Given the differential equation 

{E) X {y" - y') - ay = 0, 

where a is constant, how must we choi^se the path of integration L so that the 
function y(x) represented by the detinite integral 

l/(x)= r c^z«-i(z-l)-“-Mz 
JiD 

shall be a particular integral of (E) ? Show that the equation {E) has a par¬ 
ticular integral, which can be expressed without any sign of quadrature, when 
a is an integer. Deduce from it the general integral, and express it in terms 

of the smallest possible number of transcendentals. 

[Licence, Paris, July, 1908.] 

12. Determine the two functions P{t) and Q{t) so that the function y 
represented by the expression 

y = (X - a)fJf(t)P{t)<U + (X - 6) j^V(0 Q{t)dt 

shall be an Integral of the differential equation y" =/(x) for all possible forms 
of the function/(x). [Licence^ Paris, October, 1907.] 
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13* The general integral of the linear equation 

apy'" + [n + 3 B P(x)] / + x» + 1 Q (oj) y = 0 , 

where P (x) and Q (x) are analytic in the neighborhood of the origin, is single^ 
valued in this neighborhood. The letter n denotes an integer greater than unity. 
14*. Every equation of the form 

(fP *H 1/ (Jp y 

+ 3cQii-p-i(x) - + Qtt^p(x )+ • • • + Qii(*c)y = 0, 

where Qj, • • •, Q, are analytic functions in the neighborhood of the origin, 
has an analytic integral in the same neighborhood ; and the value of the inte¬ 
gral, as well as the values of its first p — 1 derivatives, may be arbitrarily chosen 
for X = 0, provided the equation 


(r - p)... (r - n + 1) + Q, (0) (r - p)... (r - n + 2) + .. • + Q.,«p (0) = 0 

has no integral root greater than p — 1 . 

[E. Goursat, Ayinales de V^cole Normale^ 1883, p. 286.] 

Note, By an artifice analogous to the one which was used in § 60, we are led 
to prove the proposition for an equation of the form 


where we have put 


dPu _ M /( 
dxp ^ X \ 


1-- 

r 


dP-^u 

dxP-i 


du \ 

+ 


u = y + xy' -I- ••• 


d"-py 
dx** “p 


16*. Let Z be a system of four linear equations identical with its adjoint 
(p. 166) 

{E) ^ = an yj + a ,2 y^ + y, + 0.4 y^. (i = 1. 2, 3, 4) an + = 0 

ax 


This system has the first integral y* + yj + 1 /? + yj = C. If we suppose C = 0, 
the preceding relations are satisfied by putting 

= y2 = p(i + ^v). y8 = pi(i~Wi y4 = pi(v + 0- 

Substituting these expressions for y|, y,, y„ y^ in the equations (F), we obtain 
the system of three equations 


2 ^ = (Oil 4- iuia) (ij — 0 + 2 ( 0 ^$ + (a84 + {v + {)» 

^ (ai 2 4 048) (1 4 ■»?*) 4 i (uit 4 024 ) (1 — 17 *) 4 2 1 (032 4 U 14 ) ’ll 

2r = (021 4 a4,)(l 4 ?) 4 i( 02 i 4 M (I - r*) 4 2i(a8a 4 a4i)L 

of which the last two are Kiccati equations. Let 17 =/(x, Cj), ^ = ^(x, Cg) bo 

the genera] integrals of these two equations; then the general integral of the 
equation in p is given by the equation 


• a/^ -" * 


aCj ac. 


[E. GocitsAT, Cowpfa rendiu, Vol. CVI, p. 187, and Vol. CXLVIII, p. 619.] 
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16. Fiore the relation 


JJ(l>’(x)dxj‘y'(x)dx J •■■J^4,'(x)dzj'Jf(x)dz 

~ Oi ' - i)i X. <l>{v)]’‘-^f(v)dv, 


in which the left-hand Bide contain^ n integral signs, by proving that the two 
sides are particular integrals of a linear differential equation of the nth order 
satisfying the same initial conditions. 

17 *. Prove that the integral <f> (x, a) of the linear equation F(y)=0 (p. 108), 
considered as a function of the variable a, is an integral of the adjoint equation 
0 (z) = 0, after having replaced z by a. 

Note, It is seen that the integral of the equation F(y) = 0 which, with its 
first (n — 1) derivatives, takes on the same values for x = Xq as a function ir(z) 
and its first (n — 1) derivatives, has the form 


y = ir(i)-J* F(z)<t>{x, a)da, 


where 2 = ir(a). The integral on tlie riglit must depend only upon ir(x), v{x^), 
*^(* 0)1 ’ • write (§ 42) 


f F(2)^(x, <i)d<;t = 0(x, «)]}“ l-f zO[4,{x,a)]da, 

and it is clear that the preceding condition is not satisfied unless we have 
G[0(x, a)] == 0. It follows readily that the functions 0,(x) defined by the 
equations (il) (ftn., p. 109) form a fundamental system of integrals of the 
adjoint equation. 
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L EXCEPTIONAL INITIAL VALUES 


The proof which lias been given for the existence of integrals 
that take on given initial values really sujiposes that the right-hand 
sides of the given system of equations are analytic in the neighlior- 
hood of these initial values (§ 22), Restricting ourselves to the case 
of a single equation, we shall examine some simple cases in whi(3h 
that condition is not satisfied. 


63. The case where the derivative becomes infinite. Let us consider 
an equation of the first order, 


( 1 ) 


y). 


where the right-hand side f{x, y) becomes infinite for the pair of 
values a; = y ^ y^ in such a way that its reciproi*al 


y) = 


1 

y) 


is analytic in the neighlx)rho<xi of this pair of values, 
the preceding equation in the form 


( 2 ) 


fix ^ _ 1 _ 

</y y) 


y)) 


We can write 


regarding y as the independent variable and a* as the dependent 
variable. But since the right-hand side /’(or, y) is analytic; by hypothe¬ 
sis for a? = y = Cauchy^s theorem applies to tlie (‘quation (2). 
Hence there exists an inb3gral, and only one^ wlii(!h ajiproaches 
as y approaches y^, and that integral is analytic in the neighborhood 
of the point y^. The development of a: — in a ])Ower series axicord- 
ing to powers ot y — y^ necessarily commences with a term which 
is at least of the second degree, since dxfdy or/j(a*, y) is zero for 
X « y ^ Vof otherwise f(x, y) itself would be analytic. Let 
this development of a; — be 

(3) *+ .... 

(to S 2, =)b 0) 
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From the equation (3) we derive a development for y — according 
to powers of (x — (see II, Part I, § 99), 

1 i 

(^) y-y„ = ®,(* - * 0 )”* + ®!i(* - ^o)" H— • («i 0) 

It follows that the equation (1) itself has this one and only this one 
integral of the form (4) which apqwoaches as x approaches x^, and 
the point is an algebraic critical point for this integral,* 

64. Case where the derivative is indeterminate. The complete dis¬ 
cussion of all the cases in which the derivative becomes indeter¬ 
minate is much more complicated. Let us take first the equation 
studied by Briot and Bouquet,t 

(5) X//' - hy = «,„x 4- a^v!^ 4- a„xy 4- a^?/ 4- = y), 

where the right-hand side is analytic in the neighborhood of the 
point or == ?/ = 0, and let us try to determine whether there exists an 
analytic integral whi<!h vanishes with x. For this purpose let us 
substitute for //, in both sides of the equation (5), a power series 
(()) y — r^x 4- c/2 q-p 4-. 

After the substitution the coefic'ient of r” on the left-hand side is 
(u — while the co(*tfieient of a-’* on the right is a polynomial, 

* * * > > ^ 1 ? * * * > 

whose coefficients are all ])ositive integers, find which contains only 
the coefficients and sonn^ but not necessarily all of the 

coefficients for whirh / -f ^ n. We therefore obtain a recurrent 
relation for the coefficients of the scries (G) : 

~ ’ * * > j * ’ * > 

I (7t = l,2,...) 

This enabh‘S us to calculate tliese coi‘fficients successively, 

that b is not equal to a posit ire integer. Let us first set aside this 

supposition. The relation (7) gives us 

= ~2^"b ^ 


• In geometric language, wo ran alsd say that through the point (iq* Vo) there 
passes one and only one integral curve, on which the point (Xq, Pq) is an ordinary 
point, and the tangent at this point is the straight line *= In stating the theorem 
we have tacitly assumed that the function y) does not vanish for *“*0 tor all 
values of y ; for in this case tlie integral of the equation (2), which takes on the value 
Xq for y * Pq, reduces to a; <* stq, and the equation (1) has no integral which approaches 
Pq as z approachesyo. 

t Journal de VEcok Polytechnique^ Vol. XXI, 1856. 
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and 80 on in this way. The value of the series (0) certainly repre¬ 
sents an integral of the equation (6) vanishing with x, provided that 
the series has a radius of convergence different from zero. In fact, 
the operations by which we have obtained the coefficients of this 
series are then valid (I, § 192, 2d ed.; § 186, 1st ed.). 

In order to prove the convergence of this series, let us observe 
first that if we give to n all the integral values 1, 2, • • •, to infinity, 
the fraction l/(n-~/i), which cannot become infinite, approaches 
zero. The absolute value of that fraction has therefore a maximum 
1 /R, and we have for every value of the integer 7i, 11 /(n — | ^ 1/R. 

On the other hand, let 

Y) - A^^x 4- A^x^ 4- A^^xY 4- A^Y^ 4- • • • 4- A,,x^Y^ + • • • 

be a dominant function for <f>(x, //), having no consfiint term nor any 
term in Y. We might take, for example, a function of the form 


<i>(x, r) = 


. 1 / 




M - M • 


but it is really not necessary to s|>ecify it compleUdy in order to 
carry tlirough the proof. The auxiliary equation 

( 8 ) ny = ^(x,Y) 

has, by the general theorem on implicjit functions fl, § 193, 2(1 ed.: 
§ 187, 1st ed.), an analytic root vanishing with x. L(*t 

(9) Y = 4- 4- • • • 4- -h . . . 

be the development of this root in a power series. In order to cal¬ 
culate the coefficients C,-, we can substitute this dev(*loj>ment for 1' 
in the two sides of the relation (8). This gives tin? recurrent relation 

( 10 ) = ■ ■ ■, .1,„; r,, fv.. 

where denotes the polynomial which app(?ars in the relation (7), 
in which has Ijeen replac‘.ed by .1,^ and c, by C^. 

But from the very way in whi<‘h we have clnjsen the constant B 
and the function 4»(x, F), we have the imMiualities 

It follows that if we have 

we have also \e^\ < C„, since all the coefficients of the polynomial 
are positive integers. Now we have |«,o|< and, consequently, 
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Eeasoniug step by step, we conclude that the series (9) 
dominates the series (6). The latter is therefore convergent in the 
neighborhood of the origin. Summing up, if the coefficient h of y in 
the equation (6) is not equal to a positive integer^ that equation has 
one and only one analytic integral that vanishes with x. 

In order to finish the study of the analytic integrals which vanish with sc, 
we must still examine the case where 6 is equal to a positive integer. Suppose 
first 6 = 1; the first of the relations (7) reduces to a^Q = 0. If a^Q is not zero, 
then there is no analytic integral fulfilling the condition. If a^Q is zero, setting 
y = Xx, we are led to an equation, 

(11) y = f{x,\) = ajo+ a„X + aojX»+ 

where the function ^(x, X) is analytic, provided that |x| < r, |X|< A, r and A 
being two suitably chosen positive numbers. Now this equation (11) has an 
infinite number of integrals which are analytic in the neighborhood of the 
origin, for wo can choose arbitrarily the value X^, of X for x = 0, provided that 
we have iX^J < A. Hence in this cjise the equation (5) has an infinite number 
of analytic integrals vanishing with x. 

If 6 is eijual to a positive integer greater than unity, the coefficient of x in 
the development of an analytic integral vanishing for x = 0 must be equal 
to aj^(l — 6), and the transformation y = — 6) -f Xx leads to an equation 

of the same form in w’hich the coefficient of X is equal to (1 — 6); 

xX'— (6 - 1)X = + aJjXx + .... 


By a succession of similar transformations w'e reach the case wiiich has just 
been treated. Conseciuently, if the coefficient 6 is equal to a positive integer, 
the equation (5) has no analytic integral vanishing with x, or it has an infinite 
number of such integrals. 

Briot and Bouquet also investigated whether there existed non-analytic inte¬ 
grals approaching zero w ith x, and proved that the equation (5) has an infinite 
number of such integrals wdien the real part of 6 is positive. We can easily 
establish this theorem by means of the method of successive approximations. 
Let us first jioint out tliat if the real part of 6 is positive, we may, without 
lack of generality, suppose that the real part ‘7^(6)>1. In fact, if w^e make 
the cliange of variable x = x'", where n is a positive integer, the equation (6) 
is replaced by an eijuation of the same form in which 6 is replaced by n6. 
We shall siqqx^se, then, that w'e have ‘jR(6)>l, and that 6 is not an integer. 
As we have just seen, the equation (5) has an analytic integral y,, which 
vanishes for x = 0. Hence, setting y = + m, the equation (5) becomes 

xu' (x, vi (x, yi) = (x, u). 

Since tha function <f> (x, y) does not contain any term of the form a constant 
times y, the function ^ (x, u) will not contain any constant term, and we can 
write the preceding equation in the form 

xu' — 6u = u[orx + 
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Let m now pat u = where X denotes the new dependent variable. The 
equation takes the form 

(12) X' = X[nr + +•••] = 

where F denotes a power series with respect to the three variables X, x, 

In the plane of the variable x let us draw through the origin two rays whose 
inclinations are and Wi(w^ < Wj < «<> + 2ir), and let us consider tlio circular 
sector A limited by these two rays and an arc of a circle with the mdius r 
described with the origin as center. If x remains in the interior of A, and 
if [Xj remains less than a positive number /. the function F(\ x, will 

be analytic,* provided that the two numbers r and I are sufliciently small. 
Let us connect the origin with any point x of the sector A by a straight line- 
segment, and suppose tlmt we take for the initial value of X an arbitrary value 
\ whose abs<'>lute value is less than 1. Wo can apply to the equation (12) the 
method of successive approximations (§ 29), which consists in taking the 
successive integrals 

X, = j. Xj = Xo + F(Xj, X, 

and, in general, 

X, = Xo4- I X, x*-»)dj, 

Jo 

all of these integrals being taken along the straight line. The fundamental 
hypotheses for the validity of the proof are .satisfied. All the functions Xi(/), 
**• analytic in the interior i>f the .sector A, aiul the function \„(x) 
approaches a limit A (/) if the nuiius r has been taken sutliciently small. Hence 
the equation (12) has an integral which is analytic in the interior of the sector 
A and which approaches the value X^, as x appr)aches zero. Ht follows that the 
equation (5) has an infinite number of non-analytic integrals in tie* iu*ighlK»r- 
hood of the origin, each of which approaches zero as tlie point x apprruiches 
the origin and depends upon an arbitrary parameter X^. This proves Hriot and 
Bouquet's theorem. 

The condition that the real part of h — I In* jmsitive is es.sential. Indeed, if 
X approaches tlie origin, remaining in the sector A, its angle remains lx*tween 
and Wj, and its absolute value approaches zero. Setting x ~ — 1 = /* -f ri, 

we have 

(13) — gts + »'*)(Wp+««) =: CStoKp-KweKFlojfp + vw). 

As p approacdies zero, ca remaining included Ixdween the two limits and Wj, 
plogp— rw l)ecomes infinite in alxsolute value in remaining negative, and the 
absolute value of x*~* approaches zero. On the rontrarj% if the r(*al part of 
6 —• 1 is negative, it is obvious that the absf>lute value of becomes infinite 
asx approaches zero, remaining in the sector A. The function F(X, x, x*'-') is 
not continuous at the origin, and the previous prof»f no longer ai>plles. 

According to Briot and Bouquet, if the real part of b is negative, the equa¬ 
tion (6) has no other integral than the analytic integral vanishing for x = 0. 

• If X approaches the origin, remaining always in the sector A, the derivative of the 
function F with respect to x may become infinite If the real part of 6 - 2 is negative, 
but that derivative does not appear in the method of successive approximations. 
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But their proof, which is very similar to the one in the footnote on page 60, sup¬ 
poses that the variable x approaches the origin along a path of finite length that 
has a dehnito tangent at the origin, and this condition should appear in the state¬ 
ment of their theorem. In order to give some idea of the difficulty of the ques¬ 
tion, let us consider the function supposing that the real part of 6 is negative^ 
while the coefficient p of i is different from zero. The absolute value of xP is equal 
to If we make the variable x describe a curve that approaches the 

origin indefinitely, ^ log p does approach -f oo, but if we make the angle w in¬ 
crease in absolute valiuj at the same time in such a way that the difference 
/lilogp-* viij remains negative and increases indefinitely in absolute value, the 
absolute value of x* approaches zero at the same time as |x|. If r>0, we need 
only make the variable x describe the logarithmic spiral whose equation is 
p — for exam])le ; for we then have |x^| = and if the angle w 

approaches cc^ \ i\=: p an<l |x^| approach zero simultaneously. 

If the real part of b is negative and the real part of b/i is not zero, it follows 
from investigatitms of Picard and Poincar^ that the equation (5) has an in¬ 
finite number of non-analytic integrals that depend upon an arbitrary constant 
and approach zero as the variable x <lescribes a path such as the preceding, along 
winch |x''| approaches zero. The contradiction between this result and the 
theorem of Briot and Boiniuet is ojily apparent, since in the two cases entirely 
different conditions are assumed. In particular let us notice that if the variable 
X takes on (Uily real values, it cannot turn an infinite number of times around 
the origin ; conseciuently there will be no other integral which approaches zero 
with j exc(*])t th<‘ analytic integral, provided the real part of b is negative. 

The results of (his discussion are eji,sy to verify with the elementary equation 
x/ ~ ux 4- /;//, whose general integral is y = ox/(l — b) + CjP if 6—1 is not 
Z(U'o, and y (f.r L<»gx 4- ('x if 6 = 1. 


65. Wo sluill limit oursolvo.s to a few statements concerning the 
general oaso of an (‘(juation of the form 


(14) 


(If/ ^ (Kr hf/ -f c.r^ 4- 2 (hry -f- • • • 

dx a'x -j- h'y -j- c'x* + 2 d\nj 4- • • • 


Y 

Y 


where A' and I' are power series which converge when 


|a-|<r, \u\<r. 

We are supposing, as w’e may without loss of generality, that it is 
for 0 * = ?/ = 0 that dy/dx iH'comes indeterminate. Setting y ^ vx m 
this equation, it IxH^omes 


d r 4- 4- 6'c) -f- r) 

^ dx (d -Y b'r 4- r) 


where v) and v) are two power series which are convergent 
whenever |.r| < r and |rx'| < r. If the equation (14) has an analytic 
integral vanishing with Xj the coefficient of x in the development of 
that integnil is necessarily a root of the equation 

(16) a 4- — v(a' 4- 0, 
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since the left-hand side of (16) is zero for x =a 0. Let v, be a root of 
the equation (16). If we put v s -f u, the two functions 

«^(x, »j+m), ^(x, w, + u) 

are still regular in the neighborhood of the values x = 0, w = 0, and 
the equation (15) reduces to an equation of a form already studied, 

(17) x^ = .iM+ 7ix+• • •, 

provided that v = does not make + b'v vanish. Since the equa¬ 
tion (16) is in general of the second degree, we see that we can 
reduce the equation (14) to the form (5) in two different ways. 
Hence there are in general two analytic integrals and only two van¬ 
ishing for X = 0. But these conclusions are ai)plicab]e only under 
the most general conditions, where the cot^fficients a, />, a\ b* do not 
satisfy any s{)ecial relation. 

The general investigation of the integrals, analytic or not, of the 
equation (14), which approach zero when x approaches zero (A" and 
y teing two regular functions which vanish for x // = 0), luis U^en 
the object, since the work of Briot and Boiupiet, of a large numl)er 
of investigations. Although it has l)een possiiih? to treat more and 
more general cases, the question is still not exhaustc»d. Let us notice 
in jiarticular just one remarkable circumstance which we have not 
yet mentioned. Let us take the eiiuation 

(18) = 

and let us try to find, as above, an analytic integral of this equation 
which vanishes for x = 0. If we attempt to determine the coeffi¬ 
cients of the series (6) so that on 8ul>stituting it in the equation (18) 
we arrive at an identity, we discover the relations 

a + bc^ = 0, e^ = bc^, 2o, = *r„ • • 

from which we derive 

a a 2a n\a 

y — •••> yri' 

We thus obtain a unique value for each coefficient, but the aeries 
which we obtain is divergent except for x = 0. The origin is an essen- 
tisdly singular point for all the integrals, as is verified by direct 
integration. Similarly, the point x = 0 is an essentially singular 
point for all the integrals of the equation apy' + y* « 0; and all these 
integrals approach zero with |x{. 
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II we aesign only real values to the variables x and y, and wish to construct the 
integral curves of the equation (14) {X and Y being, for example, two polyno¬ 
mials in X and y with real coefficients), it is very important to know the form of 
these integral curves in the neighborhood of a point common to the two curves 
X = 0, F = 0. We shall study from this point of view the simple equation 


(19) 


dy _ ax + by 
dx a'x + b'y * 


which can be integrated by elementary methods (§ 3) by the substitution y =: tx. 
We can integrate it in a more symmetric way by replacing the equation (19) by 
the system 


( 20 ) 


a'x + b'y ax-\-by 


where t is an auxiliary variable introduced for the sake of symmetry. We have 
seen above (§ 59) that tliis system can be reduced to a simple canonical form 
by replacing x and y by two linear homogeneous combinations X and Y of these 
variables. In this case the characteristic equation is 

— {a' 4- 5) + ba' — ah' = 0. 

This equation cannot liave zero for a root, since we suppose that ah' ha' is 
not zero. Several cases are now to be distinguished according to the nature of 
the roots; 

1) If the characteristic equation has two real and distinct roots sj, w'e can 
reduce the system (20) to the form 

l-I = = dt 

Si X S2 Y 

and the given equation consequently becomes 


YdX = - XdY. 


The general integral is given by the equation 


Y = CX\ 


If «i and $2 have the same sign, Y approaches zero with X, and all the integral 
curves pitss through the origin, which is a noile. If is negative, there exist 
only two integral curves passing through the origin, the straight lines X — 0, 
F = 0 ; hence the origin is a saddleback. 

2) If the characteristic equation has two conjugate imaginary roots a -f /Ji, 
a — ^ 0), we can reduce the system (20) to the form 

_J IiL_ = dt 

(a + >) (A' + I'i) (a - pi) (A - Yi) 

where X and F are linear homogeneous combinations of x and y with real 
coffficients. We can then write these etiuations in the form 

_ dY 

aX - pY ~ pX + aT ' 

from which we derive 

XdX + YdY XdY~ YdX 
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The general integral of the equation (19) is therefore represented by the 
equation ^ ^ 

, - ^arot«n4. 

vx* + = Cc® ‘. 

If a is not zero, all these curves have the form of spirals which approach 
the origin as an asymptotic point. The origin is said to be a focm. 

If a is zero, the general integral is represented by concentric conics. The 
origin is called a center, but this case must be considered as exceptional, since it 
occurs only when a satisfies an equaliti/, 

3) If the characteristic equation has a double root s, that root is real and 
different from zero, and the system (20) reduces to the form 

— - 

sX'~s{X^Y)~ 

The equation (19) itself becomes dY/dX = 1 + F/X, and the general integral is 
Y = CX -f X Log X'. In onler to construct these curves, wo can express X and 
Y in terms of an auxiliary variable by putting A' = which gives Y= Ce* + 
When $ approaches — oo, X and i", and conseipiently / and approach zero, 
and the origin is again a focus. 

The preceding classification is due to Poincar^, w'ho has extended the dis¬ 
cussion to equations of the general form (14) whose coejaScients are real. 


II. A STUDY OF SOME EQUATIONS OF THE FIRST ORDER 

66. Singular points of integrals. The developments in series by 
which we have established the existence of analytic integrals of a 
system of differential equations enaide u.s to calculate theses inte¬ 
grals only in the interior of the circle of C()nvergen(*e; but the 
knowledge of these developments suffices, as we have noticed in 
general (see II, Part I, § 86), to vlrtunlly determine these functions 
in the whole domain of their existence. Lt?t us (;onsidt*r, for defi¬ 
niteness, an algebraic differential equation of the first order, 

( 21 ) = 

where F is a i)olynornial in Xj y, y\ Let y^ be a pair of values 
for which the equation F(x^, y^y y') == 0 has a simple root y'. When 
X and y approach and y^ respectively, the equation (21) has one 
and only one root appnxiching yj, and that root, y'=/(.r, y), is a 
regular function in the neightorhood of the point (x^, y^. The 
equation (21) has therefore an analytic integral which reduces to 
for X =: and whose derivative takes on the value yo for x=z 
This integral is defined by its power-series development only in the 
interior of a circle about x^ as center, whose radius is in general 
finite. But this function, whose analytic extension may be followed 
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outside of the circle satisfies the equation (21) in its whole domain 
of existence. Let us observe that we may make use of the equation 
(21) itself to calculate the coefficients of the different series which 
we use in the method of analytic extension. If at a point in the 
circle the integral considered is equal to its derivative is equal 
to one of the roots yj of the equation F(x^, y') = 0, and we sliall 

\ye able to derive the values of the other derivatives at the point 
by successive differentiations of (21). 

It follows that every differential equation of the first order defines 
an infinite nuinl)er of anal^'tic functions, depending upon one arbi¬ 
trary constant. These are in general transcendental functions which 
cannot be expressed in terms of the classic transcendentals, and the 
same thing is true a fortiori of the functions defined by algebraic 
differential equations of the second, or higher, order. The study 
of the proj>erties of these new tiunscendentals and their classifi¬ 
cation constitutes the object of the analytic theory of differential 
equations. 

We may ha guided in this study by two different motives; we 
may seek the necessary and sufficient conditions that equations of a 
given sort may l)e integrated by means of functions already known; 
or, on the other hand, we may }>ropose to ourselves the problem of 
discovering the algebraic differential equations tliat define* transcen¬ 
dentals not reducible to the classic transcendentals, and ix)ssessing 
certain remarkable })roj)erties, such as iKnng single-valued and ana¬ 
lytic, or analytic exce])t for })oles, etc. Whatever may be the object 
that we have S])e(dally in view, the investigation of the possible 
singularities of the integrals is an essential question. While the 
singular points of tlie integrals of a linear equation are fixed, the 
singular points of the integrals of non-linear equations vary in gen¬ 
eral with their initial values. For exanqde, the integral of t he equa - 
tion X -f yy' = 0 which takes on the value y^ for x = 0 is y = VyJ —* x^. 
This function has the two critical points 4- y^, — y^, which depend 
ujx)n the initial value. Similarly, the integral of the equation y^ = y* 
which takes on the value y^, for ur = 0 is ^^/(l — x ^^); this solu¬ 
tion has the pole cr = 1/y^,. We are therefore led to distinguish two 
classes of singular points for a differential equation: the fixed sin¬ 
gular points which do not de|>end upon the chosen initial values 
(not being necessarily singular points for all the integrals), and 
the movable singular ix>int8, poles, or critical points which depend 
upon the initial values. A differential equation may have both kinds 
of singular points. 
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67. f^uKtloM defiaed by « dUferentlul «qu«tloa y* rs R(x, y). We 

shall study iu particular the differential equation 


( 22 ) 


dx 


=*N(a?, y) 


y) 


where P(Xj y) and Q(ar, y) are two polynomials in x and y which 
have no common polynomial divisor. The pair of simultaneous 
equations P(Xy y) = 0, Q(xyy) = 0 has a certain numl)er of solutions 
(ttj, by), • • •, (a^, b^y Let us mark the points a^, • • •, a, in the 

x-plane. 

The transformation y ^1/z reduces the equation (22) to an equa¬ 
tion of the same form, 


(23) 


iix 


= RJ^x, z) = 


Pi(^, g) 


and the pair of equations Py(xy z) = 0, Qy(x, ;?) = 0 has a certain 
number of systems of solutions (a[, b[), • • (a'^, //^). Let us nuu-k 

the points a^, in the x-plane. The points a^, are in gen¬ 

eral singular i)oints for some of the integrals of the equation (22), 
but they are known a priori; that is, they are the Jixed singulai* 
points. 

Let now (x^, y^) be any pair of values such that Q(x^, yj is not 
zero. Then by Cauchy’s fundamental theorem the equation (22) hits 
an analytic integral, in the neighborhood of the point which 
takes on the value for x = x^. Suppose that we make the variable 
X describe any path L proceeding from the point and not passing 
through any of the points a^, a^. We can continue the analytic 
extension of this integral along L so long as we do not encounter 
any singular point. But it may happen that we are stopjied by the 
presence of such a ix)int; let a lx; the first singular point which 
we encounter. The integral considered is analytic in the neighbor¬ 
hood of every point .Y of the path L included between and a, but 
the circle of convergence of the power series which represents it, 
and whose center is at .Y, never contains the point a in its interior, 
however small |X — uj may be. The equation Q(a, y) = 0 has a cer¬ 
tain number of roots iS,, • * Let us mark the points p^ in 

the y-plane. The equation Q(a, y) = 0 has only a finite number of 
roots, for otherwise the polynomial Q(aj, y) would be divisible by 
(x — a) and the point a would be included among the points ajJ. 
For the same reason it is seen that the two equations P(a, y) »(V 
Q(ur, y) as 0 have no common root. 
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There are now several possible cases to be examined. Let Y be 
the value of the integral in terms oi X; we cannot suppose that Y 
approaches a finite value jS different from •••, as A ap¬ 

proaches or, for R (rr, y) is a regular function for a, y = p. Now, 
by Cauchy^s fundamental theorem, there would then exist a single 
integral approaching as x approaches a, and that integral would 
be analytic at the point contrary to hypothesis. Let us suppose 
next that Y approaches the value p^ when |X — a| approaches zero. 
The function R (x, y) is infinite for a* = rr, y = p^, but its reciprocal 
is a regular functioii, since we cannot have P(cc, p^ = 0. We have 
seen in § 63 that the equation (22) has one and only one integral 
which apijroaches p^ as | A' — a j approacjhes zero, and which has the 
point a as an algebraic critical point. Similarly, if \Y\ becomes 
infinite as \ X — a\ approaches zero, the equation (23) has an integral 
which apyu’oatdies zero with |A" — a\. We cannot have simultane¬ 
ously 0) = 0, 0) = 0, since the point a is not contained 

among the j^oints If Qj(rt, 0) is not zero, z is analytic in the 
neighl)orhood of the point ur, which is a pole for the integral con¬ 
sidered. If Qi(«, 0) = 0, the point a is an algebraic critical point 
for z and thus also for y. 

We have not yet exhausted all the possibilities. Might it not hap¬ 
pen, for example, that }' does not approach any limit, although | r| 
does not bcH’ome infiniti^ as |A" — a\ approaches zero? Painlev^ has 
shown, in the following way, that this is not possible. Previously 
this luul l)een assumed without adequate proof. About the point a 
as a center let us describe a circle C with a very small ludius r. The 
roots of the equation Q(A', y) = 0 which approach respectively 
P\f * * ’ > Px as IA — a I approaches zero remain respectively con¬ 
tained in the interior of the circles yp • • •, yjv- about the points 
Pv * ’ * > Py ^ centers with radii pj, • • •, py. We can take the 
radius r so small that all these radii p. are themselves smaller than 
any given positive number c. Let us consider at the same time a 
circle T with a very large radius Ry described in the plane of the 
variable y about the origin as center, and let (E) be the portion of 
the y-plane exterior to the circles y,. and interior to the circle P. We 
shall show that when [A' — a| approaches zero, the corresponding 
point Y finally remains constantly in the interior of one of the cir¬ 
cles y< or exterior to the circle P. If this were not the case, we 
should always find on the path L certain points X such that | A — a| 
is less than any given number and for which Y would be in the 
region (E). Suppose now that we have | A — ar| < r/2, for example, 
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while only values of Y in the region {E) are considered. We shall 
show that there is a positive minimum for the radius of the circle of 
convergence of that integral of the equation (22) which is equal to Y 
for x^X, In fact, there is evidently a maximum for |/^ (.Y, K) | when 
the points A', Y remain respectively in the preceding regions, while 
there is a positive minimum for the numbers a and h (see § 22). Let 
q be the minimum of the radius of this circle of cionvergence. We 
could find, by hypothesis, a point on the })ath L whose distance 
from the point a would be less than q and such that the correspond¬ 
ing point F' would be in the region (E). Since the circle of conver¬ 
gence of the series, which represents the integral which takes on the 
value F' for x = X', has a radius at least equal to > 7 , the point a 
would be in the interior of this circle, which is evidently im^wssible, 
since a is a singular point. 

The point F, therefore, finally remains constantly in the interior 
of one of the circles or outside of the circle T as | A — <r| approaches 
zero. Since the radius can be taken as small as we please and the 
radius R as large as we please, this means that 1 ' approaches one of 
the values unless | F| becomes infinite. We have just examined 
what happens in these two cases. It follows that the point« is either 
a pole or an algebraic critical point. Hence we can avoid the singular 
point by replacing the portion of the path L near the point a by an 
arc of a circle of infinitesimal radius deseril)ed alx)ut this point 
as center, and we shall be able to continue the analytic extension 
beyond this point until we meet a new singular point. We sliall 
show that on a path L of finite length there are never more 'than 
a finite number of }X)les or of algebraic critical points. In fact, with 
each of the points a\ as centers let us descril:)e a very small circle 
in the plane of the x^s, and let us describe also a circle of very large 
radius about the origin as center, so that all of the path L shall lie 
in the region {E*) of the a^plane bounded by these circumferences. 
Let Xj be any point of (i^'). Then the integral whose absolute value 
becomes infinite as |x — xj approaches zero is equal to a polynomial 
in (x — x^)*"^ plus a power series in (x — Xj) which converges in 
a circle of radius p^ Similarly, the different integrals which have 
the point x^ as an algebraic critical point are represented by series 
arranged according to fractional powers of x — Xj. Let p^ be the 
smallest of the radii of convergence of these different series. It is 
clear that these numbers p^ and p, vary continuously with the position 
of the point x^; hence they have a minimum X > 0 , and the distance 
between two neighboring singular points on the path L is of necessity 
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greater than X.* We can therefore encounter on this path only a 
finite number of poles or of algebraic critical points. Consequently, 
the only movable singular j^oints of the integrals of the equation (22) 
are poles or algebraic critical j)oint8. These integrals cannot have 
movable essentially singular points, and consequently they can have 
no natural boundaries. 

The preceding arguments can be extended without difficulty to 
equations of the form (22), where P(x^ y), < 2 ( 0 -, y) are polynomials 
in y whose coefficients are analytic functions of x. We have only to 
add to the jx^ints wlii(‘h are defined as alx)ve, the singular 

points of all these coefficients. If the path described by the variable x 
remains in a region not containing any of the points a,-, a^. or any 
of the singular ])oints of the coefficients of the various ])Owers of y, 
the only singular ]K)ints which the integrals can have are i)oles or 
algebrau^ critical points. 

As an a])i)lication, let us consider the question of finding the 
equations of tlu* form (22) which have no movable critical points. 
In order that this may be true, the denominator must not contain y. 
In fact, let a be any value of x, and )8 a corresjx)nding value of y, 
for which Q(n:, /3) = 0, wliile the numerator P(a, )8) is not zero. The 
integral of the equation (22) wdiich approaches ^ when | 2 p —a:| 
appraac-hes Z(‘ro has this point as a critical point, and it is clear 
that it is not a c.riticjal point for all the integrals. Hence the desired 
equation must be of the form 

where 7\,, • Jii'O functions of x. ]\Ioreover, the equation 

obUiined by jnitting y = IJz must be of the same form, so that m 


• It should bo noticed that an integral can have an infinite number of critical points, 
and even an infinite number of them in the neighborhood of any value of x. Consider, 
for example, the equation 

2yy'^ 

where R {x) is a rational function; the general integral of this equation is 

R{x)dx. 

Let ns suppose that the definite integral / R{x) dx has the four periods 1, a, t, pi, 
where a and p are two real irrational numbers. In the interior of a cin*le c described 
with any point Xi as center and with an arbitrary radius, it is easy to prove (see H, 
Part I, §53, Xote) that we can find an infinite utimber of roots of by suitably 
choosing the paths of integration, and each of these roots is a critical point. But 
a path of finite length described by the variable never contains an infinite number 
of them. 
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cannot be greater than 2« It follows that the most general equation 
which satisfies the given conditions is a Biccati equation* It is 
easily verified that the condition is satisfied by any Kiccati equa* 
tion. If we take, for example, the expression in (26) (§ 40) which 
represents the general integral, it is clear that that integral can have 
for singular points, besides the singular points of the functions 
only poles resulting from the roots of the denominator + Cy^^ 
that is, poles which vary with the constant C. 


Similarly, we may consider the question of determining the equations of the 
form (22) whose integrals have no niomble poles. I^t m and n be the degrees 
of P(ar, y) and of Q(x, y) with respect to y; the equation obtained by putting 
y = 1/r is of the form 

(24) = 

dx Q,(A«) 


where Pj and Qj are two new polynomials in z. Let z = a be any value of x 
not ^ntained among the fixed singular points. The equation (24) has an Inte* 
gral which approaches zero as [x — aj appn)ache8 zero. It would seem from 
this that the equation (22) always has an integral whose ahsoltite value becomes 
infinite as |x — aj approaches zero, but this conclusion is incorrect if the inte¬ 
gral of the equation (24) reduces to z = 0. It is necessary and sufficient for 
this that m < n + 2 ; hence this is the condition that there shall be no movable 
poles. It follows that the only type of equation which has no movable singular 
point of any kind is the linear equation. 


Application. The preceding result enables us to determine whether the gen¬ 
eral integral of a differential equation of the first order is a rational function 
of the constant of integration^ when that constant is suitably chosen. Let 

(A) = 

he a rational function of the parameter C, where the coefficients of the two 
polynomials in C, P(z, C) and Q(x, C), are any functions of x. It is clear that 
the derivative / is also a rational function of C, 

/ = K'(x, C). 

The elimination of the parameter C leads to a relation of the form 
(E) mv'; x)=:0, 

where F is a polynomial in y, y' whose coefficients may be any functions of x. 
From the manner In which this equation Is obtained we see that it is of defi¬ 
ciency zero in y and y', regarding z as a parameter. 

Conversely, let us consider a differential equation of the first order (E), in 
which the left-hand side Is a polynomial in y and y^ whose coefficients are any 
analytic functions of z. In order that such an equation have a general integral 
of the form (A), it must first of all be of deficiency zero in y and y*. When 
this is the ease, we can express y and y^ as rational functions of a parameter u, 

y«r(z,ti), y'=:ri(z,u), 
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in such a way that we have, conversely, u == s( 2 , y, y^, where the functions r 
and are rational in u, and where s is a rational function of y and y'. Hence 
the given differential equation (E) may be replaced by the equation 


which is of the form 

(Kj) 

where F is a rational function of u. If the general integral of the equation (E) 
is y = li{x^ C)y the general integral of the equation (E^) is, according to the 
above, 

u = /f(jc, C), 11' (Xy C)]; 

that is, it is a rational function of C. But the only singular points of such an 
expression which vary with C are evidently poles. The only movable singular 
points that the equation (Ej) can have are therefore poles ; consequently the 
equation (Ej) must be a Riccati equation.* 

Let us consider, for example, the equation 

y'2 = (Py + Q)2(i/~a)(y-6), 

w'here P and Q are functions of x, and where a and b are two constants. This 
relation is of deficiency zero in y and y', and in order to express y and y' as 
rational functions of a parameter, w^e need only set (y — 6)/(y — a) = which 

V' (1 -r-y = (b - a) [P {bl - at*) +Q(t- t«)], 

and the equation (Ej) is the Riccati equation 

2l‘ = P(6-at’)+Q(l-t»). 


ar . 0r du . . 


du 

dx 


= F{x, u). 


68. Single-valued functions deduced from the equation = 

Let us now consider tlie integrals of the differential equation 


(25) 


(y')” 


^(y)= 


P(!/) 

Qiy) 




where vi is a positive integer and where P(y) and Q(y) are two 
mutually prime polynomials in ?/ with constant coefficients. We shall 
now propose to determine all the equations of this kind whose gen¬ 
eral integrals are single-valued and in general analytic. Let be 
any value of x, and an arbitrary value of y which does not cause 
either of the polynomials P(y), Q(y) to vanish. The equation (25), 
after y has been replaced by y^ has m distinct roots in y\ Let us 
choose one of these roots, The equation (25) has an analytic 


* The converse is immediate. If (E^) is a Riccati equation, the general integral u 
is a Umar function of the arbitrary constant C, and consequently y » r (x, tt) is a 
regional function of C. 
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integral in the neighborhood of the point which takes on the value 
at this point and whose derivative is equal to yj for x =5 x^. We 
can extend this integral analytically along the whole of any path 
starting from the point so long as we do not encounter any singu¬ 
lar points. Let a be the first singular point encountered, let X be a 
point of the path L lying between and a, and let 1' be the corre¬ 
sponding value of the integral at the point A'. The arguments of 
the preceding paragraph, which apply here without essential modi¬ 
fication, show that as lA' — a| approaches zero, Y approaches a root 
of one of the equations 

^(y)=0, Q(y)=0, 

or else |yj becomes infinite; but it can never happen tliat Y does 
not approach any limit. 

Let us examine the different possible cases. Suppose first that b 
is a ^-fold root of the denominator Q (y) = 0. From the equation (25) 
we have 

(26) dx = {y- 6)~ [c, 4 -(y - <-) H-] <1>J- (c, #= 0) 

If y describes a path from to h in the plane of the y^s, the vari¬ 
able X describes a path starting from and ending at a point which 
we shall call a in the finite |x>rtion of tlie a*-plane. C’onversely, if x 
goes from to a along this path, y goes from to h. Putting 
we derive from the equation (26) a development of 
X — a in j)owers of t beginning with a term of degree m 4- y. 
Conversely, we have for t a development according to fractional 
powers of X — a beginning with a term in (x — and there¬ 

fore a development of y — 6 of the form 

m 1_ 

y - 6 = (x - a)"' + « [a^ + erj(x - -f • * ‘]- ®) 

Since y is positive, m + y is greater than m, and the point x = a is 
an algebraic critical point for the integral considered. In order that 
the general integral of the equation (25) may l)e a single-valued func¬ 
tion, it is necessary that the polynomial Q(y) shall reduce to a 
constant, or that the equation shall be of the form 

(27) (yr = -P(y), 

where P (y) is a polynomial. Since the equation (^ !)"• «*’»*P (1 /«), 

obtained by the transformation y^lfzy must also be of the same 
form, the deyree of the polynomial P{y) cannot be greater than 2 m. 
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Finally, we may suppose that P(y) is of degree 2 m. In fact, if 
P(y) is of degree 2 m —q, putting y =: a -j-l/z, where a is not a 
root of P(y), we are led to the equation 

= (~ H-], 

where the right-hand side is now a polynomial of degree 2 m. 

Conversely, given an equation of the form (27), where P(jy) 
is a polynomial of degree 2?/i, if ^ is a root of that polynomial 
the sutetitution yz=ih-\-l/z leads to an equation in z of the 
same kind, where the right-hand side is a polynomial of degree 
less than 2 m. 

Let us suppose, then, that P{y) is a polynomial of degree 2 m, and 
let a be the first singular point that we find on the path L starting 
from 1 F] becomes infinite when .Y approaches er, the equation 

in obtained by putting y z=zl/z^ has an analytic integral which is 
zero for A' = a. The point a is therefore a pole for y. 

There remains the case where Y approaches a root ^ of P(y) as A 
approaches a. This can happen only in case the order of multi¬ 
plicity of that root is less than m. For let us suppose that P(y) 
is divisible by (y — where q'^ m. From the equation (27) we 
obtain, according to the initial conditions, 



where <^(y) is regular in the neighborhood of the point hy and we 
see that [Aj Ix^comes infinite as V approaches b. It follows that 
q < TUy and the given equation can again be written in the form 

(28) dx = (y - /;) "[r, + c,(y -h)-\ -]rfy, (c, ¥= 0) 

whence we may derive a development of x — n: in powers of (y — ^)^'" 
beginning witli a term of degree m — q. Conversely, we may derive 
from (28) a dcvcloj)ment for y — b according to fractional powers of 
X — a beginning with a term in (x — The point a is there¬ 

fore, in general, an algebraic critical point. In order that it may be 
an ordinary j)oint, /{m — q) must be an integer t; that is, we must 
have y = m(l — l/0> where i is an integer greater than unity. This 
condition is also sufficient, for if it is satisfied, we may derive from 
the equation (28) a development of the form 

1 1^1 

* — « = Ar,(y — i)*4- A:,(y — b)^ H-, 
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and, conversely, we have for (y — a development according to 
integral powers of a? — or. 

In order that the integrals of the equation (27) shall have no 
critical points, where P(}/) is a polynomial of degree 2 m it is neces¬ 
sary and sufficient, by what precedes, that the order of multiplicity 
of each root of 0 be equal to or greater than m, or of the form 

w(l —l/t), where i is an integer greater than unity. If all these 
conditions are satisfied, the general integral of the equation (27) is 
a single-valued function whose singular points in the finite portion 
)f the plane can only l>e poles. 

To complete the discussion, we shall distinguish several cases: 

First case. There is one linear factor in P(y) whose exponent is 
greater than m (evidently there can be only one). If there are also 
p linear factors distinct from this one, the sum of the exponents of 
these factors is less than w: 


/ 

. i\ 

/ 

e A 

m 1 

l-v)+ • 

'l' 

■ • -4- mf 

‘-U 


Hence we have — 1 < l/q -f • • * + 1 /^p and, since ij, • • • > ip are 
each greater than unity,— 1 < y//2, or p < 2. We liavc therefore 
s= 1, and, extiacting the mth root of the two sides, we may write 
the equation (27) in the form 

(I) y' = A(ij-a)^*‘(y-b)'~'. 

The case where £ = 1 should not be excluded, for it corresponds to 
an hypothesis which we have not examined — that of a single linear 
factor in P(y). 

Second case. The equation P{y') = 0 has an m-fold root. If it has 
two, the equation (27) becomes, after extracting the 7ath root of the 
two sides, 

(II) y' = .4 0-a)(y-i). 

If the equation P{y) = 0 has only one root of multiplicity m, it has 
p{p^2) roots whose order of multiplicity is less than m, and we 
have a relation of the form 


or 






wbenoe we derive p s 2. 


V-2' 
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Sinceis greater than unity, we have necessarily^ = 2, = 2; 

the number m is an even number, and the equation (27) reduces 
to the form 

(III) y" = yl (y - a)^ (y - i) (y _ c), 

a, by c being three different numbers. 

Third case. The equation P(j/) = 0 has only roots whose order of 
multiplicity is less than vi. Let p l)e the number of these roots; the 
sum of the orders of multiplicity being equal to 2 m, we have a 
relation of the form 

m ^ 

or 



Hence ^ 1? ^r^d since > 2, we can have only = 4 or jp = 3. If 
p = 4, the sum l/i^ -f 1//.^ -|- 1 /l^ -f \/i^ must be equal to 2 ; and 
since each of the denominators is ei^ual to at least 2, we must have 

'i = = 4 = h = 2- 

If = 3, it is a question of finding three integers, q, t^, each 
greater than unity, such that the sum of their reciprocals is equal 
to 1. If none of these numbers is equal to 2, each must be equal to 
3. If one of them, q, is ecjual to 2, the sum of the reciprocals of the 
other two must Ih^ equal to 1/2; if the two are e'qual, each of them 
is equal to 4. If they are unequal, the smaller must be less than 4; 
it is therefore ecjual to 3, and the greater is then equal to 6. We 
have, then, in all only four possible combinations, and the equation 
(27) may be reduced to one of the following forms: 

(IV) = A (// - a) (y ~ (y - c) (y ~ d)y 

(V) y'* = .4 (y - a)\y ~ h)\u ~ c)^ 

(VI) y'^ = A (y - «>^(y -- /;)«(// - c)^ 

(VII) y= .1 (y - a)^(y ~ li)^ (y ~ c)«, 

where f/, A, c, d are different numbt^rs. If, in tlie equation (27), the 
polynomial P{y) is of degree 2 m, and if the general integral is a 
single-valued function, the equation (27) has one of the forms which 
we have just obtained. Conversely, every integral of any one of 
these equations is a single-valued function, since on any path 
described by the variable we cannot encounter any other singular 
points than poles. 
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It is convenient to add to the types which we have just enumer¬ 
ated, in order to have all the equations of the form (25) whose 
general integral is single-valued, the types which are obtained by a 
transformation of the form y — « =s l/«, where a is a root of the 
polynomial i^(y). The new types of equations thus obtained are 


(I)' 

y=.l(y-a)’“S 

1 

(I)" 

y' = .1 (y - d)*', 

(II)' 

y' = A (y - a), 

(III)' 

= — «)’(?/ — *), 

(III)" 

y'* = .4 (y - ft) (y - c), 

(IV)' 

y” = (y - «) (y -'') (y -«)» 

(V)' 

y** = ^ (y - "/(.'/ - *)”. 

0^1)' 

y’«=.4(y-a)»(y-ft)*, 

O'l)" 

y"* = .4 (y - «)’(y - *)*> 

(VII)' 

y'‘=.l(y-«)'(y-ft)‘, 

(VII)" 

y" = (y - «)"{'/ - 

(\'II)"' 

y-=.l(y-«)‘(y-ft)». 


The equations (I), (I)^, which are transformable one into the 
other, have a rational function for their general integral, as we see 
immediately from the equation (I)', for example. It is easy to show 
that the equations (II), (II)', (III), (HI)', (HI)" have a simply 
periodic function for their general integral. Finally, the general 
integral of the equations (IV) and (IV)' is an elli[)ti(‘ function. 
There remain, then, as new ty|s3s of differential (*(juations of the 
form (25) whose genenil integral is single-valued, only tlie etpuitions 
(V), (VI), (VII), and those which reduce to these forms. These 
equations separate into three groups, and it is sutfieieiit to integrate 
one equation from each of the groups, for example, the equations 
(V)', ^I)", (VII)'". 

If, in the equation (VI)", we put yzrz a + and extratjt the square 
root of the two sides, it becomes 

4 =.!*«(«* +o-ft), 


and the general integral in z is an elliptic function. Similarly, if in 
the equation (VII)'" vve put y a ^ and extract the cube root 
of the two sides, it becomes 

9 a= («• + a — 6), 
which is an equation of the form (IV)'. 
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la order to integrate the equation (V)', we observe that that rela¬ 
tion between y and y' is of deficiency one. We can therefore express 
y and y' rationally in terms of the coordinates of a point of a cubic 
or in terms of a parameter t and the square root of a polynomial of 
the third degree. In fact, if we put y' = At^y we derive from the 
equation (V)' j j ^- 

and the relation c/y = y^dx leads to the new equation 

dt 
dx 


3 ^ = V(a - hf + 4 


The general integral of this equation, t == f{x A- U), is an elliptic 
function. Hence the general integral of the equation (V)' is of the 


form 


2^* + |/(« + c). 


It follows that the general integral of every equation of the form 
(2o), if it is a single-valuecl function, is a i‘ational function of x or 
of the exponential function or is an elliptic function. 

Except in the cases which have just been enumerated, the general 
integral of the equation (2o) is never a single-valued function. For 
example, the inverse function of a hyperelliptic integral of the first 
kind cannot be a single-valued function. In fact, let P(y) be a poly¬ 
nomial prime to its derivative and of degree greater than 4. The 
differential equation = P(y) cannot have a single-valued integral. 
Let (x^ ?/^^) 1x3 the initial values of the two \ ariablcs x and y. As 
|yj lK‘coincs infinite, x approax’hes a finite value cr; and, conversely, 
when X goes from x^ to <r, |y| becomes infinite. The point ar = or is 
an alg(‘braic critical j)()int, as we have just seen, for the integral of 
the equation = :i'*J*(l/z) whi{*h approaches z(3ro when x approaches 
a, since the degree of /'(y) is greater than 4.’'^ 


• In one of their papers Uriot an<l Houquet set for themselves the problem of de¬ 
termining all the e<inations (i/, *0, where F is a iwlynomial, whose general inte¬ 

gral is a single-valued function (Journal dr VKcole Polytechnique, Vol. XXI). From 
the conditions found i)y tlieni Heriuite proved that the relation between y and y' is 
of deficiency zero or one {(^onrs lithographic de VKcole Poly technique^ 1873); hence 
we can apply the metho»l of § 11 in integrating them. If the relation is of deficiency 
*ero, we can express y and t/' as rational functions of a parameter (. In order that 
the integral of the given equation be a single-valued function, the variable which 
is obtained by a quadrature, must be a linear function of <, (erf + 6)/(cf + d), or 
else the logarithm of such a function, ac- .4 Log [(af h)/(ct + rf)]. If the relation is 
of defldency one, we can express y and y' as elliptic functions of a parameter w, and 
dx/dum (1/yq dy/du must r^uce to a constant. The problem of Mot and Bonqnet 
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09. XxSttmic« of elUptic foactloaa Moeoil tran Ealer*t oqimtioii. Tbe reasoning 
of the preceding paragraph proves, in particular, that the general integral of 
the equation ^ ss if (j^), where if (y) is a polynomial of the third or of the fourth 
degree, prime to its derivative, is a single-valued function analytic except for 
poles in the whole plane. On the other hand, the inverse function, which is an 
elliptic integral of the first kind, has two periods whose ratio is imaginary (see 
II, Part I, § 56). This single-valued function is therefore doubly periodic, and 
we thus demonstrate the existence of elliptic functions by means of the integral 
calculus alone. 

The preceding proof of the single-valued property of the inverse function of 
the elliptic integral of the first kind is distinct from the one which has been 
given in § 78 of Vol. II, Part I, in which we make use of the properties of the 
function p(i4). We shall also show in brief how we can take as our point of 
departure the theory of the integration of Euler's equation, which will give an 
idea of the method pursued by the originators of the theory. 

Let us first consider the differentia! equation 


(29) 


dx 


dy 


\' 1 — jr-* V1 — 


0 , 


whose general integral is i Vl ~ + y Vl — = C (§ 14). It is also clear that 

the general integral is given by the equation 

arc sin x -f arc sin j/ = C\ 

and therefore that we have between the two a relation of the form 


arc sin x + arc sin y = F{x V1 — -f y vT-Tx^). 

In order to determine the function F, let us suppose y = 0; there results the 
definite relation 


(30) arc sin x 4- arc sin y = arc sin (x Vl — + y Vl — x*). 

This relation is equivalent to the addition fonniila. For let us take two angles 
u and V determined by the conditions 

z = sin w, Vl — x^ = cos u, y = sin r, Vl — = cos c, 

where the radicals have the same values .as in the preceding equations. Tbe 
relation (30) gives 

xVl — y^ + y Vi — X* = sin(u + u), 
or 


sin (u -f c) = sin u cos t> + sin c cos u. 


However, to see in this work only an ingenious proof of the addition formula 
for the sine function would l)e to overlook entirely its broad significance. 
Indeed, we shall show that it leads to a very simple proof of the existence of a 
single-valued integral function which satisfies the differential equation 

( 81 ) = 


has been generalized by Fnehs, who formulated the necessary and sufficient condi¬ 
tions that tbe general integral of an equation of the first order F(x, alge¬ 

braic in y and y', may have only fixed critical points. Poincard has since shown that 
when these ccmdilions are satisfied, we are led to quadratures or to Riccati equations 
{Acta mathematim, Vol. Vll). 
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md ivhich reduces to zero for * = 0, while y' is equal to + 1 for x = 0. Cauchy’s 
general theorem shows, indeed, that there exists an analytic function <f> (x) 6atia> 
fying these conditions and analytic in the neighborhood of the origin, but it does 
not give the radius of convergence of the power series which represents 0(x). 
Let R be this radius of convergence. The circle C of radius R about the origin 
as center is the greatest circle described about the origin as center within which 
the function ip (x) is analytic. The derivative ip'(x) is analytic in the same circle, 
and we have = 1 — <p^(x). Let us now return to the equation (29), and let 
us make the change of variables x = ^(u), y = 0(r), where u and v are the two 
new variables and <p the function which has just been defined. If we choose 
the detenninatlon of the radicals in a suitable way, we have also 

= «'(«), = ^'(v), 

and the equation (29) becomes du + dv = 0. The general integral of this equa¬ 
tion can therefore be written in two different ways: 

u + t = C, X Vl — j /2 + 2 / Vl — x* = C' 
or 

Ip (u) p'(v) + ip'(u) tp (r) = C\ 

Hence it follows, as before, that we have a relation between u + r and 
0(i/) ip'{v) + <P'{u) ip(v). Putting c = 0, the relation is determined, and we have 

(32) 0 (u + r) = 0 («) ip\v) 4- <P'(u) <p (v). 

This relation holds, provided |u|< /?, |t|< K, |u + »1 < I?, which will surely 
be true if we have j«|< /i/2, |i?|< R/2, Let us put v = u and |u|<i?/2; then 
the equation (32) becomes 

(33) 0(2m) = 2ip(u)ip'(u). 

Let 0j(it) be the function 2<p{n/2) <p'{u/2). This function 0i(u) is analytic in 
the circle of rafiius 2 R alx)ut the origin as center, and, by (33), it is identical 
with the analytic function p{n) in the circle C of radius R. These two func¬ 
tions, 0(u), 0j(u), form therefore only a single analytic function, which is ana¬ 
lytic outside of the circle C. It is therefore impossible that the radius R of this 
circle of convergence has a finite value ; consequently the function 0(u) is an 
integral function of u. 

Let us now consider the differential equation 

(34) y'"=(l-'y")(l-W), 

adopting for the right-hand side Legendre’s normal form, and let us study the 
integral X (x) of this equation which is zero for x = 0 and whose derivative is 
equal to + 1 for x = 0. This function X (x) is analytic in the neighborhood of 
the origin. Let C bo the greatest circle about the origin as center in the Inte¬ 
rior of which the function X (x) is analytic except for poles, and let R be its 
radius. If the nearest singular point of X(x) to the origin were not a polo, we 
should take for G the circle through this singular point, and the function X (x) 
would then be analytic in this circle. 

Let us now consider Euler’s equation 
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Multiplying the numerator and the denominator of the right-hand side of the 
equation (96) (p. 29) by the conjugate of the denominator^ and suppressing 
the common factor xf — we have for Its general integral 


35,V(l-xf)(l-fc^J?)+3e,\/(l-X^)(l- 
1 — 


k^xl) 


c. 


On the oilier hand, choosing the sign of the radicals suitably, the change 
of variables = X(w), = X(o) reduces the equation (35) to the equation 

du -b dv = 0, whose general integral is m -f- r = C', If we make the same sub¬ 
stitution in the formula (36), we have a relation of the form 


M^(m) ^ 

We can determine the fonn of the function F, as before, by supjiosing c = 0, 
which gives F{u) = X(u); and we have the definite relation 


(37) 

Putting c = u, we find 

(38) 


\(u + r) = 


X(w)X'(»)+ \{v) \'{u) 
~ l-k*X^^(») 


X(2u) = 


1 - P-X^(u) * 


a fonnula which holds true whenever j u | < /?/2. 
Let us consider the function 



This function is analytic except for poles in the circle of radius 2 J? about the 
origin as center, since it is the quotient of two such functions. Moreover, it 
coincides with X(u) in the interior of the circle C, by the relation (38). Hence 
the two functions \(u) and 4 >(m) form a single analytic function, and X(m) is 
analytic except for poles in a larger circle than C. It is therefore imiKissible to 
imppose that the railius R of this circle has a finite value, and consequently the 
function X(u) is analytic except for poles in the entire plane. 

The equation (37) constitutes the formula for the addition of the arguments 
of the function X(u). When k approaches zero, we find again at the limit the 
addition formula for sin u. The function sin u can, in fact, be considered as a 
degenerate case of X(u), obtained by letting k approach zero. 


70, EquatioDs of higher order. The study of the properties of the functions 
defined by differential equations of higher order presents much more serious 
difficulties than those which arise in studying equations of the first order. These 
difficulties result in a great measure from the possible presence of movable 
eesential fungularities. These singularities may be at the same time essentially 
singular points and transcendental critical points, as in the following example, 
due to Falnlevd, The function 

(*») V- P[Log(-<** ; 9,, »»]. 




IV,f70] SOME EQUATIONS OF THE FIEST ORDER 


197 


where A and B are two arbitrary constants, is the general integral of the equa* 
tion of the second order, 


(40) 


( , ' 

— y^y — 9$ \/4 — g^y — 


In tbe neighborhood of every value of x different from — B/A this function 
(39) is analytic or analytic excejit for poles. 

When X turns around the point — B/A, the function has an infinite number 
of different values, unless 2 7ri is an aliquot part of one of the periods of the 
function p(u; r/.^, g^). On the otlier hand, when the variable x describes any 
sort of curve such that 1^1/ + B \ approaches zero, the point which represents 
the (juantity u — Log (Ax -f B) flescribes a curve with an infinite branch. This 
curve therefore crosses an infinite luunber of parallelograms of periods of 
the function p(u), and consequently y does not approach any finite or infinite 
limit. Thus, although the general integral of the equatitin (40) presents neither 
fixed critical points nor movahle algcf>mic critical points, we cannot conclude 
from this that it is single-valued. This is on account of the presence of the 
movable transcendental critical point, x = — B/A, 

Beginning with e<ju.ations of the third order, the movable transcendental 
singular points may form lines. It is easy to see how an analytic function hav¬ 
ing natural iKuindaries may not have any critical points in its whole domain of 
existence without being on that account single-valued. C'onsider, for example, 
a function/(x) analytic in the ring included between the two circles C and C' 
descrilHMl alsuit the center a and having C and C' as natural boundaries 
(II, Bart 1, § 87). The function F(x) =/(x) + Log(x — a) has the same circles 
C and Cy as natural iKmndaries, and it is analytic at every point between C 
and C'. Nevertheless it has an infinite number of determinations for every 
value of X in this domain. 

For a long time these difficulties arrested the progress of this theory, but 
Painl<^ve, in recent investigations, has obtained algebraic differential equations 
of the second onler which are integrable by means of essentially new single¬ 
valued transcendentals. We shall cite only one of the equations given by 


Painlev^, 


i/' — ay^ + /3jr, 


where a and p are constants (a/S ^ 0), The general integral of this equation is 
a transcendental function analytic except for poles.* (Bulletin de la Sociiti 
Maihhnaiique, Vol. XXVIII.) 


• Starting with linear e<iuations, it is easy to form systems of differential equa¬ 
tions which generalize Riccatl’s equation, and whose integrals have no other movable 
singular points than poles. Consider, for example, a system of three linear equations 
of the first order, 

(a) 1^+ay + CM»0, z^+aii/ + 6iz +ciu «0, «'+o^y + 63Z +c^u-O. 

If we put ymuY, ZmuZ, Y and Z are Integrals of the system of equations 




r-haT+bZ + c- r(atr+ 6a^ + Ca)-0, 

1 + 6j4?r + C| — Z (Oa I + 6a Z + Ca) *■ 0, 


and it is clear that the only movable singular points of the Integrals are poles. But 
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71. t^agttlar integrals of an equation of the first order. We have 
already remarked on several occasions (§§ 10, 14) that a differential 
equation of the first order may have certain integrals which it would 
be impossible to obtain by assigning a particular value to the arbi¬ 
trary constant which apix?ars in the genei-al integral. This result 
appears to contradict the theorem of § 2(>, from which we deduced a 
precise definition of the general integral. This leads us to consider 
again Caueliy’s fundamental theorem and to determine by a closer 
examination whether or not the hy|X)theses of that theorem are 
necessarily fulfilled for all integrals. Let us consider, for definite¬ 
ness, an equation of the first order, 

(41) n^,y,y) = o, 

where F is an irreducible polynomial in :r, //, ?/' of the 7wth degree 
in y\ To every system of values (ur^, the e«juation 

Oi-) /• (-^0. .'/»> y') = 0 

determines in general m corresponding distinct and finite values 
y '\9 Vti • • •} y'm f^^** !/'• suppose first that this is actually true 

at a given point Then, as x — ami // — approiich zero, 

the m roots of the efiuatioii (41) ap)p)roach rcspMM tively y[, y.^, • • •, y^, 
and each of them is an analytic function in the neighlorhoocl of the 
point y^). The r(X)t wliich approaches y', for example, is repre¬ 
sented by a power-series development of the form 

(42) y' = ;/t + «, (x - arJ -f- )3,. (y _ yj 4..... 

We can apply Cauchy’s theorem to the equation (42), and we con¬ 
clude from it that that equation has one and only one integral which 
approaches y^ as \x — ap)p)roaches zero. This integral is analytic, 
and the development of y — y,, bt^giiis with the term t/'i(x — To 
each root of the equation (41’) corresponds thus an integral of the 
given equation. 


it U to be noticed that thU is not the most general system of differential equations 
of tbe fom 

(» ix, r, z), z'- R, (*, r. z), 

where R and Rx are rational functions of Y and Z, which possess this property. 
In fact, let Z,), Z«^(y,, Zi) be relations defining a Cremona frans- 

for motion, such that we can derive from them the inverse relations {Y, Z), 

(Y* ^)t where <p, f, 0|, are rational functions. If we apply this trana* 
fomiation to the system ifi), we are led to a system having the same property, which 
is surely ol the form (y) hut not in general of the form ip)* 
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The equation (41)* has therefore m and only m integrals which 
take on the value for x = and these m integrals are analytic 
in the neighborhood of the point x^. In geometric language we may 
say that through the point whose coordinates are {x^y there 
pass rn integral curves with m distinct tangents, and that the point 
is an ordinary i)oint on each of them. Besides, all the integrals 
of the equation (42) which for x ^ take on values differing only 
slightly from y^ satisfy a relation of the form y\ x^j + C) = 0 
(§ 2(5), and the integnil considered corresponds to the value C = 0 
of the arbitrary constant. 

If for x ^ x^y y = % equation (41') is infinite, it 

will suffii^e to regard y as the independent variable and x as the 
dejHUident variable. The equation (41) is replaced by an equation 
of the same form, I^,(.r, y, x'^) = 0, which for a; = y = y^ has a 
zero root a*' = 0. If this is a simple root, we derive from it a develop¬ 
ment for X — x^ in powers of y — y^ beginning with a term of at least 
the second degree. Conversely, the i)oint x^ is an algebraic critical 
point for the integral whi(.*h a]»})roaches when \x — x^\ approaches 
zero (II, Part I, § 100). Tlirough the i>oint {x^y y^ there passes an 
integral curve whose tangent at that ]>oint is the straight line x = x^. 

The coordinaU‘s {x^y y^ of a j)oint for which the equation (41) 
has a multiple root satisfy the relation 

(43) /^(a^,y) = 0, 

which is obtained by eliminating y' from the two relations JP = 0, 
dF/dt/ = 0. The CMpiation (43) represents a certain curve (y), and 
for all the {wints of this curve the equation (41) has one or several 
multiple roots. Let (.r^^, yj be the coordinates of an ordinary point 
taken on this algebraic curve. We shall suppose, in order to 
treat the simplest possible case, that the equation 

yo> y') = ® 

has a double root y, but no other multiple root finite in value. If 
this double root were infinite, it would suffice to interchange x and 
y in order to jmss to the cjise where it is zero. When \x -- x^\ and 
ly — y^I are very small, the equation (41) has two roots which differ very 
little from yj. These roots are not, in general, analytic functions of 
the variables x and y in the neighborhood of the point {x^, y^), but 
their sum and their product are analytic functions,'* so that these two 


• The proofs of these properties are analogous to the proofs of the corresiiondlng 
theorems on implicit functions of a single variable (11, Part I, § 08). 
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roota of the equation (41), which approach as j* — ar,,| and |y — y»| 
approach zero, are also roots of an equation of the second degree, 

(44) y* — 2P(x, y)y' + Q(jr, y) = 0, 

where P(a', y) and Qipty ly) are analytic* functions in the neighbor¬ 
hood of (x^y From the equation (44) we liiul 

(45) y* = P {jr, y) ± V/^ (;r, y)- Q. {x, y), 

and these two roots are equal for all the points of the curve (y^) 
whose equation is ~ Q = 0. This curve (yj) is necessarily part of 
the curve (y), and since it pjisses through the point (.r^, //J, it coin¬ 
cides with (y) in the neighborhood of //^). In order to study 
the corresponding integral curve, wc shall suppose that tlie origin 
has been transformed to the point which amounts to ])utting 
0. Since the origin is a simple juiint of the (*urve (y), if we 
have chosen the axes of coiudinates in such a way that the Uingent 
at the origin is not the axis Oy itself, the «‘(piiiiion = 0 has an 

analytic root y = y^{x) which apprcKichcs zero as x approai hes zero. 

In general, the sloj)e of the tangent to tin? curve (y) at the origin 
is different from the double root Vy = /^(O, 0) of the (Mpiation (45) 
for X = y = 0. Let us first assume this jioint, which is almost self- 
evident, and return to it later. Then, if we put y = 4- a; in the 

equation (45), it becomes 

y; + s' = P{x, y, + *) ± z), 

where 4>(x, z) is a power series in x and z. It is edear that z must 
be a factor under the radical after the substitution y = y^ -f a;, since 
y^ is a root of the e(iuation /^ — Q = 0. If we arrange 4>(j*, z) in 
powers of we have a development of the form 

fo(*) + *'/',(*) + H-. 

where are regular functions of x in tlie neighborhood of 

the origin. The function cannot l>e zero for x = 0, for other¬ 

wise the development of z^{x, z) would contiiin no terms of the first 
degree in x, «; whence the development of P® — Q would contain no 
terms of the first degree in x, y, contrary to hypothesis. Similarly, 
if we replace y^ by its development in the difference P(x, y^ *4-«) — yJi 
we have, after arranging in powers of 

^(^9 + «) + z4,^(x) -F • • •, 

where the first function ^^(x) does not vanish for x » 0, since by 
supposition the derivative y\ is different from P(0, 0) at the origin. 
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The equation (45) therefore reduces to an equation of the form 

(46) *' = + Zff>^(x) + .. • ± V* Vf,(a;) + z\|l^(x) H-, 

where neither of the functions (f*Q(x) and vanishes for x = 0. 

In this last equation let us put z = u^. Selecting a determination 
of the radical on the right, we find 

(47) 2 M ^‘ == </.„(a-) -H + ... + w 


The right-hand side is analytic in tlie neighborhood of the point 
a; = 0, w = 0, since </'q( 0) is not zero. Moreover, this right-hand side 
is not zero for x = 0, = 0, since <^^(0) is not zero. The derivative 

du/(lx is infinite for x == i/ = 0. Hence the equation (47) has one 
and only one integral which ajijiroa^dies zero as x approaches zero 
(§ 63), and for which the origin is an algebraic critical point. 

It follows that the given equation (44) has an integral y = -f w* 
which approaches zero as x approaches zero. The adoption of the 
opi)osite determination of the radical in the equation (47) would 
amount to changing u to -- t( in that equation, and we should obtain 
the same fuiu'tiou y^ -|- The origin is an algebraic critical point 
for this integral. L(*t l)c the term iiukqKuident of x and of u in 
the development of the right-hand side of the equation (47), and let 
lx*, the coefficient of v in the same development. Developing x in 
powers of u, we find 


-. Jf q- 

f/o 3 


Conversely, we derive from this a series for n in powers of x^^^ 


n 


= y/a^x^ + -f 


7 


and the development of y^ -f contains a term in x^^'K The origin 
is therefore a cus]) for the integral curve which passes through this 
point, and we can say now that tbe curre (y), represented In/ the eqiia- 
tion (43), w, in general^ the locus of the cusps of the integral curves. 

Through a j)oint of the curve (y) there passes, in geneml, an inte¬ 
gral curve that has a cusp of the first kind at this point, and the 
tangent at the cusp has for its sloj)e the double root y^. If the equar 
tion (41) is of higher degree than 2, there pass through the same 
point other integral curves, corresiX)nding to the simple roots of the 
equation F{x^, y^) == 0, for which this point is an ordinary point. 

The discussion is entirely different when for every point (x^, 
of the curve (y) the corresponding double root y^ of the equation (41) 
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ia equal to the slope of the tangent to the onrve (y) at this point 
In this case we see first of all that the curve (y) is an integral curve 
of the equation (41). Moreover, it ia an integral which is entirely 
unaccounted for in Cauchy’a fundamental theorem, whatever may 
be the point chosen on the curve to fix the initial values of x and y. 
For if we take the point (x^, yj, the equation 

has two roots which approach ^ 1^ ^ol I// 1/q\ approach 

zero; but these two roots are not in general regular functions of the 
variables x and y in the neighborhood of the values x^y y^, and we 
cannot apply ('auchy^s theorem. The integral thus obtiiined is said 
to be a singular integral, Tlie investigiition of singular integrals 
does not offer any theoretical difficulties, siiu^e it is evidently suffi¬ 
cient to determine whether the curve represented by the equation 
(43) satisfies the differential equation (41), and this necessitatis only 
an elimination. It may hap}>en that the equation (43) represents two 
distinct curves, one of whi<‘h is a singular integral curve and the 
other the locus of the cusps of the integnil curves. 

If the curve (y) is a singular integral, through each point of that 
curve there passes in general another integral curve tangent to (y). 
Let us take for origin any point of (y). We know in advance an 
integral of the equation (45), namely, the singular integral for 
which we have simultaneously 

(48) y\ = P(jr, //,), I^{x, y,) = Q (j, y,). 

Putting y = y^ -h 2 :, as above, the equation tikes the form (46), but 
in this case the function is zero, since s = 0 must Xya an inte¬ 

gral of this new equation. Retaining the other hyfwtheses, the func¬ 
tion is not zero for j* = 0, and if we next put z = w* in the 

equation (46), we are led to an eijuation all of whoso terms are 
divisible by u. Dividing by w, there remains a differential equation 

(49) 2 «' = m[^,(x) + «’<^,(x) H-] ± V^,(x) + uV,(x) + • • •, 

to which we can apply Cauchy^s general theorem. Since the func¬ 
tion f^(x) is not zero for a: = 0, the two determinations of the radi¬ 
cal are analytic for x = 0, w = 0. The equation (49) has therefore 
two analytic integrals in the neighborhood of the origin which van¬ 
ish for X == 0, and it is easily seen that these two integrals are 
deducible one from the other by changing t 4 to — w It follows that 
the equation in y has another integral curve 
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which is tangent to the curve (y) at the origin. But there is an 
essential difference between these two integrals. In fact, we can 
apply the general theorems of § 26 to the equation (49), and the 
integral of this equation which is zero for a; = 0 belongs to a family 
of integrals which depend upon one arbitrary constant. The same 
thing is therefore true of the integral curve which is tangent to the 
singular integral curve at the origin, whereas the singular integral 
itself is in general an isolated solution. This fact is easily explained, 
since we cannot apply to this integral the reasoning which proves 
the existence of a general integral (§ 21) from which we could 
obtain the former by giving a particular value to the constant 
which appears in the latter. 

The singular integral is therefore in general the envelope of the 
other integral curves. Lagrange had already noticed that the enve- 
loj^e of the curves represented V)y the geneial integral of a differen¬ 
tial equation of the first order is also an integiiil of the same equation, 
which is almost self-evident, since at any point of the enveloping 
curve the slo|)e of the tangent is the same for the envelo}>e and for 
the particular curve enveloiied at that point. We can also find in 
this way the rule whicdi enables us to deduce the singular integral 
from the differential equation itself. In fac*t, let us first take a point 
M very near the envelope. Through this point M there pass two 
integial curves very close to each other. Moreover, the slopes of 
the tangents to thes(‘ two (uirves differ from each other very little. 
When the point .1/ aj)i»roac]ies the envelope, these tangents approach 
coincidence, and the e(iuation (41) lias a double root in y' (see I, 
§ 208, 2d cd.; § 202, 1st cd.). 

Summing up, we see that for an equation of the first order two 
entirely distinct cases may present themselves, according as the 
curve (y) is a singular integral curve or the locus of the cusps of the 
integral curves. It is natural to ask which of these two cases ought 
to be considered as the normal case. A little attention will show that 
it is the second. In fact, the curve (y) is also the envelope of the 
curves represented by the equation F(a-, ?/, «) = 0, where a is the 
variable parameter. If the differential equation (41) had a singular 
integral, whatever the polynomial F might be, we should be led to 
assert a consequence which is manifestly absurd — that is, that at 
every point of the envelope of a family of algebraic curves the slope 
of the tangent is equal to the value of the parameter for the corre¬ 
sponding curve of the family tangent to the envelope at that point. 
If this condition is satisfied by a family of curves, it suffices to 
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change the parameter (putting, for example, a =s a' + «) in order 
that this condition shall cease to hold. We see, therefore, that if 
we start from an equation of the first order in which the coeffi¬ 
cients of F are taken at random, rather than from an equation fur¬ 
nished by the elimination of an arbitrary constant, the cases where 
there exists a singular integral must be considered as exceptional. 
If this result formerly api)eared paradoxical to some mathemati¬ 
cians, that was no doubt because, up to the time of Cauchy’s work, 
the equations studied had l>een principally those whose general inte¬ 
gral is represented by algebraic curves. As a family of algebraic 
curves has in general an envelojye, it appeared quite natural to 
extend the conclusion to the integral cmrves of any differential 
equation of the first order. We have just seen that this induction 
was not justified.* Moreover, even in the ease where a family of 
plane curves depending u[X)n a variable jxirameter has an envelope, 
the method which enables us to find that envelo|>e gives also, as 
we have seen (I, §§ 207, 208, 2d ed.; §§ 201, 202, 1st ed.), the locus 
of singular {mints. 


72. General comments. Example 1. Let us take the equation 
(50) y^+2;ry-y = 0. 


The two values of y- are equal for all the {mints of the parabola 
y + ar* =ss 0, and the double root is equal to ~ x, while the' slope of 
the tangent to the j)arabola is — 2 x. This curve is therefore not a 
singular integral curve. We shall show that it is the locus of the 
cusps of the integral curves. The equation (50) is a Lagrange 
equation. Applying to it the general method of § 9, we find that the 
coordinates x and y of a {mint of an inU^gral curve are expressed in 
terms of a {>arameter p by means of the equations 


(61) 


' A ' 



t. 

3 


* In the theory of envelopes we suppose tacitly that In the neighborhood of a 
^atem of solutions (aco, po. oo) of the two equations / (*, y, a) = 0, tf/da = 0 the 
fimetions/ and bf/ta, together with their partial derivatives, are continuous, so that 
we can apply to the functions x and y of a defined by these two equations the reason¬ 
ing which we apply to implicit functions. Now, given a differential equation of the 
first order, we know certainly that it has an infinite number of integrals depend¬ 
ing upon an arbitrary constant and represented In a certain region by an equation 
^ O » 0, hut there is nothing to prove a priori that this function ^ (a?, y, C) 
satisfies the conditions which we have Just mentioned. We may even assert that It is 
not true in geneial. 
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It follows that these integrals are represented by unicursal curves of 
the fourth degree. For the values of the parameter which are roots 
of the equation 7 / + 3 C = 0 we have dxjdp = dyjdp == 0. Each of 
these curves has therefore three cusps, and the locus of these points 
can be found by eliminating and C from the equations (51) and 
the relation = — 3 C, whir*h gives the parabola y -f = 0. 

Examjde 2. Let us agiin consider EuleFs equation Xy^ = F. The 
two values of y^ are equal for all the points of any one of the eight 
straight lines represented by the equation A"F = 0. These eight 
lines represent the singular solutions, and form the envelope of the 
curves re})resented by the geneml integral. 

Example 3. We can use the following method to determine whether 
singular solutions exist. From what we have seen, such an integral, 
if it exists, satisfies the equations 

dF 

y') = 0, ^ = 

and consequently also the equation dF/cx -f ^F/dy y' = 0 obtained by 
differentiating the first. C'onversely, suppose that for all the points 
of a (uirve (y) the three e(juations 

dF dF cF 

(-.2) F(x,,,,m)=0, ^- = 0, = 0 

have a common solution in 7)i. Along the curve (y), a*, y, and m are 
three functions of a single variable satisfying the three relations 
(52). Wo have therefore the redalion lx‘tween their differentials, 

dF . dF ,dF 
~ dx 4 - — dtf 4 - — dm = 0 , 
dx cy ‘ cm 

which, by (52), takes the form 



If dFjdy is not zero at all the points of the curve (y), we have 
therefore y'= m, and this curve is a singular integral curve.* If 
dFjdy = 0, we must also have dFjdx = 0, and a direct verification is 
necessary to determine whether the curve (y) is an integral curve. 

This remark applies in particular to Clairaut^s equation 

y. y')=/(y'. y - *y')= 


•See an nrticle by Darboux In the Bulletin dee Sciences rnatA^matiqves, 
Vol. IV, XS73, pp, 
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Putting, for the sake of brevity, u = y — xy’, the three equations 
vrhich are to be compatible are here 

|(_rt+yg=o, 

and they reduce to only two equations. A singular integral is there¬ 
fore obtained by eliminating y* from these two relations. 


Example 4. Consider the equation 

X® + aJE(r + yv') + --(i + yy')» + A' = 0, 
m* 

whose general integral is represented by the circles which have double contact 
wjth the conic ^ = 0, 


and which have their centers on the x-axls. This conic represents a singular 
solution. Moreover, the two values of y' become intinite for every jxiint of the 
axis of X. This straight line is not, however, a locus of the eaH|>s. Through any 
point of it there pass two integral curves tangent to each other, the common 
tangent being parallel to the axis of y. 

Example 6. In order that a curve C represent a singular integral, it is not 
enough to require that at all the points of that curve the equation (41) shall 
have a double root. It is also necessary that that double root shall l»e precisely 
the slope of the tangent to C. Let us consider, for example, tlie cissoids repre¬ 
sented by the equation (y - 2 a)’^ (x - a) ~ = 0. Tlie straight line x = 0 is the 

locos of the cusps of these curves, and it repres^mts al>w) a particnlnr integral 
obtained by supfiosing a = 0. At every jMiint of this integral curve the corre¬ 
sponding differential equation has the double n>ol / ~ 0 and an infinite root. 
It is therefore not a singular integral curve. 

Example 6, I^t S be a surface having convex n^gions and also rt^gions 
where its curvature i« negative. Theso regions are separated by a curve T, tho 
locus of the parabolic poinUs, at every point of which the differential equation 
of the asymptotic lines (I, § 243, 2<I t‘«l.; § 242, Ist ed.), 

IWu* + 2 Jydu dv + irdv^ 0, 

has a double root in dv/du. This double root furnishes the direction of the 
single asymptotic tangent. If the Ungent to r dfx*H not coincide with this 
aiqnnptotic tangent (which is the general cajM>), the curve r is the hnum of the 
cusps of the asymptotic lines; but if the asymptotic tangent at each jxdut M 
of r coincides with the tiingent to r, the curve is the env<‘lope of the asymptotic 
lines. This curve r, therefore, is at the same time an asymptotic line and a line 
of curvature, since the tangent Is also an axis of the indicairlx. The nonnala 
to the surface S along r form, therefore, a devfdopahle surface, and since the 
normal to ^ is the blnormal to the curve r, it follows that r Is a plane curve 
(I^ f 285,2d ed. ; f 231,1st ed.) and the given surface S Is tangent to the plane P 
of ttte curve F along the entire length of that curve. 

Let ns consider, for example, a surface of revolution. In order that one of 
tim principal radii of curvature at a point M of this sixrface be Infinite, the 
radius of curvature of the meridian must be infinite or the tangent to this 
iiieii#kii most be perpendicular to the axis. In the first case the curve r is a 
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parallel each point of which is a point of inflection for the meridian, the asymp- 
totic tangent la perpendicular to the tangent to I\ and this parallel is a locus 
of the cusps of the asymptotic lines. On the other hand, in the second case the 
curve r is a parallel in all of whose {)oints the surface is tangent to the plane 
of this pandlel, as in an anchor ring. It is also the envelope of the asymptotic 
lines. All these results are easy to verify directly from the differential equation 
of tlie asymptotic lines in jKjlar coordinates. 

78. Geometric interpretation. Tlie preceding discussion may be presented in a 
somewhat different ffirin, which we sliall rapidly indicate. We shall continue 
to employ geometric laiif^uage, although the reasoning can be extended without 
difficulty to the domain of complex variables. 

We have already iunnte<i o\it (§ 8) that the integration of a differential 
equation of the first onU-r F(i^ y, y') = 0 is equivalent to the determination of 
the curves F which lie on the surface S whose equation is 

(63) F(z,p,z)-0 

and for which dy ziLr z:z 0. The projection c on the jry-plane of a curve F of the 
surface S satisfying the preceding conditions is an int(‘gral curve of the given 
differential {Hpuition, and conversely. We shall supjx>se in the discussion that 
this surface .S h;is no other singularitifSH than the double curves along which two 
sheets of the surface cross with distinct tangent planes. Instea<l of studying 
the curves c in the j*y-plane. we shall study the curves F on the surface 5. 

lyet us consider hrst a j>oint ^(^) of the surface .S not on a double 

curve nor when? the tangent plane is parallel to the z*axis. The tangent to the 
curve F which passes through 3f„ lies in the tangent plane at this point, 

(«) (.V - (":)_+ <r - (tp - O, 

and also, since we iiuihi liave dy — rdx = 0, in the plane 

(55) r-y,,-2r^(.V-.j^)=.0. 

These two planes are distinct, since (rF/cz)^is not zero; hence they intersect in 
a straight line not parttlld U* Oz, Through the ptdnt there passes, therefore, 
one and only one curve F whose tangent is not i>arallel to the z<axis. The 
projection c of this curve on the /y-idane passes through tlie point the 
projection of and is an ordinary |>oint for r. If the* point belongs 
to a double curve of .S, the, prece<ling re;is»>ning applies to each of the two sheets, 
provided that none of the tangent planes at are i)arallel to Oz. Through the 
point there pass, therefore, two curves F corresponding to the two sheets 
of the surface .S. It remains to find out what happens if the point lies on 
the cun'e O of iS, the locus of the points for which we have sitiniUaneously 
F=: 0, ^F/?z = 0. We shall suppose that this curve D is not a double curve. 
It Is, then, the locus of the points of wbei*e the tangent plane is ^mrallel to Oz, 
and one at least of the partial derivatives ?F/f*yr, bF/^y is different from zero 
at the point Hence the two planes (54) and (55) are parallel to the z-axis, 
and their intersection is parallel to Oz unless these two planes coincide, that 
1% unless we have 
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Let m first discard the case in which this liappens. The tangent to the 
corre F which passes tlirough is parallel to Or, but this curve Itself does 
not present any singularity at the point To assure ourselves of this, we 
shall replace the system of the two equations 


(67) F(a;, y, z) = 0 , dyz=zdx 

by the system of the two simultaneous equations 


(58) 


dx 

_ 

^dz 

BF 

BF 

. BF 

— -f z — 

Bx By 

^2 

Z - 

Bz 


with the initial conditions x — y ~ y^, z — The two systems are equiva¬ 
lent. In fact, from the equations (58) we derive the inieirrahlo combination 
<iF= 0. Hence we have F(r, y, z) = zj = 0. Now, since 



does not vanish by hypothesis, we derive from the equati(uis (58) the develop¬ 
ments of X — and of y — in ])owers of z — 2,3 beudnnini; with terms of at 
least the second degree, 


X - = ^3(2 ~ Zo)2..y - yo “ • • •• 


The point is therefore an ordinary pi>int for tl»e curve r which passes 
through this point, but the projection of on the plane lOy is a cusp (in 
general of the first kind) for the curve r, the projection of r. This rt'sults, more¬ 
over, from a general property, which is easily verified, that tlie projection of a 
space curve on a plane, in a direction parallel to the tangent at a jwjint of 
the curve, has a ctisp at the point ?n, the projection of }[ <1. Kx(‘n’iM) Id, p. 582, 
2d ed.). If d denotes the projection (d the c»irve /> on tlu> xy-j»lane. it follows 
that the cur\’e d is the If>cus of the cii.s|« of ilie integral curves r, as wo have 
shown before. The prece<ling metho<l has the advantage of slurwing us how this 
singularity disappears when we pass from the plane to the surfaer .S. 

The result is quite different when the relation (5<l) is Kitislied at all the 
points of the curve T). The two planes f54) and (55) are tljen cnincMeiit, and 
we have the case in which there exists a singular Integral. Through every |H)int 
of D there pass in general two curves r, the curve I) itself and tl»e W'cond curve 
whose projection on the xy-plano Ls tangent to the singular integral curve d. 


74. Sittfolar integrals of tyatema of differential equations. The theory of the 
singular integrals may l>e extende<l to systems of differentia! ecpiations of the 
first order, and therefore also tr» equations of liigl»er order. We shall study 
only a system of two equations of the first order (whicli rovers also the cast* of 
a single equation of the second order), and we sliall employ a pnH-ess which is 
the reverse of the preceding — that is, we shall consider first of all a system 
obtained by the elimination of the constants.* Ltrt 

{SS) F{x, V, 2 ; a, 6 ) = 0, ♦(*, V,z ; a, h) = 0 


*Se« E. OouitaAT, Sur les toluliom HnffylUres den iquaikmn diff^rentielUs 
simulUmde* {American Journal MaXhemaiice^ Vol* XI). 
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be the equations of a family of plane or skew curves which depend upon two 
arbitrary parameters a and 6. Such a family is called a congruence of curves. 
Let us suppose, for simplicity, that the functions F and ^ are polynomials. The 
curves of the confcruence are then algebraic. We shall first generalize the 
theorems established for the congruences of straight lines (I, §255). If we 
establish a relation between a and b of arbitrary form b = 0(a), we obtain an 
infinite number of curves r depending upon a single arbitrary parameter a. 
In general these curves do not have an enveloj>e. In order that an onvch»i)e 
exist, it is necessary that the four e<niation8 (50) and (00) shall have a 
of common solutions in x, y, z (I, § 216, 2d cd.; § 223, Ist ed.); 


(60) 


eF ^ e f </i _ ^ ^ Lt 

ta cb da ’ ca cb da 


The elimination of x, ?/, 2 from tljcse four eciuations leads to a relation 
between a, 5, and dh/da^ 

(61) ll/.i, 6,'^'^ = 0; 

\ daf 

that i.s, to a differential equation of the first order. If we have taken for 
6 =: 0(a) an integral of this eciuation, llie curves V will generate a surface S 
and will be tangent t<i a curve C’ lying on 2. We shall call this riirve C the edge 
0 / rcgrcsHion of 2, as in the case of line congruences. If the eiiuation (61) is of 
degree m in dh/da^ every curve r of the congruence belongs, in general, to m 
surfaces sinnlar to 2, and it touches the corresponding edge of regre.ssion on 
each of tbes<‘ surfaces in a definite point. Thus there exi.st m remarkable par¬ 
ticular points on each curve V of tlie congnience. which we call the f(Kal points. 
These focal tw>ints can be obtained without integrating the differential equa¬ 
tion (61), for we need only solve the four e<|uation8 (56) and (00) for j, y, z, 
db/da. We find first (he relation (61), which gives db/da^ and, eliminating dh/da 
from the two eijuations (60), we have a new* relation, 

]){ F, 4») _ ? F f F ^ ^ 

/>(<!, b) c<i cb at 

which, together wdth the two eijuations (59) of the curve r, enable us to calcu¬ 
late the cofinlinates of the ftK'al pi>ints. 

The IcHMis of the focal points is the focal surface of tlie congruence. We 
obtain the equation of this s\irfaoc by eliminating a and b fniin the three rela¬ 
tions (50) and (62). The focal surface is also the lixrus of the edges of regre.s¬ 
sion C of the surfaces 2. In fact, auj’ point of the curve C is a L>cal point 
for the curve of the congnience which is tangent Ui C at that jx)int. It follows 
that every curve T of the congruence is tangent to m sheets of the focal surface 
at the m corresimndlng focal jxiints, since at each of these ixVmts it is tangent 
to a curve C lying on the focal surface. All these properties are exactly analo¬ 
gous to the properties of congruences of straight llnea. In general, if F and ♦ 
are any polynomials, the m sheets of the fi>cal surfivee are repit^ented by a 
single equation, but It may also happen that this equation breaks up into sev¬ 
eral distinct equations. In certain particular cases it may also happen that 
some of the sheets of the foc4il surface reduce to curves. In such a case the 
corresponding edge of regression C reduces to a point. 
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The coneluslon which we can derlTe from these propertlca with respect to 
diHerenUal equations is as follows: The curves r are the integral curves of a 
i^stem of differential equations which is obtained by eliminating the constants 
o and b from the equations (69) and the equations obtained by differentiating 


them: 

(eS) 

Let 



BF ^ SF 
Se 


z' = 


0 , 


5* a* 

dx ty 



0 . 


(64) 


c5^(je, y, t, y', = 0, 


<^1 (r, y, z, 1 ^, r') =r 0 


be the system of differential equations tlnis obtained. Tim equations (50) rep¬ 
resent the general integral of this system, since by hypothesis we can choose the 
constants a and b in such a way that the curve F ]>asses tlirough any point 
x^j) of space. If through this point there pass n curves F, the equations (60) 
determine n systems of values for a and 6. Tiie ecpiations (63) determine 
y' and x', and we see that for the iK>int (/^, y<j, Xy) the equations (64) determine 
n systems of values for y' and z\ But the edges of regression C are also integral 
curves of the equations (64), since in a point of C the values of x, y, x, y^, z' 
are the same for C and for Uie curve F tangent to C at that jKdnt. The equa^ 
lions (64) have, therefore, besides the integrals represented V)y curves F, an 
infinite number of other integrals, not included in tlie equations (60), which 
are obtained by integrating the equation of the first order (31) ; these are the 
singular integrals of the system. 

On closer examination we see that the existence of the focal surfaces does 
not in reality require that the curves F shall be algebraic. It is sufficient Umt, 
in the neighborhood of a system of solutions (/y, Xy, Uy, 6y) of the three 
equations 

(ftS) F{x, V, t, a, 6) = 0, ♦ (i, V, z. a. h) = 0, *^- - 0, 

D(a, b) 

the implicit functions x, y, z of the i>animeters a ainl 6, define«i by these three 
equations, which reduce to Xy, yy, Xy, for a ~ ri,,. h -- 6y, shall be conUnuous 
and have continuous derivatives in the neighIxirhocKl. In fact, let 


(86) x-f^(a,b), V = /,(a, 6), z = /,(a, *) 


bo these three functions. The sheet of the fm:al surface which passes through 
the point (Xy, yy, Zy) is represented in the neighborhcsnl of this i>oint by the 
equations (66), where the values of the paninieters a and b arc near Uy and by. 
It Is easy to derive from this the equation of the plane tangent to tlie focal sur¬ 
face. In fact, when the point x, y, x describes any curve on this surface, x, y, 
X, a, b are functions of a single Independent variable which satisfy the equa¬ 
tions (65); hence the differentials of these functions satisfy the two relations 


BF ^ BF BF ^ BF BF 

Bz By Bz Ba Bb 


Maldng use of the last of the relations (65), we can eliminate Sa and 56, amt 
we find the new relation 


2 )(*,6) 


«* + 


I>(f, ♦) 

!>(»,») 




D(F,*) 

D(*,6) 


tesO. 


(67) 
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We huTe oaly to replace ay, to by X — F— y^, Z — reepectlvely, in 

order to have tlie equation of the plane tangent to the focal surface. It is easy 
to show that this plane passes through the tangent to the curve F. The prop¬ 
erties of the focal surface suppose, therefore, only that we can apply the 
theory of implicit functions to the equations (66), and in particular that the 
functions F, ♦, together witli their partial derivatives, are continuous in 
the neighborhood of a system of solutions y^, a^, This is certainly 

true when F and 4> are polynomials, but it is clear that it is also true for 
many other functions. Let us also observe that If the curves F have singular 
points, the locus of tliese singular p^dnts forms a part of the focal surface. 
This is shown as in the case of the analogous proposition relative to plane 
curves (I, § 207, 2d ed.; § 201, 1st ed.). v 

Let us now examine the (jiiestion from the opjxMiitc point of view. Given a 
system of two differential ecpialions of the first onler, such as the system (64), 
let us propose to determine whether this system has singular integrals. We 
shall suppofwi that <3^ and are polynomials. Let Mq be any point (x^, y^, 
of sj^ace. If X, y, z are replaced by x^, Zq„ respectively, in the equations (64), 
thest^ etiuaiions have in general a certain numb€*r of systems of solutions. Let 
y^, Zq be one of these systems. Let us assume first that, for this system of solu¬ 
tions, the Jacobian i>(c?, c?,)/I>(y', z') is not zero. From the equations (64), y' 
and z' can l>e found as regular functions in the neighborhood of the point 
Voy h)y 

y' = + <r (X - x^) + •.F = z' + orj(x - Xo) + • • *, 

which reduce to y^ and z^, resi)ectively, for x=Xq, y=yo« The equations(64) 

have tlierefore an integral curve passing thnmgh the point tangent to the 
straight line whose e<}uation8 are F — y^j r= y' (A" — Xj,), Z — z^ = Zo(X — x^). 
Moreover, this curve forms part of a family of integral enrv'es depending upon 
two arbitrary parameters (§20). This conclusion does not hold if we have 
<3i)/l>{yQn "o) — 0; but this can occur only if the coordinates (x^, y^j, 
satisfy the relation 

(68) F(x,y,z) = 0, 


which is obtained by eliminating y' and z' from the three equations 


m 




2 ') 


The equation (68) represents a surface Sy and, from what we have just seen, 
an integral curve which does not lie on the surface -S cannot be a singular 


integral curve. 

If the point Mq is on the surface iS, the three equations (69) have for this point a 
system of conjmon solutions, y' = y^, z' = z^. If the straight line D represented 
by the equations 


(70) 






Z Za 


Is not tangent to (which is the general case), there is an integral curve pass¬ 
ing through the point and tangent to the straight line D. It has been shown 
that the point is in general a cusp for that curve. What is essential for ua 
is that this integral curve cannot be on the surface, since its tangent Is not in 
tbs tangent plane. In order that singular integrals may exist, in each point of 
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S the oomspoiiding straight line D must therefore be situated in the plane 
tangent to the surface. This condition Is sufficient, for then through each |K)int 
of S there passes a curve lying on the surface and tangent to the line D, These 
curves are determined by a differential equation of the first ortler, and they are 
indeed singular integral curves, for at each of their points the values of y' and 
of jc' form a multiple system of solutions of the equations (fi4). 

Example 1. Consider the simultaneous system of equations 
(Tl) y-xy'=:0, = x* + - 1. 

The two values of z' are equal for all the points of the cylinder x® -f y* — 1 = 0, 
and the direction corresponding to that double root is the ]x»iq>en4li(Milar dropped 
from the point (x, y) on the z<axis. Since this penK>ndicular is not in the tangent 
plane to the cylinder, there cannot be any singtdar integrals. In this example It 
is easy to verify that the cylinder Is the locus of the cusps of the integral curves, 
for the general integral of the system (71) is representtHl by the equations 

y = C\x, z = Vx^^ -1- y“^ — 1 — arc tan'Vx’*^ + y-^ — 1 + 

Example 2. Every system of differential equations of the form 
(72) F (y - xy^ 2 - xz\ z') = 0, 4» (y - //, z - iz\ y\ z') ~ 0, 

which may be considered a.s a generatizatioii of Clainiut's equation, is easily 
integrated by observing that the precetliiig relations lead to the ciiuations 



where u = y — xy^, r = z — xz\ These last equations are satisfied by assuming 
that y^' = 0, z" = 0, or by supposing that we liavc 



Under the first supposition, / and z' are constants a and ^; whence we see 
that the curven which correspond to the genenil integral ar»' the strai/jfd lines 
of the congruence represented by the two equations 

F(y — ox, z — hx, a, 6) = 0, ♦(!/ — nx, z — hx, n. h) ~ 0. 

There are also singular integrals, since the straight lines of the rmignience 
are tangent to the two sheets of a focal surf .ace. 'I'liesci singular integrals are 
the edges of regression of the developables of the congruence, and are obtained 
by the Integration of a differential equation of the first onler. The equation of 
the focal surface is obtained by eliminating / and z' from the relations (72) 
and (7S). 

EXERCISES 

1 . Examine the following differential equations for singular solutions: 


— (1 -f x*)y — ^ = 0. [Skkrkt.] 

xy*y^ — y*U' + a*x = 0. [ScHLOMifxtf.] 

v^—2xVil^+4y Vy =; 0. [Bwi-it.] 

{xu'-y)*-2xv(l + v'*) = 0. [IIoObi..] 

2*y(l + y^-(*y'+y)*=:0. [Moiono.J 
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The equation IT{Xy y) = 0, obtained by eliminating between the two 
relatione F(x^ y, y') = 0, dF/dx + dF/dyy' = 0, repreaents the locue of the 
pointe of inflection of the integral curves. 

Deduce from tliis tlic theorem of § 72, in regard to the locus of the cusps of 
the integral curves, by means of a transforination of reciprocal polars. 

[Darhoi'x, Bulletin des Sciences inath^maticiues, Vol. IV, 1873.] 

3. Determine the singular integrals of the system of differential equations 

j/ = x/ 4* + z', z = z'x + y'z'- [Serrbt.] 

4. Determine whether the differential equation of the second order, 

(1 + x») - {2zv' + + y'* + */ - V = 0, 


has singular integrals, and find any that exist. [Lagrakqb.] 

[Replace this equation by a systeiu of twr) equations of the first order.] 

6 *. Given a differential equation of the w^cond order, 

F(x, y, u\ y' ) - 0 , 

by eliminatjjjg y" between this e<iuation and the relation ^F/ci/' = 0 we obtain 
a differential equation of the first order P(i^ y, y') = 0, whose integrals have 
fn tjenernl the following property : Through eatdi ix»int ^f of one of these inte¬ 
gral curves C there pjisses an Integral curve of the equation F = 0, which has a 
cusp of the second kind at -V, and whost* cuspidal tangent is the tangent to the 
curve (’ At this jK>int, [Arntrican Journal of Malhanatics^ Vol. XI, p. 884.] 

6 , Kstahlish the projK-rties of c* by starting with the general integral of the 
differential equation tU/x + dy/y = 0, written in the algebraic form xy = C. 

('onsider the sjune question for the function tanx, finding first the general 
integral in algebraic form of the differential equation 


1 4- x‘^ 14- 


0. 


7*. Let / “ R(x, y), where R(x, y) is a rational function of y whose coeffi¬ 
cients are analytic functions of x, V>e a differential equation of the first order 
having a general integral of the form 


fo<-f) r + Vi(jr) y" - ‘ 4- • • • + 


Prove that this eipiaiion can Iw rcducetl to a Riccati equation by a substitution 
of U»e form u = /fj(x, y), when' i?j is a rational function of y, [Painlkvk.] 

Note, It will be noticed that the equation (1) can be written in tbe form 
y**4 [.I|(x)4* ii|(x)M]y"-“' + .-4- [x1h-i(x) 4* ii»-i(x)t/]y-f u = 0, 

wher«5 u =: — C^^), and that u satisfies a Riccati equation, while 

the functions Aiy Bi are known. 

8 . If we seek to determine the function f(a) so that the envelope of the 
straight lines x Ci>s a 4- y «l» <r =/(«) shall be a given curve C, we are led to 
a differentiat equation wliose general integral is represented by the straight 
lines which pass through a fixed point of C. The true solution is furnished by 
die singular integral. 
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PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 

This chapter is devoted to the theory of jxirtial differential equa¬ 
tions of the first order. We shall consider for tlio most part the 
reduction of the integration of an equation of this type to that of a 
system of ordinary differential equations. Althougli tliis reduction is 
not, in many cases, of iuiy piactical utility, it nevertheless j) 08 se 88 e 8 
great theoretical interest, for it enables us to dehTinine just how 
difficult the problem is. Although not all the arguments require 
that the integrals considered shall be analytic, we shall restrict our¬ 
selves to that case unless the contrary is particularly stated. 


I. LINEAR EQUATIONS OF THE FIRST ORDER 


75. General method. We have already seen that the integration 
of the homogeneous equation 


(1) 


-Y 






4-A',^ + 


A-, = 0, 

cx^ 


where • • •, A\ are functions of and the integra* 

tion of the system of differential equations 


( 2 ) 


dx^ d 



-V, 


are equivalent problems (§ 31). If /j, /j, • • > are (n — 1) inde¬ 
pendent first integnils of the system (2), the general integral of the 
equation (1) is an arbitrary function, 


of these (n — 1) integrals. 

We can obtain the integral satisfying the Cauchy condition as 
follows: Suppose that the coefficients A^ are analytic in the neighbor¬ 
hood of a particular system of values arj, xj,.. xj, and that the first 
coefficient (A^)^ does not vanish at that point. Solving equation (1) 
with respect to df/dx^^ we can apply to it the general theorem of 
{ 25. Hence there exists an analytic integral in the neighborhood 
mentioned, which reduces, for » xf, to a given analytic function 
. 514 
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*,> • • •» *.) of the (n — 1) variables a;^, • • •, In order 
to obtain this integral, let us write the system (2) in the form 

/o\ ^ ^ 

dx^ x/ dx^ X/ 

where the right-hand sides are analytic in the neighborhood of the 
point (ajJ, • * *> ^2)* There exists a system of analytic integrals 
reducing to given values C^, • • C\ for = xj, provided that 
eat^h of the absolute values |C< — a*? | is less than a certain limit, and 
these integrals are analytic functions of and of the parametei's C^, 
^ V * * ^« (§ 26), whi(*.h are represented by developments of the form 


(4) a-< = C\ + (x, - x" > rx„ C„ fC,). (i = 2,3,. •., n) 
Solving these (n — 1) e(juations for the C/s, we obtain a system of 
(n — 1) first integrals of the equations (2), represented by the 
developments 

(5) C', = x, + (x,-x»)Q,(x„Xj,(i = 2, 3, •••, n) 

where the Q/s are analytic functions. It is clear that the function 
‘ these (n — 1) first integrals is analytic in the 

neighl)orhood of the point {x\y • • and reduces to^(Xj,arj, • • it,) 
for X, = xj. 

I^t US now consider any linear equation 


(6) 


dz 

*^1 


Cz dz 

+ q./> 

cx„ dx^ 


where l\, 
variables x, 


P,, li may de}>end l>oth \qx)n the independent 
i? - 3 > • ^ 1 . J^^'d u{>ou the dependent variable z. We 

shall reduce this e(piation to the form (1) by means of a device 
very often used in the study of |iartial differential equations. 
Insteiul of trying to find the unknown function z directly, we shall 
try to define it by means of an equation not solved for «, 


(7) 


r(*, a-,, X,, x.)=0, 


where the function 1' of the (n + 1) variables z, Xj, Xj, • • •, x, is 
now the unknown function. From this relation we derive, by 
differentiation, 

dV , dV dx . BV ^dV dz ^ 

dx^ dz dx^ ' ' dx^ dz dx^ ’ 

and, replacing dzfdx^j • • •, dz/dx^ by the values derived from the 
preceding relations, the equation (6) becomes 






dv dv 


>a 


( 8 ) 
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The new equation is of the form (1), and its integration is equiva¬ 
lent to that of the system 


( 9 ) 


«« _ dit 

l\ ““ P, I\ ’ 


heu<^ we may state the following pro|X)sition: 


If Up Uj, • * *, u, are n indepemient Jirst integrals of the system (9), 
every function z of the n variables jr^ • • •, defined by a relation 
of the form 

(10) Up . u^) = 0, 

where ^ indicates an arbitrary function of «p u^, • • •, is an 
inteyral of the equation (6). 


We cannot conclude from this that we obtain all the integrals of 
the equation (6) in this way. In fac t, in order that the implicit 
function defined by the relation (7) Ih» an integral, it is not ne(‘es- 
sary that we have identically F(r) = 0; it is sufficient that the 
equation P(r) = 0 l)e a consequence of the equation V = 0. If, for 
example^ w^e take for V an integral of an equation of the form 
F{V)^KV, where K iiidieatos a constant different from zero, the re¬ 
lation r = 0 still defines an integral of the equation (0). It is quite 
in order, therefore, to determine whether or not the relation (10) 
gives all the integrals of the given equation. In order to prove 
that this is really the ciise, with certain exceptions whi(?h w'e shall 
state, let us supjK)se that in the n fumUions Wp • • •, u^ we replace 
« by an integral of the equation (G). The resulting expressions are 
n functions f/,, • • *, l\ of the » variables If we 

prove that the Jacobian of these n functions is identically zero, it 
will follow that we have a relation of the form 


and consequently that the integral considered satisfies a relation of 
the form (10) in which the function 4> is replaced by This Jaco¬ 
bian is of the form 




dui . du. 
du^ . du^ 


dut . du^ 




dz 




+ P. 


dx, 


dz 


3m. , 3m, 

+ P, 


dz 




V,|75] LINEAR EQUATIONS OF THE FIRST ORDER 217 


Noting that certain determinants in the development of A have two 
columns identical and therefore vanish, we may wnte 


(11) 


^ /?(«!, Wa, 

t)(ar,, a-,, 


•, »,) y /)(«„ w,, •. w.) _ 

') ^n) l'*(*l> ■ ■ ■» *1-1! *» *< + !> ■ ■ "I *•) 


But, since w^, • • are n first integrals of the system (9), we 
have 


* &r, ^ 






hence, by the theory of linear homogeneous equations, we have 


/12) _-___-Jt_=3/ 

/)(j*i, j’j, • • •, a*,) * * *> + * ’ *> ^n) 

(t == 1, 2, ..*,71) 

where M is a function of • • •, ^ which we can always cal¬ 

culate when we know the first integrals 7/^, • * *, i/„. Substituting 
in (11) the values of the determinants deduced from (12), we find 


(120 ~ ^Va- 

If z is an integral of the equation (6), the right-hand side is zero; 
hence this integral satisfies either the condition A = 0 or else 3f = 0. 
In the first case, as we have just shown, this inWgml is defined by 
a relation of tlie form (10). As for tlie relation M = 0, it can define 
only one or more completely deUTinined im])licit functions. Hence, 
exce])t for certain exceptional integrals which do not dej)end upon 
any arbitnirv constant, all the integrals of the equation (6) satisfy a 
relation of the f(wm (10). We shall hereafh*r say that tlie relation (10) 
represents the fjvnvnil intefjral of the e(j[uation (C). 


To see if an iiiU’j;ral can satisfy the relation M ~ 0, let us consider any point 
of that integral, (Xp xj, • • •, xj, z^,), and let us supiK>se that all the coefficients 
P^, Pg, .*•, P«, U are analytic in the neighborhoo<l of this system of values 
without being all zero simultaneously for Zi = xj, z = «<,. Let us assume, for 
example, that P, is not zero for this system of values. We can then solve the 
equation (8) for ^T/cx,, and, by Cauchy’s theorems (§ 26), we can take for Uj, 
Uj, • ■ s u* functions analytic in the neighborhood of tliis system of values. Now 
one of the equations (12) can be written In the form 

Since the detennlnant on the right is analytic^ and since P, is not zero for 
X, = xj, z =s 2 ^, it follows that this system of values cannot make At zero. Since 
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tlie point <2, «q) is any point ol the integral, wa see that them cannot 

eiist int^ijfals satisfying the relation if =: 0 except in the two following cases: 

1) There exists a function FfXj, •••, z) such that every system of 
▼alaes of the variables z that makes tlie function V vanish, also causes P|, 
Pj,P,, and R to vanish. All these coefficients are therefore divisible by 
the same factor, and it is clear that by equating this factor to zero we obtain 
an integral. This trivial case is of slight interest. 

2) The reasoning would again be faulty if the integral defined by the rela¬ 
tion F = 0 were such that, in the neighborhood of every system of values 
satisfying that relation, some of the coefficients P<, R ceased to bo analytic. 
This case can actually occur, as we shall show presently. 


76. Geometric interpretation. The preceding general method is 
susceptible of a simple geometric interpretuition in the case of an 
equaticm in three variables, which we shall write in the customary 
notation, 

(13) Pp + Qq = R, p = 

where P, Q, R are functions of the three variables x, y, z. I^et S he 
any integral surface. Since the equation of the plane tangent to this 
surface is 

Z - z -p{X — x) + q{Y — y), 

the relation (13) expresses the fact that this tangent ])lane paases 
through the straight line D represented by the equations 


(14) 



Z -^z 
It 


Hence the problem of the integration of the equation (13) may be 
stated in geometric language as follows; 

To ea/ih point Af of space^ whose coordinates are (x, y, «), there 
eorresponds a straight line D through that pointy reprejiCTUed by the 
eqvxUUms (14). A surface S is to be determined so that the tangent 
plane at each of its points passes through the straight line associated 
vnth thai point. 

The surfaces possessing this property constitute the general inte¬ 
gral of the linear equation (13). The three functions P, Q, R deter¬ 
mine the law according to which the straight line D moves when the 
point M changes its position. These three functions are usually 
analytic functions of x, y, x, but it is sufficient for the argument 
that they satisfy the conditions stated in our previous study of 
differential equations ({{ 27 ff.). 
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The preceding statement leads ns to seek the curves F which are 
in each of their points tangent to the corresponding straight line D, 
We shall call these the characterUtic curves. We shall first show 
that every integral surface is generated by characteristic curves. 
Consider, in fact, such a surface S, In each point M of that surface 
the corresponding stniight line D lies in the tangent plane. We can 
therefore propose to determine the curves on that surface which are 
tangent at eatth of their ix)ints to the corresi)onding straight line D. 
These curves may lx* obbiined by the integration of a differential 
equation of the first order (§ 17). Through each point of S there 
passes in general one and only one curve, jM)S8essing this property, 
which lies entirely on the surface. It is clear that these curves are 
chanmteristic curv(*8, which proves the proposition. 

The converse is almost self-evident. If a surface Ls a locus of 
characteristic curves, the tangent phuie at any one of its points con¬ 
tains tlie tangent to the characteristic curve lying u]K>n the surface 
and piissing through that point — that is, the straight line D, The 
given problem is therefore reduced to the determination of the 
clianwiteristic curves. 

The differential equations of these curves, by their very definition, 
are of the form 

(16) 

Through each point of sjiac^* there i>asses, therefore, in general one and 
only one characb^rislic curve bingent to the corresponding straight 
line A Sui)]X)8e that we have integrated these equations (15). 
Let u and v lx* two independent fii’st integrals of this system. 
The gtuieral integral is represented by the equations 

(16) u (x, //, z)^ a, V (x, y, z) == 5, 

where a and b are two arbitrary constants. The characteristic curves, 
which d6{)end upon two |)arainetors, therefore form a congruence. In 
order to obtain a surface generated by the curves of this congruence, 
we must establish Ix^tween the tw'O [>arameters a and b an arbitrary 
relation, say ^(w, b) = 0, and the corresponding integral surfece will 
have for its equation r) = 0. This is exactly the result to which 
the general method of the preceding paragraph would leM us, for u 
and V are here two independent integrals of the equation 
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Exan^ 1. Consider the equation jKt + ^ = mz. The differential equations 
of the oharacterisUo curres, 

d« ^ dy dz 
X iT ~ mz* 

baTe the two first integrals y/z = r/r* = 6, and tlie general equation of the 
Integral surfaces is r = x^/(y/x). If m = 1, the characteristic curves are straight 
lines passing through the origin, and the integral surfaces are cones having their 
Tertices at the origin. If w = 0, the characteristic curves are straight lines par^ 
allel to the ory-plane and meeting the z-axis. The integral surfaces are conoids. 

Example 2. Consider the equation pp — + a = 0. The differential equa¬ 

tions of the characteristic curves, 

dz _ dy _ dz 
y — X — a ’ 


give the two integrable combinations 

*dx + v.iv = 0, = 

and the characteristic curves are represented by the etiuations 


z* + = CV 


z — a arc tan - = C„. 


These are helices with the pitch 2tr<i lying upon cylinders of revolution hav¬ 
ing Oz for axis, and the general integral is represented by helit oids (the axes of 
codniinates being supposed rectangular). In the particular case where a = 0, 
the characteristic cur\*eH are circles having their centers on the z-axis and their 
planes parallel to the xy-plane. The integral surfaces are surfaces of revolution 
about the z-axis. 

Example 8. Orthogonal trajectories. Let 
(17) F(z,p,z) = C 

be the equation of a family of surfaces 2 which depeml upon an arbitrary 
parameter C in such a way that through every jxnnt of space (or at least of a 
portion of space) there passes one and only one of these surfaces. Let us con¬ 
sider the problem of finding another surface represented by the equation 


y). 


which cuts orthogonally at each of its points the surface 2 through that point. 
Since the direction cosines of the normals U> the two surfaces are respectively 
proportional to dF/^Xy dF/ty^ IF/Zz for 2, and to p, 7 , — 1 for S, the condition 
of orthogonality leads to the linear equation 


( 18 ) 






The cbaracteristie curves, whose differential equations are 


(19) 


dz _dy _dt 
dz dy dz 


ate the carves tangent at each of their points to the normal to the surface 2 
through that point. 
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Suppoee, for example, that we have F(x, p, z) = 2 /(x, p), where /(x, p) is a 
homogeneouK function of the mth degree. The differential equations of the char¬ 
acteristic curves are here 

K~/i~ /' 

By Euler’s relation, we have the integrable combination 
xdx -f ydy — mzdz = 0, 

from which we derive the first integral x^ -f = a* On the other hand, 

dy/dx is a homogeneous fiinrtion of degree zero in the variables x, p. Hence 
we can obtain a new first integral by a quadrature (§ 3). 

Example 4. It is soinetiines fK)wiblc to determine the characteristic curves 
without any calculation, merely from their geometric definition. Let it be re¬ 
quired, for example, to determine the surfaces S such that the tangent plane at 
any point M of one of these surfnrcs meets a fixed straight line A in a point T, 
equally distant from the point 3/ and from a fixed point O on the straight line A. 

Let M l>e a piunt in fti)ace ; there exists on the straight line A one and only 
one p^jint T such that TO = T-V, ami this iwint is the intersection of A with 
the plane perpendicular to the segment 03f at its middle point. Let D be the 
straight line thnmgh th^' two points and T, The tangent plane to every sur¬ 
face ty\tisfyiug the given condition ami passing through the i>oint 3f therefore 
contains this straight line I). Conse<|U(*n(ly these surfaces arc obtained by the 
Integration (»f a linear e(piation. Since the tangents to the characteristic curves 
all meet the straight line A, tiiesc curves are plane curves, lying in planes pass¬ 
ing through A. The characteristic curves lying in one of these planes are the 
integral curves of a difTcrential etjuation of the first order, and it is easy to see, 
from their definition, that they are circles tangent to the straight line A at 0. 
The retjuired surfaces are therefore generated by the circles tangent at O to the 
straight line A. 

We can dis]x>se of the arbitrary function <#>(»/, r) in such a way 
that the integral surface jKisses tlirough a given curve F; we shall 
obttiin that surfat'c by taking the locus of tlie chanicteristic curves 
passing through tlie different {X)ints of the given curve. If F is 
represented by the system of two e<|uations 

(20) <!>(*, y, s) = 0, y, c) = 0, 

the whole question reduces to finding the relation which must hold 
lyetween the i)anuneters a and b in order that a characU'ristic curve 
shall meet the curve F. It is clear that that relation may be found 
by eliminating jr, y, z lx>twix»n the equations (20) and the equations 
uszayV^b of the characteristic curve. The proVdem has only one 
solution) unless the curve F is itself a characteristio curve. In this 
singular case it suffices, in order to obtain an integral surface pass¬ 
ing through F, to consider the surfat^e generated by a family of 
characteristic curves which depend upon an arbitrary parameter, and 
of which the curve F is a member* 
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77. OmgnitiioMi of cluuracterlatic cnrreo. To every linear equation 
of the form (13) there corresponds a ccngruenee of characteristic curves 
formed by the characteristic curves of that equation. Conversely, 
every congruence of curves, that is, every family of curves depending 
upon two arbitrary parameters a and b, is the congruence of charao 
teristio curves for an equation of the form (13).* Suppose, in fact, 
that the equations which define that congruence are solved for the 
two parameters a and h : 


u(x,t/,x)=a, ,<{x, y, z)==b. 

Every surface S generated by the curves of this congruence, associated 
according to an arbitrary law, is represented by an equation of the 
form V = w(«). Taking the pirtial derivatives with respect to x 
and to y, we find 

dv dv fdu 

The elimination of w'(m) leads to a linear equation 


\ 

dr dr . 

fcu 

dti \ 

)' 


- + 



BijiLll „ + «’) _ . «0 _ A 


y) 

for which the given congruence is evidently the congruence of 
characteristic curves. 

Let xis now consider the general case of a congruence defined by 
two eqiiations of any form wliatever, 


(21) U (x, y, X, a, b) = 0, r (x, y, z, a, b) = 0. 

If we .set up an arbitrary relation <ft(n,b) = 0 between the two 
parameters a and b, we shall have the equation of a surface 5 gener¬ 
ated by the curves r of the congruence by eliminating a and b from 
the equations (21) and the relation ^ = 0. All these .surfmies again 
satisfy, whatever may be the function the same j>artial differen¬ 
tial equation of the first order. To obtain this equation we may 
proceed as follows: The three equations 

(22) Uz=,0, r=0, <^(a, *)=0 

define three implicit functions x, a, h of the independent variables 
X and y, and the htst contains only o and b. Hence we have 


(23) 


D(x, y) 


• W. tnppoM, Sn Mtdltion, that thnmgli say point of spnee (or of s portion of qNMw) 
OwwpMMn «ne of Umm corrM, wUdi would not happen If they we» all dtoated 
VmWI MMSMI MUrfiM$0f 
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On the other hand, if we differentiate the first two of the equa¬ 
tions ( 22 ) with respect to x and to y, we can derive from the result¬ 
ing relations expressions for dajdx^ db/dx^ dajdy^ db/dy in terms of 
flc, y, p, y, a, 6 , and, by replacing these derivatives in the determi¬ 
nant (23) by their values, we obtain a new relation, 

yi qy ^) = 0. 


We need only eliminate a and h from this relation and the two rela¬ 
tions ( 21 ) in order to obtain an equation containing only ar, y, 

(24) F{x,y,z,p,q) = 0 , 

which applies to all the snrfa<*es generated by the curves of the 
congruence. It is easy to show, from the very way in which this 
equation has been obtained, that it breaks up into a system of linear 
equations in qt and < 7 . The same fjw‘t results from its meaning. Let 
us suppose, for definiteness, that through a point 3/ of space there 
pass m curves of the congruence, and let . *, 1)^ be the m 

tangents to these curves at the point M. Every surface through the 
point M generated by the curves of the congruence must contain 
one of the m curves of this congruence which pass through 3/; 
hence the tangent plane at the point M must jvass through one of 
the straight lines • • •, /)„. Let /*„ < 2 „ i?, l)e proportional 

to the direction cosines of the straight line /),. Every surface gen¬ 
erated by the curves of the congruence must therefore satisfy one 
of the m equations, 

(25) E, = />,;> -f <?// ~ /?, = 0, (t = 1, 2,..., m) 

and the left-hand side of the equation (24) is identical, except for a 
factor independent of p and of y, with the product of the m linear 
factors Ej, It should be noticed also tliat it would be 

impossible, in general, to sei>arate these m factors analytically. 

Similarly, cerbvin problems of geometry may lead to partial differ¬ 
ential equations of the first order which decompose into a product of 
linear factors. Let us consider again, for example, the problem of 
the orthogonal trajectories to a family of surfaces whose equation 
F{Xy y, «, C) = 0 is of degree m in the arbitrary parameter C. To 
obtain the partial differential equation of orthogonal surfaces, we 
must again eliminate C tetween the relation Fss 0 and the condition 


dF . dF 


dF 

dx 


0 . 


Through a point M of space there pas?, by hypothesis, m surfaces 
of the given family. Let Uy D,, •••,/)* bo the normals to these « 
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siur&oes. The tangent plane to an orthogonal surface through M 
must contain one of these straight lines. Hence the partial differen* 
tial equation decomposes into a system of m equations which are 
linear in jp and q. 

Conversely, given any equation of this type, to ea<di point of 
space there correspond m straight lines Dj, • • •, 1)^^ and the 
plane tangent to any integral surface contains one of those straight 
lines. If we give the name chnructt^rlstlc curve to every curve which, 
at each of its points, is tangent to one of the corresponding m straight 
lines, the reasoning employed alK)ve shows again that every integral 
surface is a locus of elianieteristii* curves. To obtain tlie differential 
equations of these curves, we are not 1 ‘oinjxdled to carry out the 
decomposition of the left-hand side of the cijuation into linear 
factors. Indee<l, expressing the fact that the left-hand side is divisi¬ 
ble by the fai^tor Pjj -j- Qq — A*, we obtain twpuitions of condition 
homogeneous in P, Q, /♦, which furnish systems of values for the 
ratios of these coefficients for eacdi point (jr, y, z). Ileplacing J\ Q, 
R in these conditions by the proportional rpiantities f/x, <///, dz^ wo 
obtain the differential equations of the cliaiiuderistic; (‘urves, and 
the integration of the partial differential equation is reduced to the 
integration of a system of ordinary differential equations. 


The preceding theory explains very simply how a linear equation may have 
integralB which are not included in the general integral. Consider a partial 
differential equation of the form 

(2ff) F(x, y, z, p, q) = 0, 

whose left-hand side is the product of a certain number of linear factors in p 
and q that are not analytically distinct, and let 


(27) 


>(x, V, z. 


dy dz 
dx dr 






dy dz\ 
fix ’ dx) 


0 


be the differential equations of the characteristic curves of this system. The 
carves which represent the general Integral of this system fonn a congruence, 
which is the congruence of the chararu^ristlc curves of the ecjuation (20), and 
the general integral is representeil by the surfaces generate<l by the curves of 
this congruence associaUsl according U> an arbitrary law. but it may happ<m 
that the equations (27) have singular integrals. This will happen If the con¬ 
gruence of the characteristic curves has a focal surface (S). Then through each 
point of this surface there passes a curve of the congnience of charmiteristlcs 
tangent to this surface, ^flie plane tangent to (2) contains, therefore, one of 
the straight lines Di relative to the point of contact, and consequently (2) is 
m Inlegial surface of the equation (26). Moreover, it is not a member, at least 
to general, of the surfaces wltich represent the general Integral; that is, It is a 
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Consider, for example, the equation 

<28) - z») + q(zu ± * Vx* + y»- **) = 0, 

which in reality is equivalent to two linear equations. We can write the 
differential equations of the cliaracteristic curves in the form 

1 = 0 , 

The intejn^tion is immediate, and the congruence of characteristic curves is 
formed by the straight lines 

2 = C, y — C^z ±z Vl + Cf, 

which are parallel to the ry-plane and tangent to the cone z* -f V* = The 
general integral is represented by the conoid surfaces generated by these straight 
lines, ami tliere is a singular integral, tlie cone itstdf. 

The coefficient of q in the equation (28) is not analjrtic in the neighborhood 
of any point (x^, zj of this cone, which confirms a previous remark (§ 75). 

II. TOTAL DIFFERENTIAL EQUATIONS 

78. The equation dz = Adx ^ Bdy. The existence of integrals of a 
completely mteyruble system of total differential equations was estab¬ 
lished in § 24. The integration of such a system reduces to the 
integration of st^vonil sysUnns of ordinary differential equations 
with a single indeix*ndent variable. The methoti, w^hich we shall 
develop only in the simplest case, is extensible to the general case. 
Let the equation l)e 

(29) (Iz — A (.r, ?/, z)flx -f B{x, y, z)dy, 

where z is an unknown funefion of the two indej^endent variables x 
and y. This ecpiation is expiivalent to tw’o distinct relations 


(30) y.«). 

g = yj(x,,,,x). 

Every integral common to those two equations satisfies also the two 

new equations 


_a.l dA 

_dB dIt 

dxdy dy ^ dz ^ 

dijdx dx dz ’ 

and consequently the relation 



dn dB . 




If this relation does not reduce to an identity, there can be no in¬ 
tegrals of the given equation (29), except jiossibly one or more of the 
implicit functions defined by the equation (31). Hence in this case 
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we oaa always determine by substitution whether the equations (30) 
have a common integral. On the other hand, in order that these 
equations may have an infinite number of integrals depending upon 
an arbitrary constant, the relation (31) must be satisfied identically. 
If it is, the equation (29) is said to be completely inteyrahle. 

In order to obtain all its integrals, let us first disregard the second 
of the equations (30), and consider only the first If we regard y 
as a parameter, this equation is a differential equation of the first 
order between the independent variable x and the dependent vari¬ 
able hence it has an infinite numl)er of integrals « = ^(a?, y, C) 
that depend upon an arbitrary constant (\ We may replace this 
constant C by any function u (y) of the variable y, since the expres¬ 
sion for dz/dx remains the same when we rej)lace C by a function 
of y. The solution of the problem therefore de|)end8 uj)on the deter¬ 
mination of this function u(y) in such a way that the derivative of 
the function « = ^[x, y, «(y)] with respect to y shall be equal to 
B(x, y, ^). This leads to the equation 


or 


(32) 


dji 

dy du dy 


= y> y. «)]. 


du 

dy 


y. \h «)] - 

du 




We shall show that the right-hand side of this equation depends 
only upon the variabU^s y and u. It is sufficient to show that the 
derivative with resj^ect to x is identically zero, that is, that we have 


(33) 


du\dx di^ dx dxdy) 




y. <^)- 


-0 


From the very manner in which the function ^(x, y, u) has been 
obtained, we have the relation 


(34) 


g^ 

dx 


= A (x, y, <f,), 


which is satisfied for all values of x, y, and u. It follows that we 
^niay write 

^ a^ ^ 

dxdy dy dy* 

dA dA 
dxdu du 
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Beplaoing d^t/dx, ^^/dxdy, i^t^/dudx by the preceding valaes, the 
relation to be verified reduces to the form 


^(S_B . £5 . _ ^ 
du\dx dy 


d<jt 




0 . 


The second factx)r is identically zero by the condition of integrar 
bility (31). The equation (32) is therefore of the form 


(35) 


5^ = ny,«). 


Let V = ^(y, r) 1)6 the general integral of this equation, where C is 
a constant indej)endent both, of x and of y. Then if we replace u by 
^(y, C) in the function <^(ar, y, i/), we obtain the general integral of 
the completely integrable equation (29), and we see that the Integra^ 
tion of this equation reduces to the sxixressive integrations of two 
ordinary differentujf equations (34) and (35). 


Example, Consider the total differentiai equation 


( 86 ) 


I ■¥ ry 


x {z-x) 
1 + xy 


dy, 


which is equivalent to the system 


(sao 


_ 1 -f yz 
ex 1 + xy 


^ _ x(z x) 
ay "" 1 + xy 


The condition of Intcffrability is verified, and the first of the equations (86q, 
which is linear in z and tz/dZy has for its general integral 


where u{y) is an arbitrary function of y. Substituting this value of z in the 
second ot the equations (36'), it l)ecomes du/dy + 1/y* = 0, whence we derive 
tt(y) = l/y + C. Hence the general integral of the equation (36) Is 

(37) z = x+C(l-f xy), 

where C indicates an arbitrary constant. 


The preceding problem can also be interpreted geometrically. 
In order to simplify the statement, we shall again call an integral 
surface any surface represented by an equation z =/(ar, y), where 
the function /(x, y) is an integral of the equation (29). The two 
conditions (30), or 

F “ ^ y. *)» r “ y> *)> 



228 


PARTIAL DIFFERENTIAL EQUATIONS [V, { 7a 


express the laot that the tangent plane to the integral surface S at 
a point («, y, z) of that surface coincides with the plane P whose 
equation is 

(38) Z - * ^A(X ^ x) + B{Y^ y), 

so that the problem of the integration of the equation (29) is 
equivalent to the following geometric problem: 

To each jioint of space (x, y, z) there corresporuis a plane P through 
that pointt irhich is represented by the equation (38). It is required 
to find the surfaces S trhose tangent plane at each jmint (x, y, z) is the 
2 )lane P associated with that point. 


The proposition is analogous to that of § 76. But in the pro.sent 
case the problem does not ahvuys have a solution. If the condition 
of integrability (31) is satisfied, there exists, in general, one and 
only one integn\l of the equation (29) which takes on a given value 
when x and y take on given values and y^. Through every 
point in space there pjisses, therefore, in general, one and only one 
integral surface. 

Let us consider, for example, a family of skew curvt^s T which 
depend upon two arbitrary parameters a and 6, and which are rep¬ 
resented by a system of two equations 

(39) M (x, y, z) = a, r (x, y, z)==: b 

such that through every point of space (or of a region of space) 
there passes one and only one curve of this family. There do^'S not 
always exist a family of surfaces S which has these curves F for 
orthogonal trajectori«»s. In fact, the tangent plane to the surfime S 
{massing through a j>oint would have to coiruude w ith the normal 
plane to the curve T passing through the same ])oint. AVe are there¬ 
fore led to a jjarticular case of the preceding jiroblem, which proves 
that the curves of an arbitrarily as.signed congruence of curves are 
nothin general, the orthogonal trajt^ctories of any family of surfaces. 
The plane tangent to the surface S through the j>oint (x, y, z) must 
be perpendicular to the planes tangent to the two surfaces (39) 
which pass through the tangent to the curve F. Hence we have, in 
rectangular coc>rdinates, the two conditions 


du , dn 


dz 


dp dv 

:p+^r 


dv 

dz 


0 . 


dx^' ' d,j'‘ dz~''’ dx^ 

ttam tiiese ^nations the values of p and q are found to be 

y»*). 
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and the condition (31) miut be satisfied identically in order that the 
problem have a solution. 


Let UB take, for example, the family of curves 
X = aZ, y = dZ, 


where X is a function of x alone, ami V and Z are respectively functions of p 
alone and of z alone. The preceding method gives the following values for p 
and 9 , 


p =- 


XZ' 

X'Z’ 


Q 


YZ' 

Y'Z' 


and the total differential equation can be written in the form 

q. = 0. 


It is clear that this eipiation is completely integrable, and the general Integral 
is obtained by quiulratures 





C. 


79. Mayer's method. The preceding method requires two successive integra¬ 
tions, We can replace thesi* two integrations by a single integration, as follows: 
Let us suppose*, for detiniteness, that the coefficients A (x, p, z) and if(x, p, z) 
are analytic in the neighlKtrleKHl of the jKiInt (x^^, p,j, Zy). Then there exists one 
and only one integral surface through the i>oint (Xy, py, Zy) if the condition (31) 
Is satisfied. Mayer’s method for obtaining this surface reduces to determin¬ 
ing first the sections cut from that surface by the planes parallel to the z-axis 
through the point (Xy, py, z,,). Let V be the intersection of Sq with the plane 

( 40 ) y- Ho = “* - •^o)' 

where m has any given value. Along this curve r we have dp = mdx, and, replac¬ 
ing p and dp in the etpiation (20) by the preceding values, we obtain the relation 

(41) dz ~ {A [X, Py + m (X - Xy), z] + mB [x, py + m (x - Xy), z]} dx, 

which is also satisfied along the whole length of the curve F. Now this is a 
relation containing only tlu* two variables x and z ; that is, it is a differential 
ec^uation of the first onler, the integration of which deternunes the curve F. Let 

(42) Z = 0(x; Xy, Py, Zo»"*) 

be the integral of this equation which reduces to Zy for x = Xy. The curve F is 
represented by the two equations (40) and (42). Since the required surface 
is the locus of the curves F as the parameter m varies, the equation of this sur¬ 
face is obtainecl by eliminating m from the equations (40) and (42). To accom¬ 
plish this It is sufficient to replace m in the equation (42) by (p — Po)/(x — x^). 
This method presents an evident analogy with the one which has been indicated 
for the integration of the total differentials P(x, p)dx -f Q(z, p)dp (I, § 152), 
We might generalize it still further by replacing the planes parallel to the 
f-axis by cylinders passing through a given point (*^, V 0 , Zq) and having their 
generators parallel to Oz. 
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For eaaunple, let oa a^n take tlie equation (36), and let ua auppoae a === 
Sabetltutlng p rs mx, dy =: mdx, that equation becomes 

1? — . I — 

di 1 + i + 

This is a linear equation which ia readily intej^ted, and the integral which re¬ 
duces to Z|, for X = 0 has the form 

3? = JC + 2 q (1 + mx*). 

Hence the surface has the eqiiatit>n r r=r x -f- 7^(1 4 . x^/), which is the result 
obtained by the first method. 

80. The equation Pdx 4- Qdy 4 - Rdz = 0. The problem of the inte¬ 
gration of a totiil differential equation can be put in a more general 
and more symmetrical form. Let /*(>, y, ar), Q(x, //, x), i? (x, y, x) In* 
three functions of the variables x, y, x. To integrate the equation 

(43) P{x, u, z)dx 4- Q(x, y, z)dif 4- -K(x, y, z)dz = 0 

is to find a relation F(x, y, «) = 0 between ar, y, x such that these 
three variabU^ and their differentials dx, dy, dz satisfy the given rela¬ 
tion. If the function F contains the variable x, wt» may regard x and 
yin it as two indejxmdent variables and z as a function of these two 
variables, and we see that tliat function must satisfy the e([uatiou 

dz=-~dx- ~ dij, 

which is of the form (29). Repla<ung .1 V)y — F/R and 71 hy — Q/R, 
and carrying out the differentiations,the condition of int4*gnihility (31) 
becomes 



This condition remains the same when we [)ennute x, y, z and Q, R 
circularly. Hence we should have obtained the same relation if, in¬ 
stead of regarding z as the dependent variable, we laid taken one of 
the variaHes x or y for the unknown deixiudent variable. The prol>- 
lem of the integration of the equation (43), therefore, does not differ 
essentially from the problem already treated; but when we write 
a total differential equation in this way, it is not necessary to 
specify which of the variables have b<?en chosen as the indei^endent 
variables. 

The condition (44) arises in a question which is closely connected 
with the preceding. Given an expression 

PC*, y)d» + <2(35, y)dy, 
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we have seen (IS 12 , 26) that there always exist an infinite number 
of factors /a( a;, y) such tliat the product fi{Pdx + Qdy) is the total 
differential of a function of the two variables x and y. When we 
pass from two to three variables, this does not remain true in general. 
Let us consider, in fact, three functions, Q, 72, of the variables 
X, tjy z. In order that the prcxluct 4* Qdy 4 Rdz) be an exact 

differential, the fjmtt)r /x(.r, y, z) must satisfy the three conditions 

a(/iQ) ^ ^ (/i /0 a(/i /0 ^ ^ 0 ^ ^f/iP) ^ g(/iQ) ^ 

dz cy ’ ex dz ^ dy dx 

If we add these three equations, after having multiplied them by 
/*, Q, Jt resiHHitively, and tie :i divide by /i, we find again the con¬ 
dition of inb^grability (44). This condition is therefore necessary 
in order that the trinomial I*dx -f Qdy + Rdz have an integrating 
fac*tor. It is also snffivunif, I'or if it is satisfied, the equiition (43) 
is completely inb^grable. Let 

(45) l\x, y,z)^C 

1)6 the general integnil of this equation. The values of cz/cx and of 
derived from tlu* ecpiation (45) must be identical with the 
values PJR and — Q/R obtained from the equation (43), since Tve 

can choose the arbitrary (‘onstant C so that the int<*gral surface 
|>as 8 es through any point of sj>aee. For this we must have 



or 

ilF = /X {Pdx + Qdy 4- Rdz). 

The factor /x, which is equal to the common value of the preceding 
ratios, is therefore an integrating fiU‘tor. Repeating the reasoning 
of § 12, we see, in a similar manner, that there are in this (^se an 
infinite numlx^r of integrating fjw4or.s, which are of the form /X7r(P), 
where w is an aibitrary function. 


The couditton of integrabilily (44) la inxKinard with respect to every change 
of variables. Consider, in fact, a transformation defined by the equations 

(iff) * = /(w, c, ir), = 0 (M, ©, te), z-f (u, tJ, tr), 

where the Jacobian of the functions/, ^ with respect to u, r, to Is not identi¬ 
cally zero. This transformation carries the trinomial Pdx 4 Qdy Rdz into an 
expression of the same fonn, Pjdu 4 4 where Pj, Q,, are func¬ 

tions of u, r, tc. If now the relation (44) Is satlsfieii, the analogous relation 


" T.7 +li;" li) ^ W “ j - ® 
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is aatijsfied identically. We might Terify this by a direct calctilation 
(L Chap. Ill, Ex. 10, M ed.; I, Chap. II, Ex. 19, let ml), but it also results 
from the meaning of the condition. In fact, if the relation (44) is satisfied, 
there exist two functions /i( 2 r, y, z) and F(x, y, z) such that 


fi(Pdz 4- Qdy + Rdz) = dF, 


If we carry out the change of variables defined by the equations (40), the 
functions m and F change into two functions r, tv), F\(u, i\ w) of the new 
variables, and we have Identically dF = dF^. Hence the preceding identity 
becomes 

(P^du + Qjdr + Jiidw) = d>\, 


and the trinomial P^du + -f R^dtv has an integrating factor. This shows 
that P|, satisfy also the relation (47). 

This remark enables us to present the iiiethoil of intcgnition of § 78 under a 
more general form. For let us supjKm* that the trinomial Pdx -f Qdy + Rdz has 
been converteti by a transformation into a biiiuinial of the form P^du +<?|dr, 
containing now only two differentials du and dv. In the relation (47) we must 
suppose = 0, and that relation reduces to 


dw tw 


which shows that the ratio of the two coefficients Pj and Q^ is independent of 
w. The integration of the given total differential equation is therefore reduced 
to the integration of an equation of the form dp -f ir(u, r)du = 0, that is, to an 
onlinary differential equation. 

Every trinomial Pdx + Qdy 4* Rdz can be reduced to a binomial Pjdu4* Qido 
in an infinite number of ways. For example, we can j»roceed ixa follows : We 
deteniiine first two functions, y, z) and F{x, y, z), such that, whatever dx 
and dy may be, 

dF dF 

— dz + ~dy = m[P(A F, 4 QU, y, z)dy]. 


This amounts in reality to Integrating the differential equation Pdx + Qdy =0, 
regarding z as a parameter. Again, we may write the preceding cfiuatlon in 
the form 

dF+ = n{Piix + qdy + Rdz). 


Then if we select a new system of independent variables, of which F(x, y, z) 
and z are two, we see that Pdx + Qdy + Rdz is actually replaced by an expres¬ 
sion in which there appear only the two differentials dF and dz. This procedure 
can be varied in many ways. It Is clear, for example, that we can begin by 
integrating either of the two equations 

Qdy -4 Rdz = 0, Pdx 4* Rdz = 0; 

tills fact method is in reality identical with the method of f 78. 

We can also connect with the preceding remark an elegant method due to 
Joeeidi Bertrand. Assuming that the equation (48) is completely Integrable, 
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let us begin by integrating tlie linear partial differential equation 


(^Q 


1—+1 

/cR i 


(BP a (A 

\dz " 



lax 

dzjdy 

\dy dx) 


Let u and v be two iudei)endent integrals of this equation. If between the two 
relations 

A'(u) = 0, A'(») = 0 

and the condition of integrability (44) we eliminate the three differences 
cQ (R 


cy 


we obtain the equality 


eii 

cP 

tp 

C£ 

1 o 

I 

dy 

1 ^ u cu 

tu 


bx 

cy 

dz 


lev tv 

ct 

= 0. 

cx 

cy 

tz\ 


p 

Q 

K 



There exist, therefore, tw(» fiuictions X and fi for which we have 

m / 


r M c V 

X 4- ^ 
c j- ci 


Q = X ~ 4/4-1 

^y cy 


cz dz 


and we can write the given e<iuation in the form 

Xda 4 /idij = 0. 

Now we have seen that the ratio X/m can depend only upon the variables u and 
V ; hence this equation is a differential equation in u and o. 

This metliotl appears to be more complicated than the preceding, since the 
integration of the equation (48) requires first the integration of a system of two 
differential equations of the first order. But it is more symmetric, and it may 
bo prefenihle if the given ecjuation is itself symmetric in x, y, and z. 

Consider, for example, the ei|uation 

{y'^ + 1/2 4 2‘'^)d/ + (2^ 4 4 4 (/’* + xj/ + y^)dz = 0. 

The condition (44) is satisfied, and the line.ar equation (48) is her© 

(z-v)’^ + (x-z)^l + (y-x)^£ = 0. 

The corresponding system of differential equations, 

dr. _ dy _ dz 
z y X — z y — x 

gives easily the two integrable combinations 

d (x 4 1 / + r) = 0, xdx 4 ydy 4 xdz != 0. 

Hence wo may take 

u = X 4 y + z, c = X* + y* 4 X*, 

and the values of the facU)r8 X and m derived from the equations (49) are 

tt*+v x4y+* tt 


X =s + y* + ** + + y* + f* as 


2 2 


2 
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Tbe tntioformed «qaation in u and v la tberefore 

(u* + «)du — udv - 0 , 
or 


It followa that the general integral is u — v/u = or, returning to the vari- 


aUes X, y, 2, 


* + y 4- * 


81. The parentbeeia (u, v) and the bracket [u, v]. Any total differ¬ 
ential equation is really equivalent to two simultaneous equations 

/» = .4 (x, y, x), f/ = B(x, y, «). 

Let us now consider any two equations, 

(50) F(x, y, z, p, y) = 0, (x, y, ;c, p, q) « 0, 

in the two independent variables x and y, the unknown dependent 
function z, and its two partial derivatives p and q. 

If we can solve these two equations for p and q, we obtain two 
equations, p =/(x, y, x), <7 = ^(x, y,«), of a form which has already 
been studied, and it will he poasible to determine whetlier these two 
relations are compatible. But we can determine whether the condi¬ 
tion of integrability is satisfied without first solving the equations 
(50) for p and y. We have only to apply the rules for the calculi^ 
tion of the derivatives of implicit functions. Let us consider, in fact, 
the relations (50) as defining two implicit functions, =/(x, y, «), 
y s=r ^(x, y, *), of the three independent variables x, y, z. Differen¬ 
tiating with respect to x, we find 

dx dp dx Cq dx ’ dx dp dx dq dx * 
and consequently 

h + „ 0 

l>(p,q) dx D(j>,x) 

Similarly, we have 


D(F,*) dp DCF,*) 

q) h i>(y, q) ’ d(/>, y) d(*, q) " 

D(F,»)8 y D(F,») 

D{jp,q) dx I>(jp,x) 


Substituting the values of Bp/ 8 y, dp/dx, dqfdx, dq/dx in the con- 
ditaon of int^irability 







V.JSJ] TOTAL DIFFERENTIAL EQUATIONS 236 


that condition becomes, after development, 


dF/d9 

8p ^ 8zj 

d^/dF 


dq \}y 


dj^\ 

' dz] 


, dF\ d^(dF . dF\ ^ 
dp\dx ^ dz) dq\dy ^ dz) 

In general, if u and v are any functions of x, y, «, we shall set 


dx dx ^^ dz* d\j dij ^ dz* 
^dudv dvdu du dv dv du 

^ ^ ^ dp dx dp dx ^ dq dy dq dy ’ 


and we shall call the expression [w, r] a bracket. The preceding 
condition can then be written in an abridged form, 

(61) [F,4>] = 0. 

In order that the two ecjuations (60) shall form a completely inte- 
grable system, it must iirst lie {Kxssible to solve them for p and q\ 
that is, it must not lx* jiossible to derive from them a relation 
between x, y, z indejxjndent of p and of q ; and, further, the con¬ 
dition [F, <I>] = 0 must be a consequence of the two relations (50). 
If the bracket [F, <l>] is identically zero, the two equations F = a, 
O s= 5 form a completidy inb*grable system for any values of the 
constants a and b. If the relation [i*’, <l>] = 0 is a consequence of the 
single eqmition F = 0, iiulejHmdently of the second equation = 0, 
the two equations F = 0, = // form a completely integrable system 

for any value of the constant h. 

If the two functions F and ♦ do not contain the expression for 
the bnmkct [F, <l>] is simplified. The following expression, where u 
and V are any functions of x, y, py y, 

is called the parenthesis (m, r). The condition that the two equations 
Py </) == ^y Vy ^) = <> 


be compatible is, by what precedes^ that the eqiiation 

(F,^)«0 

shall be satisfied, either identically or as a consequence of the 
relations F » 0 and ♦ « 0 themselves. 
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ra. EQUATIONS OF THE FIRST ORDER IN THREE 
VARIABLES 


83. Complete integrals. We shall now consider the integration of 
a partial differential equation of the first order, of any form what¬ 
ever but with only two independent variables, and we shall first 
present some very important results obtained by Lagrange. Let 

(52) F(x,y,z,p,q)^(S 

be the given equation. The fundamental result obtained by Lagrange 
is the following: If we know a family of integrals which depend 
upon two arbitrary panmieters, we can derive all the other integrals 
from them by differentiations and eliminations. Let 

(53) r(-r, y, h) = 0 

be a relation which contains two arbitrary consti\ntH a and 6, and 
which defines an integral of the equation (52) for any values of 
those constants. The values of the jKirtial derivatives p and q of 
that integral are given by the equations 


(64) 


dr 

dx 


dr 


0 , 


dr , dr 

Cy cz 


= 0. 


By hypothesis, the function « always satisfies the equation (52) for 
any values of a and hence the elimination of the two j)arame- 
ters a and d from the three relations (53) and (54) will lead to the 
equation (52) and to that one only* 

We shall now show that this equation (52) expresses the neces¬ 
sary and sufficient condition that the three equations (53) and (64) 
be satisfied by a system of three functions z, a, b of the two varia¬ 
bles X and y, where p and q denote the [lartial derivatives of z with 
respect to x and y respectively. When this has U‘en j)roved, it will 
be evident that the problem of integrating the single e<|uation (52) 
is equivalent to the following problem: To Jind three functions z, a, 
b of the two independent variables x and y which satisfy the three 
equations (53) and (54). 

If s as /,(ac, y), a a=/,(a?, y), b =/,(x, y) form a system of solutions 
of these three equations, the function /j(x, y) also satisfies the 
equation (52), which is a consequence of these three relations. 


* la Uust, tf the eUmioaCioa of a and 6 led to another relation ^ (x, y, x, p« 9 ) *0 
dilfsreat Imtn the two eimultaneoiui equations would have a 00 m- 

aioa lategral depending npcm two arbitrary parameters a and b, which Is 
httposslhla (} 7S). The given integral would therefore depend in reaUty upon only a 



EQUATIONS OF THE FIRST ORDER 


287 


Conversely, if y) is an integral of the equation (52), the 
three equations (63) and (64) are consistent when we replace z 
by /^(ar, y), and p and q by the partial derivatives of/^(aj, y). Hence 
we can derive from them as values for a and b two other functions 
y)y l/)y which form with /^{x^y) a system of 

solutions of the equations (63) and (54). 

The new problem, although apparently more complicated than the 
original, is easily solved. In fact, if we differentiate the relation 
(63) with respect to x and to y, regarding now z, b 2 l8 unknown 
functions of x and y, the relations obtained reduce, by (64), to the 
two equations 

^ ^ ca Cx dh dx ^ da Oy cb dy ^ 


and the system formed by the equations (53) and (66) is equivalent 
to the system formed by the equations (53) and (54). 

We see at once that this system is satisfied by taking for the un¬ 
known functions a and h any two constants. This gives as the value 
of z the integral already known, which TiUgrange called the complete 
inJeyral, In order to treat the problem in a general way, let us 
olwerve that the equations (55) are linear and homogeneous in 
dV/dn^ dV/dh, Hence the three equations (53) and (55) are satisfied 
if we set 


(56) 


F=0, 



dV 

db 


If these three equations are consistent, they define three functions 
;r, Oy b of tlie two variables .r and y. This gives an integral z = /^(x, y) 
of the equiitiou (52) which dot»s not de]>end u]X)n any arbitrary 
l^arameter, and which is commonly called the singular integral. 

If dV/da and dVfdb are not zero simultaneously, the equations 
(65) give 

0 , 


n(a, (>) 


H', y) 

which proves that there exists between the functions a and h at least 
one relation indej>endent of x and of y. If there exist two relations 
of that kind, a and b reduce to constants, which gives again the com¬ 
plete integral. If there exists only one relation between a and 6, at 
least one of the functions a and b does not reduce to a constant. 
Assuming that a is not constant, we can write the relation between 
a and b in the form 

(87) 


h ^(a), 
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and the two equations (65) become 


Sxf^Ba 



0 , 


dafdV 



0 . 


Since a is not a constant by hypothesis, these two relations reduce 
to a single relation, and the three equations 

dV dV 

(68) F(x, y, *, a,b)=>0, i = ^(«), = 0 


define a new system of solutions of the equations (53) and (54). In 
particular^ the function z = /^(ar, y) defined by (58) is an integral of 
the given equation (52), It is evident that tliis integral dej)end8 uj>on 
the arbitrary function ^(a). We shall call it the general integral. 

In order to obtain the relation l)etween x, //, Zy the arbitrary 
parameter a must be eliminated from the two equations 

(68-) F[x, y, «, <^(^)] = 0. 4- ^'(«) = 0. 

This elimination can l>e made only after the fun(*tion <^(a) has been 
chosen, but the equations (58') always enable us to express two of 
the cobrdinates of a point of an integral surfac^e as fmudions of a 
third coiirdinate and of a parameter a. 

The preceding method is related in a very simple way to the 
theory of the surface envelopes. Consider, in fact, the family of sur¬ 
faces S which represent the complete integral (53) and which depend 
upon two constants a and h. If we choose an arbitrary relation of 
the form h ^ i^(n) between the two parameters a and hy we obtain a 
family of surfaces which depend upon only one parameter «, and the 
envelope of this family of surfaces is obtained precisely by eliminat¬ 
ing a from the two equations (fiS'). The prcx’css by which we deduce 
the general integral from the complete integnd consists, therefore, in 
taking the envelope of a one-parameter family of com[)h;to integrals 
obtained by choosing an arbitrary relation between the two param¬ 
eters a and b. Similarly, the singular integral is obtained by taking 
the envelope of all the complete integrals, as the two parameters a 
and b vary independently ♦ (I, f 212, 2d ed.; f 220, Ist ed,). 


• We here teen alioTe (J 71) that all confiiderations founded on the theory of 
envelop tn the etndy of differential eqnatione are quite troubleflome. All the diitt- 
eoltlee pointed oot in the etndy of the elngnlar eolutlooa of an ordinary differential 
eqnatloft of the diet order arise again for partial differential eqnatlona of the first 
ofdet. The final conduskm is Just as before: a partial differential equation of the 
first coder, given a priori, does not normally have any singular integrals. This 
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It would seem from what precedes that we ought to distinguish 
three categories of integrals: the complete integral, the general inte¬ 
gral, and the singular integral. But Lagrange’s theory itself shows 
that there exist an infinite number of complete integrals. Indeed, 
if we establish between the two parameters a and b a relation of a 
definite form ^> == 7r(a, a\ h'), containing two constants a* and h\ the 
corresponding general integi*al will depend upon these two constants 
a\ b\ and may be considered as a new complete integral. The 
original complete integral will now be included in the general inte¬ 
gral, and will corresiwnd to the relation b = 7r(«, a\ b*) established 
Ixitween the two paiameters a* and I/, There is, therefore, no essential 
distinction l)etween the general integral and the complete integral. On 
the contrary, the singular integral, as can be seen from its geometric 
meaning, does not de|>end U|)on the choice of the complete integral. 
Example. 1 . Consider the genemlized Olairaut’s equation 

s- l>r + VJ +/(i^ i)- 

It is easily seen that it has a complete integral of the form 
z —ax + hj 4 •/(<^ b^. 

This complete integnil is represenbHl by a family of planes which de- 
I)tmd upon two arbitrary jKinuneters a and h. These planes envelop 
a non-<levelo|){ibh* .surface 2, which i.s the singular integral surface of 
the given equation. In order to obtain the general integral, we must 
choose an arbitrary relation Indween a and say h = and we 
must find the envelope of the planes thus obtained. This envelope, 
which is represented by the two equations 

* = «j- + ;,4>(a) <t>{«)'], ^ 

is a developable surface tangent to the surface 2 all along a curve F. 
It is evident that we can choose the arbitrary function 
a way that the curve of contact F shall 1x3 any preassigned curve on 2. 
Example 2. Consider the equation 

q 

of which a complete integral is 

z = ax -f-/(«)y 4* b, 

coitcliiJiioti does not contradict the reasoning of the text^ for we have assumed tliat 
we can apply the theory of implicit functions to the system of three equations 
and the conclujiioiia are correct only when that condition is satisfied. (See the paper 
hy DarbouXy Sur Utt sofnfioas einffuti^res des 4qm(iom a^x partielks du 

prtmi$r ordre {Mitmirts dM SavwKU ^trof^re, Vel. XXVII).) 
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This equation represents a plane, and the general integral, which is 
given by the system of two equations 

(59) « = «x + uf(^0 4- +(«)> 0 = a- 4- 

is represented by develoixible surfaces, which can be defined geomet¬ 
rically in a very simple way. Draw through a fixed jmint of sjimce 
(for example, the origin) the ])laues jxvrallel to the planes which form 
the complete integral; these planes de[)end only upon the parameter 
a, and consequently envelop a cone (T) wluxso vertex is at the origin. 
It follows that the edge of regression of the develoixible surface (59) 
has its osculating plane constantly i>aralhd to a tiingent plane of the 
cone (T). lienee the generators of this surface are jxirallel to the gen¬ 
erators of the cone just mentioned (I, § 227, 2d ed.; § 224, Isted.). 

The equations (5(>), which determine the singular integral, are in 
this case inconsistent, for the last reduces to 1 = 0. There is there¬ 
fore no singtdar integral. 

Example 3. Consider a family of spheres with a given nidius /?, 

whose centers remain in a fixed plane. These spheres de|HMKl uj>on 

two arbititiry piiramcters, and if we hike a systt'iu of re(*tangular 

axes with the fixed plane for the .ry-plane, they are represented by 

the equation ^ ,.j a 

{jc — a)- + (y — f>) + 5 - A’ = 0. 

The corresponding partial differential equation is obtained by elimi¬ 
nating a and b from this equation and the following two, 

jr — a 4 == 0, y — 4 7^ = 0, 

which gives the equation 

(14^4 - n'^ = 0. 

Geometrically this equation expresses the fact that the jwrtion of 
the normal included Ixitween any |Knnt of the surfaire and the xy- 
plane is constant ami equal to It, The genend integral is a tubular 
surface, the envelo[)e of a sphere of radius II whose* ce*nter descrilx'-s 
an arbitrary cur\'e in the xy-plane. There is a singular integral 
surface formed by the two planes « = ± /L It is evident that these 
two planes are tangent to all the other integral surfaces. 

83. LagnuiR^ Charpit’s method. To sum up the preceding, in 
order to determine all the integrals of an equation of the first order, 

( 60 ) F(x, y, *, p, q) = 0 , 

it is sufficient to know a complete integral, that is, an integral depend¬ 
ing npem two arbitrary constants. In order to determine a complete 



V.}83] 


EQUATIONS OF THE FIRST ORDER 


241 


integral, let us suppose that, by any raeans whatever, we have 
obtained another function y,«, q) such that the two equations 

(61) F = 0, = a 

can be solved for p and and form a completely integrable system, 
for any value of the constant a. If this is the case, then by solving 
the two preceding equations for p and < 7 , and substituting these 
values of p and q in the equation dz -f qdtj, we obtain a com¬ 

pletely integrable total differential equation 

(62) dz ==/(ar, y, 2 , a)dx -f 4>(x, y, «, a)(fy. 

The integration of this equation introduces a new arbitrary constant 
hf and in this way we obtain an integral of the given equation which 
depends ii}K)n the two arbitrar}* constants a and b, 

liagrange and ('harpit^s method of integration consists precisely 
in adjoining to the equation F= 0 another equation ^ — a such that 
the system (61) formed by these two equations is completely inte¬ 
grable. For this it is necessary and sufficient (§ 81) that [F, <I>] = 0, 
that is, that 

^ 4 ) 

(“) '■ 5 ;+•' s;;+<'>+«•') fe - ^ 57=«. 

where, for brevity, we have set 







The auxiliary function y, z, p^ q) must therefore satisfy a linear 
partial differential e(juation in five indejxmdent variables. The inte- 
gnition of this linear equation reduces in turn to that of the system 
of ordinary differential e<iuations 


(64) 


dx dq dz 

~P = ~ Y^ pZ ”” y-^qz ‘ 


Hut, for the ])ur]>ose which we have in view, it is not necessary to 
lind the general int 4 »gral of this system (64) ; it is sufficient to know 
one first integral 4> == n of this system, such that we can solve the 
two equations F = 0 , <l> = a for p and y. 

We can therefore stjvte the following general rule: 


To obtain a complete integral of the equation (60), we first find one 
first integral ♦ = a of the auxiliary system (64) for which the Jaco- 
bmn D(F, ♦)/D(F> ?) zero ; then we solve the two equations 

F SB 0, sss a for p and q. Substituting the expressiofis obtained for 
p and q in the equation dn ^pdx + qdy^ we obtain a completely 
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total difforofiltal eqtuUion. The general integral of thie 
equation eontains a second arbitrary constant and is a complete inte¬ 
gral of the equation (60). 


Wa know in advance one integral of the equation (63); that is, the 
function F itself. This integral cannot be ust^d directly, but the 
knowledge of it reduces the integration of the system (64) to the inte¬ 
gration of a system of three differential equations of the first order. 
The precise nature of the problem to he solved is thus made clear. 

When the function F does not dej>end u|)on the unknown function 
Zy we may also suppose that the function does not depend upon 
and the condition that the system (61) be completely integi'able 

W*)-0, 

or 


(630 


CX Cg Cp Cq 


Hence the auxiliary .system (64) takes the form 

^ ' p Q X y 

If we know a first integral 4» = « of this system for which 


lH h \ ») 

iHp, y) 

is not zero, we are led to a total differential equation of the form 
dz =/(j-, y, a)dx -f y, 

which is integrable by a quadrature. The difficulty of the second 
part of the problem is therefoi*e diminished in this case. This is also 
true of the first part, for we know a first inU^gral = C of the sys¬ 
tem (64*); we can therefore replace this system by a system of two 
differential equations of the first order. 


Example L Let us consider an equation conUining only one of the three 
vaiiahies z, y, z (for example, the variable y ): 

F{v, p, q) = 0 . 

In ihia case X = Z ts 0, and the equations (64) give the integrable combination 
dp s= 0. Hence the two equatlonii F(p, p, y) = 0, p = a form a completely inte¬ 
grable system, as is easily verlded. For if we solve the given equation for y, 
the total differential equation to be integrated takes the form 

dz = adz -b/Cv, «)dp. 

Hence we obtain a complete integral by a quadrature: 

a »<w + /(pf a)dy + 6. 
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Example 2. An equation of the form F( 2 , p, 9 ) ~ 0 can be reduced to the 
preceding form by taking y and z for the Independent variablee, but we can dis¬ 
pense with this change of variables. For in this case we have X = F = 0, and 
the equations (64) give 

dp ^ 07 
P ^ Q* 

whence a first Integral Is 9 = ap. From the two equations 
q = ap, F{z, p, q) ~ 0 

we then derive 

p=/{z,a), q-af(z,a), 
and the total differential equation 

dz =f{z^ a){dx + ady) 
can be integrated by a quadrature : 

f = * + av + 6. 

/(z, «) 

Consider, for example, the equation pq’-z-=^(i. Adjoining to it the equation 
q = apt we derive from them 

^ = dz^yj^(dx + adv); 

hence a complete integral ia given by the equation 

4 az = (X -f ay + 6 )*, 


which represents a family of parabolic cylinders tangent to the xp-plane along 
the entire length of a generator. The xy-plaiie represents a singular integral. 

The eipiations (04), in the case where F = /x/ ~ r, have also the first int^ral 
p — y = a. Starting with this integral, we are led to the total differential 


equation 


dz = (y + a)dz + 


zdy 


which can also be written in the form 


dx = ci 



This furnishes a new complete integral z = (y + a) (x + 6 ), which represents a 
family of hyperbolic paraboloids tangent to tlie xy-plane. 

Example 8 . Let the equation be of the form/(x, p) --*/i(y, q) = 0 . The dif¬ 
ferential equations (64') 

dx _ dy _ — dp _ dq 
dp dq dx ^ 

have the first integral /(x, p) = a. If we adjoin this equation to the given equa¬ 
tion, we derive from the two relations 

/(*. »)=<». /t(». 9)=<»t 


the valuM for p and q, p = <*), 9 = «)< differential 

equation 

dt =3 ♦(*, a)djt + ♦i(ir, o)dy 
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can be integrated by two quadratures as follows: 


* = J* ♦<*, o)dii + J*0 j(», a)dif + b. 

When an equaUon of the first order Is of the preceding form, we say that 
iAe mnMes are separated. For example, let us consider the equation 

pq — xy = 0, 

which can be written in the form 

?=r 

X q' 

Equating these two quotients to a constant a, we obtain the total differential 
equation 

dz = axdx + ~dy, 

whence a complete integral is 


Example 4. Let us propose to find the functions F(jr, y, p, q) for which the 
equations (64) have the first integral py — qx = «. For this it is necessary and 
sufBcient that the relation pc/y + ydp qdi — :=^ shall be a conseciuence 

of the relations (64'); that is, that the function F shall itself be an integral of 
the linear equation 


F_ iJF 
if} ^ tx 


+ x 


eF_ tF 
c y ^ dp 


= 0. 


The corresponding system of differential equations 


has the three first integrals 
x« + y® = C, 


dx _ __ (tp _ dq 

-y z ^ p 

p2 4- r/a = C\ py - qx = C'\ 


and the function F is ih€*refore of the form F{py — qx, x* + y’. p- 4 - 7 ^). The 
investigation of the equation F = 0 fora complete integral is therefore reduceti 
to the integration of two simultaneous equations of the fonn 

+ (/* = + V*, PV - VC), pu-<ix = a. 

Making use of the identity 

(P* + 9*) (•«* ■\rv*) = {pv- qi)' + (PJ! + w)*, 

we derive from the two preceding equations 


ja* + W = V'ix* + l^*) /(x* + y\ a)-a* = ^ (x* + y*, a). 
Solving for p and 7 , we obtain the values 


ay + x»(x» -f y», a ) 
x» + 


_ - ox + ^♦(x* + y*, a) 

’ - 


whence we obtain a complete integral by a quadrature, 

s a arc tan dti + h, 


where u «ap* + y*. 
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It U sometimes possible to find a priori, by geometric considerations, certain 
integrable combinations of the differential equations (64). Suppose, for ezam> 
pie, that we wish to find the surfaces S whose tangent plane at any point Jf 
meets at a constant angle V the plane passing through M and Oz, It is clear 
that if a surface S satisfies this condition, all the surfaces obtained from it by 
a helicoidal movement around the z-axis, for which the pitch of the helix is 
equal to will also satisfy the condition. Hence the surface envelope S will 
also be an Integral of the same equation. This envelope S is evidently a 
helicoidal surface of pitch h. Since we may translate it any distance what¬ 
ever parallel to the z-axis, it follows that the partial differential equation of 
the problem and the partial differential equation of the helicoidal surfaces 
py — = a (§ 72) have, for any value of a, an infinite number of common 

integrals which depend upon an arbitrary constant. Consequently the differ¬ 
ential equations (64) corresponding to the partial differential equation of the 
surfaces S have a first integral a, and the complete integral can be 

obtained by a quadrature. 

Note, It should be noticed that it is not necessary that the relation (63) 
shall lie identically satisfied in order tliat the system (61) be completely inte- 
gnible ; it is sufficient that it be satisfied by virtue of the relation F = 0 itself. 
We can sometimes make use of this fact in the search for the function 4». In 
fact, the problem of finding an integrable combination of the equations (64) 
reduces essentially to that of finding five functions Xj, X^,, X*, X^, \ of the 
variables z, y, z, p, q such that 

Xjdi -I* X/fy -I- \jdz -f Xpdp + X^ 
shall be an exact differential d4» and such that we have also 

PX, + Q\ + {Pp + WX, - (X-h pZ)X^ - (Y+qZ)X; = 0. 

If this last equation is not satisfied except by virtue of the equation F = 0, the 
function is not, ]>roperly speaking, a first integral of the system (64). How¬ 
ever, since the multipliers Xj^, Xy, • • • are equal to the partial derivatives of ♦, 
the two eipiations F = 0, ♦ = a still form a completely integrable system, for 
the equation (63) is then a consequence of F = 0.* A similar remark applies to 
the sytem (64"). 


• When the eqiuition F -0 can be solved for one of the variables y, z, p, 7 , we 
may suppose that the function does not contain that variable, and it will also not 
appear in any of the coefficients A", Z, F, Q. For definiteness, let us take an equa- 
Uon of the form p+/(*, V, ,)- 0 . 


To find a complete Integral, we need only adjoin another equation ^(z, y, 2 , 9 )">a, 
which forms with the first a completely Integrable system. In this case the condition 
[p +/, 0 ]» 0 takes the form 

d« dq dy V dq ) 0M \dy ^ 0«/^ 
in which the letter p does not a|^>ear. 

More generally, let us suppose that we can satisfy the relation F* 0 by putUng 


p -/{*. p.». Ml «-♦(*. y. *. V), 
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84. Cndij't praUftm. Given an equation 

(65) p =/(*, y, », q) 

in which the right-hand side is analytic in the neighborhood of a 
system of values (*,, y,, *g, q^, and a function ^(y) analytic in 
the neighborhood of the point such tliat we have 

proved in § 25 that this equation has an analytic 
integral in the neighborhood of the point y^) which reduces to 
the given function ^(y) for x = ar^. Let C ^ the plane curve rep¬ 
resented by the two equations at =: « =* ^(y). Geometrically this 

result may be stated as follows: There exists one and only one ana- 
lytie integral surface of the equation (05) passing through the curve C. 

This proposition is cia^mble of generalization. Let us first consider 
an equation of any form, 

( 66 ) Vf *1 Pf ^) ~ 

and let us propose to determine an integral surface passing through 
a plane curve, such as C, which lies in a plane x parallel to the 
y^-plane. Let a: = ^fy) be the equation of the cylinder which pro¬ 
jects C upon the y;?-plane. Since the function if> is analytic in the 
neighborhood of the i>oint y^, the equation 

(^0 ^ ^ o ) ^ 

where = ^(yj, where we regard p as the unknown, 

has a certain number of roots. Let p^ be one of them. If the func¬ 
tion F is analytic in the neighlx)rhood of the system of values (x^, 
p^y q^)y and if aLso the jjartial derivative (^F/dp)^ is not zero 
for this system of values, the equation ( 66 ) has a root /> =/(x, y, 7 ) 
which is analytic; in the neighlx)rhood of the system of values (x^, y^, 
(I, 5 193, 2d ecL; § 187, Ist ed.). Hence we are led bock to 
an equation of the form (65), which shows that the equation ( 66 ) 
possesses an integral surface through C. As a matter of fact, the 
reasoning proves that this equation has m integral surfaces which 
satisfy the conditions if the equation (67) is of degree m with 
respect to />. Tliere is no possible exception unless one of the roots 


wlim X denotes an auxiliary parameter. We need only replace X by a function of 
z, y, 2 stu^b that the equation dz^/dz^^dp is completely integrable, whkb again 
leads to a linear equation for X (a;, p, 2 ): 


Bjt /?X ^ ax .\ 

^ d\[dz 


(AjnoMAiu« Bulletin de la SoeiM MfatMmaHque, Tol. XXX, p. 1S4.) 
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of the equation (67) satisfies also the relation = 0 at all the 

points of C, since are the coordinates of any point of 

this curve. 

Let us consider finally any curve F, represented by a system of 
two equations 


(68) * = X(y), « = m(2/), 

and let it be required to determine an integral surface of the equa¬ 
tion (66) which passes through T. This problem, in turn, can be 
reduced to the preceding by means of a change of variables; for if 


we put 


x^X + X(Y), K, 


the relation dz ^ j)dx + qdy becomes 


dz = pdX ^ jik\Y)dY qdY, 
and from this we derive 


P = 


dz 


pXXY) -h y = 


dY 


The equation (66) is then replaced by the equation 

(66') F^X + X(y), r, *, g , - X'(F) j = o, 

and it remains to find an integral of this new equation which 
reduces to /i(r) for X = 0. Hence we see that in general an inte- 
gral surface of an equation of the first onter is determined if we 
assign a curre lying on that surface. There may be several integral 
surfaces satisfying this condition if the equation similar to (67) has 
several distinct roots, just as an onlinary differential equation of the 
first order and of degree m in f has in general m integral curves 
passing through a given ixjint. We shall return later to the excep¬ 
tional ciise in which this reasoning fails. 

The problem of determining an integral surface of a partial differ¬ 
ential eqxiation of the first order through a given curve has been 
called Cauchfs problem. This name is used to remind us of the 
close relation just explained existing lietween this problem and 
Cauchy^s general theory. We shall now show how Cauchy’s problem 
can be solved by an elimination if we know a complete integral, and 
this will furnish also a verification of the preceding results. 

F(x,y,*,a,6) = 0 

be a ooinplete integtal; and let F be a given oturve not situated upon 
the singular integral sux&ce nor upon one of the integral surfaces 
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obtained by giving to a and to b constant values. Cauchy’s problem 
reduces to determining the function ^ (a) in such a way that the given 
curve r shall lie upon tlie surface S defined by the two equations 


(69) V [*, y, «, o, (a)] = 0, ~ + (a) = 0. 

Let us suppose that the co5rdinate3 x, y, of a ix)int of P are 
expressed as functions of an auxiliary parameter X, 

(70) *=/,(A), y=/;(A), *=/,(X), 

and let UQ^ h) be the result obtained by replacing a-, y, z in 
V(Xy y, Zy a, b) by the preceding expressions. The two simultaneous 
equations 

(71) i;[i, ,,♦(.)]-0, g + 

determine the values of X and a which corresi>ond to the jx)ints of 
intersection of the curve T with the surface S, If the surface A" 
passes through the curve F, these two equations form an indeter¬ 
minate system. Henc*‘, eliminating X from these two equations, we 
obtain an identity. This elimination leads to a relation between a, 
^(a), ^'(«)i 

(72) n[a,^(a),^’(«)] = 0, 

that is, to a differential equation of the first order for the determina¬ 
tion of It would seem, therefore, that the ])roblem lias an 

infinite number of solutions, (contrary to Cauchyresult. But it is 
easy to deduce from the equations (71) another relation not contain¬ 
ing ^ 8up|K)se that the curve F lies entirely on 

the surface S. When a point moves on F, a is a function of X which 
satisfies the two equations (71) simultaneously. Hence, if we differ¬ 
entiate the first of these two equations with respect to X, it follows 
from this result and the second that 


(73) 


dX 


0 . 


This equation contains only X, a, Eliminating X from the two 

equations (/ « 0, ^1 //dx =3 0, we obtain an equation which determines 
the function +(a). The method to which we are led has an evident 
geometric meaning. In fact, the equation U (X, ayb)^0 determines 
the values of X which correspond to the points of Intersection of the 
curve T with the complete integral. If we alsd have dU/dX » 0, this 
equation has a double root, and the complete integral is tangent to F* 



V,J85] 


EQUATIONS OP THE FIRST ORDER 


249 


Eliminating X from the two equations U(X, a, ^)=0, dU/dXssO, 
the condition obtained, &)= 0, therefore expresses the fact that 
the complete integral is tangent to r, and the desired integral surface 
through F mag he defined as the envelope of the complete integral 
surfaces tangent to the curve F. This result is geometrically almost 
intuitive.* 

85. Characteristic curves. Cauchy's method. Cauchy’s method is 
indcj>endent of the theory of the complete integral. We shall now 
present it in a geometric form. For this purix)se, let us first consider 
the meaning of a non-linear partial differential equation 

(74) F(.r, y, ;r, 7 ) = 0. 

This equation may ho. regiirded as a relation between the direc¬ 
tion cosines of the tangent plane to an integral surface S through a 
given point (x, y, z) of si)ace. Hence this tangent plane cannot be 
any plane passing through the jK)int (x, y, s). Since the possible 
tangent planes form only a one-parameter family, they envelop in 
general a (‘one (7’) whose vertex is the point (x, y, z). It follows 
that the tangent plane at <ing point M of sp^aee to each intcffral surface 
S through this point is also tangent to a certain cone (T) 

whose vertex is at M. 

The cone (7') de|)ends, of course, u]>on the function F, and also 
ui)on the }) 08 ition of its vertex. In order to obtain the equation of 
the cone ( 7 ) whose vertex is (.r, y, z)^ we must, by its definition, 
find the envelope of the planes 

(76) Z-z=j,{X-!r)-\-q{Y-y), 

where the parameters and g are connected by the relation (74). We 
must therefore tdiminate p and g from these two equations and the 
new relation (I, note, § 208, 2d ed.; § 202, Isted.) 

(76) (r-,)|J-(A'-.)^’ = 0. 


* It easy to obtain the general integral of the differential equation (72). In fact, 
if we replace X by an arbitrary coiiHtant X^, the function ^ (ci) defined by the equation 
(«) F[Xo.<i.0(a)]«O. 

also aatiefiea the equation 


(O 


err. err 


da (a) 


0 ' {it) m 0 . 


Hence ip (a) satUfies also the equation obtained by eliminating Xo from (e) and (e0» 
but the resulting equation is exactly the equation (72). The relation (e) therefore 
rf*presents the general integral of the equation (72). There is also a singular inte¬ 
gral, which is indeed precisely the desired solution of the given problem. 
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The two equations (75) and (76) represent the oharacteristio diieo- 
tion, that is, the generator of the cone (T) which is the line of con¬ 
tact of the tangent plane. If we suppose that the axes of coordinates 
are rectangular, we can obtain immediately the equation of the 
normal cone (iV), which is generated by the normals to the different 
integral surfaces passing through the point 3/. For, since the equa¬ 
tions of the normals are 

X p(Z — «) = 0, F — y $'(Z — «) 0, 

the elimination of p and q gives the equation of the cone (N) in 
the form 

(T7) f(x, y, 0. 

If the given equation (74) is linear in p and q, the cone (N) is a 
plane and the cone (7^ reduces to a straight line A. We have seen 
(§ 76) that the integration reduces in this case to the search for the 
curves which are tangent in each of their points to the correspond¬ 
ing straight line A. We are led to Cauchy^s method by extending 
this process to non-linear equations. 

Let 5 be an integral surface represented by the equation 

* =/(*. y)- 

At each point M of this surface the tangent plane is also tangent 
to the cone (T) along a generator (G), We shall give the name ehar^ 
acterUtic curve to every curve C of the surface S which is tangent 
in each of its points to the corresponding generator G, Through 
each point of S (excepting the singular points, if there are any) 
there passes one and only one curve of this kind. The name charae- 
teristie curves will be justified later ($ 86). 

The key to Cauchy^s method is that we can determine these curves 
by a system of ordinary differential equations without knowing the 
function /(x, y). In the first place, the tangent to the curve C coin¬ 
cides with the straight line Q represented by the two equations (76) 
and (76), which may be written in the form 

x-x ^ y-y ^ Z-9 

P ” Q Pp-\- Qq 

in the notation of f 83. Along a characteristic curve x, y, s, jp, q 
are fanetions of a single independent variable, and we may write the 
relatiosis between the differentials dx^ dy, da in the form 

dag dy dz . 


(78) 
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where u is a conventional auxiliary variable which is introduced 
merely for symmetry. Along this curve C we have also 

dp =s r.doj 4“ sdpy dq = gdx + idy^ 

where r ,t are the usmil second derivatives of the function/(a?, y). 
On the other hand» since z == /(a*, y) is an integral of the given 
equation (74), the partial derivatives r, a, t also satisfy the two 
relations 

X ^pZ 08=^0, Y^qZ 

which are obtained by differentiating (74) with respect to x and 
with respect to y. Replacing the differentials dx and dy by Pdu and 
Qdu respectively, the expressions for dp and dq become 

dp == (/V 4- Qs)dUy dq = {Ps + Qt)dUf 

or, using the preceding relations, 

dp (A* 4* pZ) dUf = — ( K 4“ du» 

Adjoining these ecjuations to the equations (78), we arrive at a 
system of ordinary differential equations 

/7QN ^ _ 

^ ^ P Q Pp-^Qq X^pZ Y^qZ ' 

which is identical with the system (64) to which we are led by 
Lagrange^s method. 

This system of differential equations is absolutely independent of 
the integral considered. We derive from it the following conclusions: 
Let (o*^, y^, «q) be the coordinates of a jjoint of 5, and let p^ and 
q^ be the values of p and q for the tangent phine at this point. If 
the function F is analytic in the neighborhood of this system of 
values, and if not all the denominators of the quotients (79) vanish 
simultaneously for y^, p^^ q^, the equations (79) have one and 

only one system of integrals which take on the values y^, z^,p^f q^ 
for w sK 0. It follows that if two inteqral sur/aces are tanyent at a 
point y^f they are tangent along the entire length of a common 
characteristio curve through that point. 

For convenience we shall call every system of values assigned to 
the five variables ac, y, e, p, q an element. Thus, an element may be 
thought of as consisting of the set of a point whose co5rdinat6S are 
(x, y, «) and a plane through that point whose position is defined 
hy the values of p, q. Along an entire characteristic curve, x, y, jr,p, 
and q are functions of an independent variable ti. To each point of 
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a eharacteristio curve there oorresponds, therefore^ an element com* 
poeed of this point together with the plane through this point defined 
by the values of ^ and q. But from the equations (79) we have 


dz 

du 


dsB , 



so that this plane contains the tangent to the curve at the point 
(ar, y, *), When the point (ar, y, z) describes the characteristic curve, 
the corresponding plane envelops a developable surface passing 
through this curve, which is called the characterUtic developable 
surface. Thus, to each characteristic curve there corresiK)nds a char¬ 
acteristic developable surface through that curve. We shall hereafter 
use the words characteristic strip to denote the combination of the 
curve and the developable surface, and we shall refer to the curve 
as the characteristic curve, to avoid any j)os8ibility of ambiguity. 
With this understanding, a characteristic strip is coini)osed of an 
infinite number of elements which depend u|X)n an independent 
variable, and the infinitesimal variations of Xy y, z, />, y are con¬ 
nected by the relations (79). A characteristic strip is therefore 
completely defined if we are given one of its elements, and the 
theorem stated a moment ago can again be expressed in the follow¬ 
ing exactly equivalent form: 

If two integral surfaces have a common elementy they have in com¬ 
mon all the elements of the characteristic strip to which the given 
common element belongs. 

The totality of all characteristic strips depends upon three arbi¬ 
trary parameters. In fact, a chara^jteristic strip is determined if one 
of its elements (x^, y,,, is given. One of the coordinates, 

for example, may be assigned a given numerical value, and, more¬ 
over, by definition the relation F{x^y y^, p^^y = 0 is satisfied. 
Hence only three parameters remain arbitrary. 

In order to determine the characteristic strips, let us observe first 
that F =» const, is a first integral of the equations (79). Hence, if 
F(x, y, *, py q) vanishes for the initial element (x,, y^, p^y yj, F 
vanishes throughout the entire length of the characteristic strip 
through that element, as we see also from the derivation of the 
equations (79). In order to find the characteristic strips of the given 
equation, we can therefore adjoin to the system (79) the relation 
F ss 0 itself, which reduces that system to one of thr^ differential 
equations of the first order. 



V.I85] 


EQUATIONS OF THE FIRST ORDER 


253 


Let us suppose that we have obtained the equations of the charac* 
teristic strip in finite terms; and, for definiteness, let 


(80) /^ *»’ *0’ Po’ * =/»(*> yo> *»»Pot ?«)» 

' \i» =/.(^. *o> Vot *o» /»»> ?o)> ? =/«(*. *.> yo> *o> y«) 

be the equations of the characteristic strip through the element 

(*o* Vot *0> /»0» ?o)- 

The two first equations of (80) represent the characteristic curve 
itself, and every integral surface, being a locus of the characteristic 
curves, will be obtained by supposing that are func¬ 

tions of an auxiliary parameter v. We are therefore led to investi¬ 
gate how these five functions of v may be chosen in order that the 
surface generated by these characteristic curves sliall be an integral 
surface. We shall introduce with Darboux an auxiliary variable w, 
and write the equations in a symmetric form. Let 

fx = ( m , p^y q^y 

\z = y^, z^yp^y q^y 

^P ^ ^^{Uy X^y y^y Z^yP^y q^y 

q = X,, y„ q^ 

be the equations which represent the integral of the system (79) 
whicli takes on the values x^j, y^y z^y p^y q^ respectively for « = 0. 
If we replace x^, y^, z^y p^y q^ in these expressions by functions of a 
second auxiliary variable Vy the equations (81) represent in general 
a surface 5, u and v being regarded as two inde})endent variables. 
In order that the surface 5 be an integral surface, and that the 
curves v == const, be the characteristic curves, the equations (82) 
must give precisel}’^ the values of p and q which determine the 
tangent plane to that surface; and, moreover, the relation F = 0 
must be satisfied at every point of S. Hence the five functions 
X, y, Zy py q of the two variables u and v must satisfy the three 
conditions 


(81) 

(82) 


(83) 

(84) 


P(Py y. »tP, ?) = 

dz dx ^ 
du ^ dii ^ du 


0 , 

0 , 


dv 


dx By 


( 86 ) 


0 . 
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Siaoe the fiye functions are integrals of the system (79)| we have, 
as remarked above, F(x, y, *,jp, y)« F(a!^, Hence the 

relation (83) will be satisfied if 

( 86 ) 

The relation (84) is identically satisfied, for it is a consequence of 
the differential equations (79). ('auchy transforms the condition (85) 
as follows; Indicating by II the left-hand side of (85), and differen¬ 
tiating with respect to w, we find 


dJl ^ ^ _ UlL 

Bh dudv ^ cudv ^ Bhcv 


By d(j[ 
ct* dn ctf du 


On the other hand, differentiating the relation (84) with respect to v, 
we have also 

* d^z c^x d^i/ dp Cx Cq By 

0 = ;r—r-» —- q 7.-. - 7- — -- ™ ; 

cuBa cucv Cucv Cv cu cc Bu 

whence, subtracting, 

Bu B\} Bu Bff Bu Bv Bu Bv Bu 


or, replacing the derivatives with respect to u by their values 
obtained from the relations (79), 


^ = .v^ + r|2 + pW 

Bu Bv Cv Bv 


Bq 
-f -f 
Cv 


( Bx 
VYv 


•f 



Finally, observing that the five functions x, y, «, q oi v satisfy 

the relation ^ 

Pj q) == 0 , 

and that we therefore have also 

x^ + r|^ + z|^ + p^+Q|^ = o, 

Bv 00 Bv BvBv 


W6 may write the preceding value of BH/Bu in the form 

We derive from this relation the following value for 

( 88 ) H = 

where denotes the value of H for « = 0, that is, when x, «, q 
tednce lespectivelj to x,, y,, *,, p^, y,. Since the function F, and 
oonseqaently also the partial derivative Z, is supposed analytic 
in Uie nmghborhood of the system of values x,, y,, s,, p^, the 
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aeoessary and eafficient condition that H be zero ia that be zero, 
that ia, that id*/dv\-p^{dx/dv\ + qjipy/bv)^ 

Summing up, to obtain an integral surface * it is suffieierU to replace 
*o> y#» *o» Pt> Itt equations (80) or (81) by functions of an 

auxiliary variable v which satisfy the two conditions 

(89) F(*„ p^, ?„) = 0, ^ ^ ^. 

This method lea^ls very easily to the solution of Cauchy’s problenL 
In fact, if we wish to determine an integral surface through a given 
curve r, we may take for the coordinates of any point of 

that curve expressed as functions of a variaVde parameter and the 
equations (89) then determine and The solution may also l^e 
stated in geometric language as follows: The hrst of the equations 
(89) expresses the fact that the plane through the point (ar^, 


♦ The argi^ment preRumefl, however, that the denomhiators P, Q, X+pZ, r+ qZ 
are not all zero for the initial values a*o, Poi Po* aro, the equa¬ 

tions (HI) and (82) reduce to a; «■ V * Vot ^ " *ot P *Po» 9 • 9o» whereas if we suppress 
the auxiliary variable w, the equations (79) may have integrals which take on the 
given initial values (§ HI, Xote). Hence the integrals of the given equation which 
satisfy also the four equations 

p.o, g-0, X 4 pZ«o, r+qZ-0 

are not given by the general method. Such integrals, if there are any, are sinqular 
integrals. There exist normally no such integrals for an equation given a priori and 
not formed by eliminating constants. 

The reasoning can l>e arranged so as to put in evidence the hypotheses necessary 
for the validity of the conclusions. Let us suppose first of all that the function 
p, t, p, q) is an analytic function of r, p, x, p, q. In order to show that every 
integral *»/(3r, y) represents a locus of characteristic curves, it is not nece.s8ary to 
suppose that that integral is analytic; it is sufficient to assume that it has continuous 
partial derivatives of the second order r, s, f, since only these derivatives appear in 
the proof. The characteristic curves, being defined by a system of analytic differen¬ 
tial equations, are necessarily analytic curves, and, consequently, on every integral 
surface, whether it ia analytic or not, there exists a family of analytic curves, namely, 
the characteristic curves. The functions which represent the general 

integral of the equations (79) i analytic functions of ti and of the initial values 
aco* Vo. * 0 . Po» 9o (i 2®)* In order that the calculations which follow, and their con- 
cluaion, be rigorous, it is sufficient that these initial values be continuous functions 
of a parameter n, and that they have continuous derivatives, but it is not necessary 
that they shall be analytic functions of t\ 

This is quite in accord with the method of the variation of constants. If the com¬ 
plete Integral r(ar, y, », a, h) is an analsrtic function of its arguments, the same 
will be true of P(x, y, *, p, q), but nothing in the argument requires that the arbi¬ 
trary function b » ^ (a) s^U be an analytic function of a. A similar remark applies 
to the general integral of a linear equation. For more details on this subject see 
E. R. Hannicic, t/eber anaiytitcAen Character <ter Lifsunffen tfon I>i^'erentiai^ 
gkkku^n VM). 
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determined by the values and is tangent to the cone (T) whose 
vertex is that point; and the second of the equations (89) expresses 
the fact that this plane passes through the tangent to the curve P. 
Hence the whole process may be formulated as follows: Through 
the tangent at the point M to the ettrve T pass a plane tangent to the 
cone (T) whose vertex is M; let C be the characteristic curve through 
the element thus determined; the surface generated by this charac¬ 
teristic curve, as the point M describes the curve F, is an integral 
surface through the curve F. 

There will be as many surfaces fulfilling these conditions as there 
are tangent planes to the cone (T) through a tangent to the curve F, 
It is also clear that we should associate hingent planes which form 
a continuous sequence. 

Let us consider first the general case where the tangent to the 
curve F is not a generator of the f?one (T). Since p^ and fix the 
position of the tivngent plane to the cone (7'), the direction cosines 
of the element of contact of (T) with that plane are proportional to 
P^p^ -h Q^q^, by the fonnula3 (75) and (76). Since the differ¬ 
ence values of Pq and of 

derived from the equations (89) are analytic functions of v in the 
neighborhood of the given j>oint of F. On the other hand, we can 
solve the first two equations of (81) for u and c, for the functional 
determinant dxfdu dg/dv — dy/du cxjdv reduces for w = 0 to 




that is, to Pfj^yjdv) — Sul)8tituting these values of u and 

V in the thinl of the equations (81), we see that z is an analytic 
function of x and y in the neighborhood of the given point (see § 84). 


If the tangent at a particular point of the curve r coincides with the element 
of contact of (7^ with the plane detennined by the values p^, at that point, 
this point is in general a singular point for the corresponding integral. If the 
same thing happens at every point of r, we must distinguish two cases, according 
as the curve F is a characteristic curve or not. 

11 the curve F is a characteristic curve, It is tangent at each of its points to an 
element G of the cone ( T) whose vertex Is at that point, and the cliaracteristic 
developable surface is the envelope of the tangent plane to the cone (7^ along 
the generator G when the vertex M describes the curve F. The characteristic 
curve through each of the elements thus detennined coincides with the curve 
F itself, and the equations (81) do not define a surface. But it is clear that in 
this ease the problem Is indeterminate. For let 1/ he a point of F, let P be the 
plane tangent to the cone (7*) whose vertex is M along the tangent (? to F, and 
let T' be another curve through M whose tangent at if Is a straight tine of the 
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plane P different from O, From what we have Just proved, the Integral surface 
through r' contains the curve r. 

If the given equation (74) is not linear in p and as we shall suppose, the 
curve r can be tangent at each of its points to a generator G of the correspond¬ 
ing cone (T) without being a characteristic curve. The family of curves 
having this property depends, in fact, upon an ariMrary function* Let 


V, 


^; 






X 


be the equation of the cone (7^ whose vertex is (x, y, z). In order that a curve 
r bo tangent at each of its ix)int8 to an element of (7^, the coordinates x, y, z 
of a point of that curve must be functions of a variable v satisfying the condition 


(90) 





dy 

~dx' 



0 . 


If we take x, for example, as the independent variable, we may choose arbi¬ 
trarily y =/(x), and then, substituting/(x) for y in the preceding relation, we 
have a differential equation of the first order for the determination of z as a 
function of x. Every curve not a characteristic satisfying the condition (90) 
will be called an integral curve. 

Now let us suppose that the curve r, for which we wish to solve Cauchy's 
problem, is an integral curve. From each point 3f of T there issues a character¬ 
istic curve tangent to T, and it follows from the preceding arguments that the 
surface 5 generated by these characteristic curves is an integral surface. Indeed, 
it is sufficient to take for Xq, y^, Zq coordinates of a point of T, and forp^, 
Qq the coefficients p and q of the plane tangent to {T) along the tangent to F. 
But this curve F is a singular line on the surface S ; for if it were not, the 
derivatives r, s, i would have finite values in a point of F, and, since we have 
Qodi^ = Pf^dy^y the arguments of page 251 to establish the equations (79) would 
apply without modification, and we should conclude that the curve F is a 
characteristic curve, which is contrary to the hypothesis. This curve F, which 
is the envelope of the characteristic curves of the surface S, is the analogue of 
the e<lge of regression of a developable surface. 


Note. Ciiuchy’s method also leads readily to a complete integral; 
for we can satisfy the conditions (89) by putting = a, = 

= r, where a, h, c arei any three constants and where and 
satisfy the relation F(a, A, c, < 7 ^)= 0. The integral surface thus 
obtained is the locus of the characteristic curves starting from the 
point (o, bf c)y which is evidently a conical point for that surface. 
If we regard one of the coordinates a, c as a numerical constant, 
we have a complete integral. 


Example 1. Let us consider the equation treated by Cauchy, pq — xy = 0. 
Making use of the equation itself, we see that the differential equations of tlie 
characteristic curves can be written in the form 


pdx = qdy = —- = *dp = ydq» 
« 
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W* doiiira from them euoceaetTdy the integfahle oombinstiona 

^ = * = €»*& = ?2y«ly. 

p X g y X y 

tod the characteristic atrip through the element Po, 9 o) is represented 

bx the equations 


P _ « 1.=: 

Pe Jfo’ ^0 Vo 


*0 Vo 


where p^, Vo connected by the relation p^Vo == i*^oVo* order to 

obtain the integral whkh^ for x = reduces to ^ (v), we shall put, as In the 
general method, y^ — v, z^ = ^(r). In this case the equations (89) give 


9 o = ♦'(»). Po = 

0(c) 

The required integral is therefore represented by the simultaneous system of 
two equations 

*-♦(») = (•**- *^) = “ 

0 (c) V 

which define v and z as functions of x and These two equations may be 
replaced by the equations 

[* - ♦ (e)]* = (** - *5) (v* - »*). [* - ♦ <»)] ♦'(<)) = B (** - 

of which the second may be obtained from the first by differentiating with 
respect to the parameter v. The desired integral can be obtained by eliminating 
«, and it follows that this result is quite in accord with Lagrange's theory. 
Example 2. Let us consider again the equation of page 240, 

(l + p* + v*)^*-K* = 0 , 

which states that the length of the segment of the normal cut off by the 
xy-pixne is equal to E, Hence, in order to obtain the normal cone (N) at the 
point M of space, we need only describe about the point M as center a sphere 
of radius If, and then take the cone of revolution whose vertex is M through 
the circle in which the xy-plane cuts this sphere. The corresponding tangent 
cone (77 Is the cone of revolution whose vertex is Jf. We know here a com¬ 
plete integral, the spheres of radius R having their centers in the xy-plane. 
The characteristic curves, which are the limiting positions of the Inteisectlons 
of two spheres that are an Infinitesimal distance apart (see § 8fi), are there¬ 
fore circles of radios R, whose planes are parallel to the r-axls and whose 
centers are in the xp-plauie. Every Integral curve, as we have seen, may be 
regarded as the envelope of the characteristic curves on an integral surface. 
These curves are therefore represented by the system of three equations, 

(»-o)* + [ir - 0(a)]* + Jf* = 0, 

x-a4* [y-^(a)l 0 » = 9, 

14 0 '*{a) + 0 (a) 0 ''(a) -- y 0 ^'(a) » 0 , 

where 0(a) is an arbitrary fuucUon. 
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TIm cbanctArittlc eturtt d«riv»d inm * complett istegrsl. The concept ot 
oharsicteristic curves can be derived in a very natural manner from Lagrange’s 
theory. We have seen, in fact, that if F =: 0 is a complete integral of a given 
equation of the first order, we obtain an integral surface by eliminating a from 
the two equations 

(91) V [X, V, z, a, <t> (o)] =0, ^ i,'(a) = 0, 

da dtp (a) 

where 0 (a) is an arbitrary function. If we give to the parameter a a constant 
value, these two c()uations represent a curve whose loctis is the integral surface. 
The equations of this curve are of the form 

(92) r(x,v,z,a,6) = 0, ^ + ^c = 0, 

da do 


where a, h, c are arbitrary parameters. These curves form a complex^ and we 
SCO that the integral surfaces are generated by the curves of this complex 
associated according to a suitable law. The name characteristic curves is self- 
explanat/)ry, since they are the curves of contact of the complete integral with 
its enveloi>e. 

The characteristic developable surfaces also appear in a natural manner. 
Let us exjnsider a characteristic curve corresponding to the values 6 ^, of 
the parameters a, 6 , c. All the Integral surfaces obtained by means of func¬ 
tions 0 , such that we have = 0 (a^), = 0 '(Uo)i through this curve and 

are tangent to each other along this entire curve, for the values of p and q, which 
for any point of an integral surface are given by the relations 


(93) 


ar ar . 0^. a 

-- - + P — = 0, — + — = 0, 

dx dz dy dz 


are the same for all these surfaces. It is therefore natural to akociate with 
each characteristic curve a characteristic developable surface passing through 
this curve. The four equations (92) and (93) enable us to express four of the 
variables j, y, z, p, q in terms of one of them and of the three arbitrary con¬ 
stants a, 6 , r. In order to prove the identity of the forms thus defined with 
those of the characteristic strips deduced from Cauchy’s method, let us suppose 
that the complete integral is represented by an equation of the form 


* = ♦(*, y. «.*»)• 


The equations (92) and (93) then become 


(94) 

« 

* = ♦(X, y, a, b), 

a* ^ 

8a 86 

(96) 


e* 

8« 


II 

’“ay' 


The relations (94) and (95) enable us to express the five variables (x, y, s, p, 9 ) 
In tenns of one of them (x, for example) and of the three arbitrary constants 
a, 5, c. The proof reduces to showing that these functions satisfy the differen¬ 
tial equations (64). Since the function ♦(x, y, a, 5) is a complete integral of 
(he equation F =3 0 , we have already between tliese functions the two relations 

(95) F(x, y, gy p, « 0, dgzs pdx 4- qdy. 
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On the other bend, we deduce from the second equation of (94) 

' ' \^tJt db^/ \dady dbty/ 

Now if we differentiate with respect to the constants a and b the identity 

„/ ^ a* . 


we find 

z«+P«+,i!l = o, 

tadx duty 

Z?*+P^t + Q-?.*=0; 

» ebsx ^eb^y 

and consequently, by eliminating Z, we have 

(M) i- + . 5? ) + « ( . ft) = 0. 

dbdxf Vaty dbdy/ 

A comparison of the two relations (97) and (98) shows that we have dx/P^dy/Q, 
The remaining equations of (84) are established as in § 85, by comparing the 
relations 


^ 14 , ^j<|, 

dp = ^ - dz + - -- dy, 
ax’ ax dy 


A A A 

dq :=^ - dx + - -I' dy, 

^ cJby iy* 


which are deduced from the equations (95), with the relations 

r + z?! + p-et. + « 5 t =0. 

dy dxBy By'* 

which in turn are obtained by differentiating the identity 

„/ ^ a* a^\ . 

with respect to the variables x and y. 


Note, The theory of the complete Integral applies to linear equations as well 
as to the non-linear equations. It seems at first sight, on the contrary, that 
Cauchy^s method is altogether different for linear C(|uations and for non-linear 
equations. In fact, the characteristic curves of a linear ecjuation, or of an 
equation which separates into several linear e(|uations, form a congruence and 
not a complex. But if we associate with each characteristic curve a charac¬ 
teristic developable surface, the paradox disappears. Each characteristic curve 
belongs, in fact, to an infinite number of characteristic developable surfaces 
which depend upon an arbitrary constant, so that this family of characteristic 
strips does depend upon three arbitrary constants. Let us consider, for example, 
the equation of the cones px -I- qy — x = 0. The equation x 2 = ox -f by represents 
a complete integral formed by all planes P through the origin. The character¬ 
istic curves are the straight lines passing through the origin, and the character¬ 
istic developable surfaces are the planes P themselves. We shall therefore 
obtain a characteristic strip by associating with a straight line through the 
origin a plane through that str^ght line; this set actually depends upon three 
arbitrary constants. 
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87 * Extension of Cauchy’s method. Cauchy’s method can be extended 
without difficulty to an equation in any number of independent 
variables, 

(99) *''>*•»> ^9 P19P29 * * *9 Pn) ^ (pi^ 

Let z = d>(Xj, Xj, • • •, xj be any integral of the equation (99); we 
shall designate as an element of this integral the set which consists 
of a system of j>articular values xj, xj, • • •, xj of the independent 
variables, together with the corresponding values y/J, • • •, of 
the function and its partial derivatives. Let us supf>ose that an 
element of the integral, starting with certain initial values xj, />J, 
varies so as always to satisfy the differential equations 


( 100 ) 

where, as in § 83, 







Z == 


dF 

dz' 


It is clear that these equations determine completely a family of 
curves (or one-dimensional manifolds) on eac^h integnil. P'or if z is 
known as a function of • • •, x,,, the same thing is true of the 

jKirtial dt‘rivatives />,, and consequently of the functions /\. These 
relations (100) form, therefore, a system of (n — 1) differential equa/- 
tions of the first order b(itween the n variables (Xp x.^, • • *, x,). By 
the theory of differential ecjuations, tlirough each point of the inte¬ 
gral surfa(;e there passes in general one and only one of thcvse mani¬ 
folds. If to eiu*h point (x^, x.^, • • x,,, z) of one of these manifolds 

we asscHUate the corresponding values of y^^, • • •, huxe a 

simply infinite sequence of elements, which we may again call a char¬ 
acteristic strip. We shall show that, without knowing the expression 
for the function z, we can adjoin to the relations (100) other differ¬ 
ential equations enabling us to define completely the variation of 
the variables x,, along a characteristic curve. 

Let us start from an element of the integral (xj,y>J), and let us 
consider the characteristic strip through this element. Along this 
characteristic strip the variables x^, yi* are functions of a single 
independent variable satisfying the relation F = 0, whose differen¬ 
tials satisfy the equations (100) and also the relations 


dz H- +Pn^^n9 ^Pi — Pil^l H- 
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which result from the definition. Differentiating the relation F » 0 
with r^peot to the variable x,, we find 

+Pi^ + AjPll H-+ ^nPim *= 

Indicating by du the common value of the quotients (100), and 
replacing in the preceding relation by dxjduy we find 


that is, 


(Xi^PiZ)du + Piidjc^ H-= 0, 

(‘Yi 4- PiZ)du 4- dpi =: 0. 


This shows os that the elements of an integral satisfy, along the 
entire length of a characteristic atrip, the system of differential 
equations, 



_ ^ _ 

^\Pi+ * “ ^\Pn 


A\ 4 “ 


== du. 


(i, I: — 1, 2, • • •, n) 


These equations do not depend upon the function 4>; hence we 
can determine the successive elements of a characteristic strip, pro¬ 
vided that we know a single element (rf, ar®, We conclude from 
this, just as before (§ 85), that if two inter^raU have a common els* 
menJty they have in common all the elements of the characteristie 
strip through that element. 

If, as we shall assume, the denominators of the equations (101) 
remain finite and are not all zero for the initial values, we derive 
from these equations 

ar?, 7 >J), 

(102) \pk^4^k (w, Pk), 

[ z = irf, pi), 


where arf, nP^pl denote the initial values corresponding to the initial 
value u ssO of the auxiliary variable u, and where the functions 
^ are continuous differentiable functions of u and of the initial 
values, at least within certain limits. 

Since each integral is a locus of characteristic curves, it is clear 
that every integral will be represented by the equations (102), where 
mast be functions of n — 1 independent variables, so that 
tiiese equations represent, in fact, a manifold of n dimensions. But 
in addi^n th^ 2 n +1 functions ««, z, of n independent vari¬ 
ables most satisfy the relations 


( 108 ) 


f P(xt,t,pt)>=F(x^,- 


• • • * ~Pm^. 0 - 
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Since the differential equations (101) have the integrable combina¬ 
tion dF = 0, the first of the relations of (103) will surely be satisfied 
if pi) = 0. On the other hand, we also have from the equa¬ 

tions (101) 


dz 

du 


- «j. 


+i>. 


du 


Since the initial values arj, pi are functions of n — 1 independ¬ 
ent variables Vj, we must also have 

U = iz-p^Zx^ -= 0, 

where the letter 8 denotes the differentials corresponding to arbitrary 
increments of these variables. By proceeding as in 

the case for n = 2, we have necessarily 

dl7 = diz — — . . . —— dp^ir^ — . . . _ dp^&z^^ 

,lz=j>^dx^ + ---+p,dx„ 

Bdz — p^^dx^ +- hPni'f'T. + +-f* ^Pn^mt 

and, since we may interchange the order of the operations d and 8, 

dU = '^ \SptdX( - rf/>,Sx,} 

1 

f»1 

Since «, x^, p^^ satisfy the equation F = 0, we have 
(P,8y>, + .Y.&i-v) =--?«* 

i 

and, consequently, 

du=z-- ZUdu, 

From this we find the following expression for U : 

u = u^e 

In order that U shall be zero, it is necessary and sufficient that L\ be 
zero, that is, that we have 

8«"~-2>?8xJ- 

To sum up, m onier that the equations (102) represent an integral^ 
U necessary and sufficient that the initial values (x^, jp^) be 
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funetumg of n^l independent variables satisfying identically the 


eonditianB 

(104) 

(106) -= 0. 

Every system of 2 n -f 1 functions (a?J, p\) of n — 1 variables 

satisfying these conditions defines an (n — l)-dimensional manifold 
of elements. Again, we may say that every integral of the equation 
F = 0 is genenited by the characteristic curves through the different 
elements of a manifold of this kind. 

In particular, to obtain Cauchy^s integral, which for = x\ reduces 
to a given function a*,), if we hike jrJ, xj, • • *, a-J for inde¬ 

pendent variables l)eing sup{)osed constant), the relation (106) 
gives the values of 2 ^/>5, • • K, 









dxi 


The value of p\ can be obtained from the relation (104). If is not 

zero (as we must assume in order to apply tiie general existence 

theorem of I, § 194, 2d ed.; § 188, Ist ed.), p\ will 1x3 an analytic 

function of xj,«»•, xj in a certain region, and the equations (102) 

will give, for «, x„ />*, analytic functions of w, xj, • *, xj. Moreover, 

the Jacobian . 

/>(x,, x.^,»»>,x,) 

/>(«, • • •, xj) 

is not zero, for it reduces to for u = 0. Hence we can solve the 
first n equations (102) for ii, xj, • • •, x®, and, putting these expres¬ 
sions in the last of the equations (102), we obtiiin for z an analytic 
function of the variables x^, x^, • x,. 


Note, It may happen that the application of the preceding general rule does 
not lead to an integral. For example, it might turn out that the manifold of 
elements defined by the equations (102) does not really depend upon n arbitrary 
parameterB. This is what would happen if the manifold formed by the elements 
(xj, z®, pI) were composed of characteristic strips; in this case, in fact, the 
manifold defined by the equations (102) would coincide with the manifold of 
the elements (xj, z®, pj). 

Disregarding this case, it may also happen that the elimination of the param¬ 
eters u, Sj, *«*, f from the equations (102) lea<i8 to several distinct relations 
between the variables X|, • •x», z. In order not to reject such solutions, we 
agree with Bophus Lie to enlarge the definition of the integral and to designate 
as an Megral of the equation F = 0 every system of oo* elements (x<, z, pk) sat- 
isfyii^ the relafions 

(lOfi) F(zt,iyPk}^0y dz«PidX|+.. + p,i(iaE*. 
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IV. SIMULTANEOUS EQUATIONS* 


88. UaMur taomogeiMOttt tyateniB. Let us consider a system of 
q linear homogeneous equations in one unknown, /, 



where the coefficients are functions of the n independent rariables 
x^, x^, • • •, X, and do not contain the unknown function/. The q 
equations (107) are said to be independent if there does not exist 
any identical relation of the form 


where Xj, \ are functions of • • ,x^ not all zero. It is 

clear that every system of q equations that are not independent can 
be replaced by a system of independent equations {q'<q) equiva¬ 
lent to the first, and that no system can contain more than n inde¬ 
pendent equations. 

We can therefore always suppose the q equations (107) inde¬ 
pendent and q ^ n. 

If y = n, and if the equations (107) are independent, the deter¬ 
minant of the ooefficieiits is not zero, and these equations have 
no other common integral than the trivial solution / = C, which we 
shall hereafter discard. If ^ is less than n, we can always find the 
integrals common to the equations (107) by successive integrations. 
In fact, let us suppose tliat we have integrated one of these equa¬ 
tions (the first, for example), and let y,, * • •, y.^j be a system of 
n — 1 independent integrals. Again, let be another function such 
that the Jacobian y^, . • •, y^)/D(x^y x^, • • •, x*) is not zero. 
Then we may take y,, y^, • • •, y, for new independent variables, and 
the equation X^(f) =» 0 becomes 9fjdy^ =: 0 by this change of vari¬ 
ables, while the equation A'<(/) =xs 0 (» > 1) is replaced by an equation 


* We ihall limit oarselvee to an indication of the principal methods in their esaen- 
tiai features. For further details the reader is referred to £. Goobsat, Sur Vint^ 
^ration iquatiom a%tx Mriv^ partUUea du premier ordm (Paris, Hermann 
St aia, vm- 
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of the same form, in which the term in may be suppressed. 

This new equation may be written in the form 










0 , 


where the coefficients are functions of y,, y,, • • •, y,. If we sup- 
pose the coefficients arranged according to powers of this 

equation can be written in the form 


Yi 



M. 

^!/i 


•f 


+ y. 









where the coefficients ri,., cji, - are independent of Since the 
unknown function f must be independent of y,, this function must 
satisfy all the linear equations which are obtained by equating to 
zero all the coefficients of the different powers of y.. Suppose that 
we proceed in this way with all the equations Xi(f) =s 0 (i > 1). If 
the system formed by all the independent equations which we thus 
obtain contains n — 1 equations, the only solution is /« C, If not, 
the system will be composed of r linear independent equations 
(r < n — 1). We may operate in the same way on an equation of the 
new system, and so on in the same manner. Since at each 0 }>eration 
the number of independent variables is diminished by unity, it is 
easy to see that the given system has no other integral than f ^ C, 
or else it reduces to a system composed of a single linear equation. 

This method, which may be easily applied in certain cases, is 
evidently very imperfe<jt from a theoretical point of view, since it 
does not enable us to determine a priori whether the equations 
(107) have common integrals other than/=s C, We shall now show 
that this question can be settled without any integrations. 

Ijet/be an integral common to the eqimtions (107). This func¬ 
tion satisfies the two relations A",(/) = 0, = 0, where i and * 

are any two of the indices 1, 2, • • y. We also have 


= 0. = A*(0) « 0, 

and, consequently, 

^.C^*(/)]--V,[.Y,(/)]-0. 

We have already observed that this new equation contains only deriva¬ 
tive of the first order (f 36), and that it may be written in the form 

- i; - 0 . 

iTi 
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Suppose that we form all the equations, similar to the preceding, 
obtained by combining any two of the given equations. These eqna> 
tions have all the integ^s of the system (107). Let us indicate by 

= ^, + »(/) = 0, .Y,^.CO = 0 

all those of these new equations which are independent of each 
other and which form with the equations (107) a system 


(108) 


U,+.(/) = 0, 


-Y,(/) = 0, 
J^,+.(/) = o 


of independent equations. If g + « = n, the system (108), and con¬ 
sequently the system (107), has only the solution/= C. If ^ + s < n, 
we repeat on the system (108) the operations performed on the first 
system, and so on in the same manner. Continuing in this fashion, 
we finally obtain either a system of n independent equations, in 
which case the system (107) will have only the solution /= C, or 
else a system of r independent equations (r < n) such that all the 
combinations -Y^[A"jt(/)] —-Y 4 [A\(/)] are linear combinations of 
A'j (/),•••, AV(/). Such a system has been called by Clebsch a 
complete system. 

It follows, then, that the search for the integrals of a system of 
the form (107) leads to the integnitum of a complete system. 

Since it is clear that every system of n linear independent equa¬ 
tions is a complete system, we may say that every linear system 
reduces to a complete system. 


89. Complete syeteme. The theory of complete systems rests upon 
the following projjerties: 


1) Every complete system is transformed into a complete system 
by any change of variahles. 


Let 


a-i = «^<(y„ • ••, y.) 


(» = 1, 2, • • •, n) 


be the formulm that define a change of variables such that we can 
express also the variables • • •, y, in terms of the variables 

* * •> *»' *nean8 of such a transformation every symbol of 
the type gy gy 




where e,, Oj, • • •, a, are functions of changes into an 

expression of the same form, !'(/) = ^- 

where 6j, d,, •••,*, are functions of yj, • • •, y,. We have identically 
vlf)^ where the letter/on the left-hand side denotes any 
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fnnckioii of acj, x,, uid on the rightnband side the same fwao- 

ticm ezpiessed in terms of the variables y,, • • •, y.. 

Now let 

( 109 ) X,(f)=0, X,(/)^0 

be a complete system. By means of such a transformation this 
system goes over into the system 

(110) F,(/)=0, n(/)=0, 

■where A'((/)= J’'j(/) identically, with the understanding just men¬ 
tioned concerning the interpretation of / on the two sides. This new 
system is also a complete system. For, since we have identically 

-V.(/)= A\(/)= Y,{f) 

for any function /, we also have 

-V.CA\(/)] = K<[-Y*(/)] = r,[n(/)], 

A'*[A,(/)] = n[AX/)] = iv[r<(/)], 

and, consequently, 

Af<[A'»(/)]-A*[.Y.(/)]= r,[n(/)]- n[ !■,(/)]. 

Since by hypothesis the system (109) is complete, we have for any 
two indices i and k 

XilX.if)] - A»[A.(/)] = \X^(f)+ ... + KA'r(f). 

Hence, after the transformation, we have 

yWf)l - n[n(/)] = x;r,(/)+... -f x;>;(/), 

where X',, • * •, X'^ indicate the results obtained by replacing • • •, 
in X^, • • •, X^ by their expressions in terms of • • •, The new 
system is therefore a complete system, 

2) Every system equivalent to a complete system is also a complete 
system, 

A system of r linear homogeneous equations in df/dx^, 

is said to be equivalent to the system (109) if we have r identitide 
of the form 

Zs(J) » ^,*Ar,(/) Ar A,,X^{f) +... + (* = 1, 2, • •r) 

where the coefficients A^^ are functions of x„ x,, • • • x, whose deter* 
mhunt is not sero. In that case we can express A,(/), • •., A,(/) 
linearly in terras of *?,(/), • • *, and the name equivalmt 
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tystema is self-explanatory. The difference — ^t[2rj(/)] 

can now be written in the form 


hence it is equal to a sum of terms of the form 

A\[X,(/)] - X,[X*(/)] \ -H X,(f) -A,^X,(A,;)X,(/). 

If the system (109) is complete, this difference will therefore be a 
linear function of -V^(/), since all the differences 

A'*[-Y,(/)]-X,[X*(/)] 

are, by hypothesis, linear functions of A’’j(/), • • •, X^{f). Since the 
two systems (109) and (109^) are equivalent, all the differences 

^.C^i(/)]-^.C^.(/)3 

ciiii 1 m* expressed linearly in terms of Z^(J\ ^r{f)- 

It is clear that every complete system can be replaced by an 
equivalent system in an infinite number of ways. We say that the 
complete? system (109) is a Jacobian system if all the expressions 
A',[A*it(/)] — A'jtCA',(/)] are identically zero. We shall now show 
that every complete system is equivalent to a Jacobian systein, 

Since the r equations (109) are independent by hypothesis, we 
can solve them for r of the derivatives of /, for example, for the 
derivatives dfjdx^. Since the system thus obtained, 


( 111 ) 








= 0 , 

= 0, 
• •> 
- 0 , 


is equivalent to the system (109), it also is a complete system. Now 
if we form the expressions Z<[Z|t(/)] — Z^[Z,•(/)], it is clear that 
only the derivatives • • •, will appear, and conse¬ 

quently the new equations Z,[Zjt(/)] — Z^[^Zi(f)'] = 0 can be 
linear combinations of the equations (111) only if the left-hand sides 
of these new equations are identically zero. The system (111) is 
therefore a Jacobian system. 

The reasoning proves that every complete system of the special 
form (111) is a Jacobian system, but it is clear that a Jacobian sya* 
tern is not necessarily of that form. 
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3) JSp0ry compUU system oft eqwitums in n independent variablee 
can be reduced by the integration of one of the equations of the system 
to a complete system 0 / r — 1 equations tn n — 1 independent earwhles* 

Suppose that we have integrated one of the equations of the sys¬ 
tem, for example, the equation A'^(/)=: 0, and that we choose a new 
system of independent variables (y^, y,, • • •, y«), as in the preceding 
paragraph, in such a way that y^, y,, • • •, y» are » — 1 integrals of 
X^(/) s= 0. The system (109) is replaced by a new complete system 
in wMch the first equation r^uoes to (if/^y^ = 0. Solving the r — 1 
remaining equations for the r — 1 derivatives dfldy^^ • • •, dfjdy^ for 
example, we obtain a complete system, 


( 112 ) 




n(/) 




+ e, 


3/ 










which is of the special form (111) and which is therefore a Jacobian 
system. Now we have 

g/ . I Kn-r g/ 

^I%r + 1 hi hn 




and since this expression must be identically zero, we see that the 
coefficients of the new system are independent of the variable y^. 
Moreover, for i > 1, Ar > 1 we have identically 

nCn(/)]-n[>'<(/)]*0; 

consequently the r — 1 equations 


(113) r,(/)=o, r,(/)=o, r,(/)=o 

form a Jacobian system of r — 1 equations in it — 1 independent 
variables y„ y,, • • •, y., which establishes the proposition. 

The system (113) can in turn be reduced to a complete system of 
r — 2 equations in n — 2 independent variables, and so on in this 
way* Continuing in this manner, we finally reduce the given com¬ 
plete system to one linear equation in n — r +1 indei^endent vari- 
ablee. We conclude from this that every complete system ofr equations 
in n independent variables has independent integrals^ and the 
general integral of the system is an arbitrary function of these n — r 
partmdar integrals. 
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The preceding reasoning shows also what are the integrations to 
be carried out in order to obtain these integrals. Moreover, it is clear 
that this method can be applied in a variety of ways. We may, in fact, 
replace the given complete system by any other equivalent system, 
and begin by integrating any one of the equations of this new sys¬ 
tem. For example, if we replace the complete system by a Jacobian 
system of the form (111), we know at once r — 1 particular integrals 
of the equation Z^(f )= 0, and it is sufficient to integrate 
a system of n — r ordinary differential equations in order to have 
the general integral. For complete details of other methods of inte¬ 
gration of complete systems, the reader is referred to special treatises. 


Example, Let it be required to integrate the system 


(114) 


= ^ + (*» + *4 - 8*|) If + (*. + *!*, + *iX,) ^ = 0, 

=“ + (*»*4 - *s) If + (*l*.*4 + *1 - If = 


5*4 




Forming the combination Jr,[X 2 (/)] — X 2 [X^(/)], we are le<l to add to the 
given equations a new equation 5 // 5 Xj + = 0 , and the system of three 

equations thus obtained is equivalent to the system 


(116) If+ (x, + 8xf)|f = 0, 


cx. 


ex. 


dx^ dx, 


5*3 5X4 


which is a Jacobian system. The system (114) has therefore only one independ¬ 
ent Integral. The general integral of the last equation of this system is an arbi¬ 
trary function of Xj, x^, and x, — XiX,. If we take for independent variables 
Xj, Xj, Xj, and u = x, — XjXg, every function /(Xp x^, Xg, x^) changes into a 
corresponding function 5 ^(Xp Xj. x,. ?<), and the system (115) is replaced by the 
system 


(116) 


CX^ CU 


t^ + x.,^ = 0, 

CX.. * CU 


50 

5 x 3 


0. 


The first two equations of (116) form a new Jacobian system of two equations In 
three Independent variables x^, Xj, u. The general integral of the second is an 
arbitrary function of X| and of u — x^. 

Let us now take for independent variables Xp X 3 , and u — x|/2 = 0 . Every 
function 0 <Xi, x,, u) changes into a corresponding function f (x^, Xi, 0 ), and 
the first two equations of (116) become 


5^ 


+ 8a^ 


ev 


0, 


5^ ^ 

5x. 


0. 


The general integral of the first is an arbitrary function of a — and, eonse- 
quenUy, returning to the original variables, we see that the general integral of 
Uie system (114) is an arbitrary function of 
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90 . GratnUntloa «f tlM tbeory of tbe oom^cto integnlo. Let us 

consider an equation 

(117) F(Xj, X,,..x„ *; o„ o„ . • a,_r+,) = 0 

defining a function z of the n independent variables a?,, 
which depends also upon (a — r 4* 1) arbitrary parameters a^, 
• • -i K we suppose that definite values have been assigned 

to these parameters, and if we eliminate them from the relation 
(117) and the relations obtained by successive differentiations, 


(118) 


dV . cV 
dz 


= 0 , 



(t = 1, 2, • • •, n) 


we obtain in general only r independent relations between 5?, a?j, • 

* * *1 

(119) ar,, jOj,.. .,/>,) = 0, = 0, • • *, F, = 0. 

Limiting ourselves to this case, which is the general case, we shall 
say, as above (§ 82), that the function z defined by the relation (117) 
is a complete integral of the system of partial differential e(iuations 
(119). We shall show that, in this case also, the knowledge of a 
complete integral of the system (119) enables us to find all other 
integrals. In fact, since the equations (119) arise from the elimina¬ 
tion of • • •, between the equations (117) and (118), 

finding an integral common to these r equations (119) reduces to 
finding a system of functions 2 :, i of the variables aCj, 

Xj, • • •, satisfying the equations (117) and (118). It is obvious 
that we can replace the system of equations (117) and (118) by the 
system consisting of the equation (117) and the eq\iation 

( 120 ) ^ = 0 , 


^hich is obtained by differentiating the equation (117) and making 
use of the equations (118). We can satisfy the equations (117) and 
(120) in a variety of ways: 


1) By supjKwing that . 
precisely the complete integral. 

2) By putting 


, a, _, 4. 1 are constanta, which gives 


SV 


• * 


da. 


0 . 


—r+1 


•The elimiiuUion of <*,, a,, • • •, a,_, 4 i from these equations, if it is 
possible, furnishes an integral which docs not contain any arbitrary 
coimtant, and which we shall call, as before, a singular integral. 
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3) If all the coefScieuts are not zero simultaneously, there 

exists at least one relation between the unknown functions a^, 

•••, l^ke variables (I, § 65, 2d ed.; § 28, Ist ed.). 

Suppose that there exist k and only k independent relations between 
these functions, 

(121) /,(«»>•••. «.-r+l)=0, •••, /»(«!, O,, • ••,«,_, + !)= 0. 


Since the relation (120) must be a consequence of the relations 
dff = 0(i s= 1, 2, • • •, /c), there exist k coefficients • • •, X* such 

that we have identically 




4- 


dv 


da^ 


da^^r^i = 4- * • • 4- 

*l + l 

This relation is equivalent to n ~ r 4-1 distinct relations. 


( 122 ) 


da^ ' ca^ 




CV 


lf\ 






+ • • • + Xl 






The elimination of + V* the equations 

(117), (121), and (122) will lead, in general, to a single relation 
between • • •, a-,, and a?, that is, to an integral common to the 

equations (119), which de|)ends upon the arbitrary functions chosen. 
The set of integrals thus obtained, by making the number k vary 
from 1 to n — r, and by taking the functions /j, /j, • • •, /* arbitra¬ 
rily, constitutes the general integral of the system (119). It will 
be observed that the complete integral will be obtained by supposing 
X* ss: n — r 4-1. 

If r = 1, the system (119) reduces to a single equation. Con¬ 
versely, given any equation of the first order /’(x,-, z\ 0, it 
follows from the general existence theorems that it always has an 
infinite number of integrals which depend upon as many arbitrary 
parameters as we wdsh, and consequently an infinite number of com¬ 
plete integrals. The preceding method, which is a direct generaUza- 
tion of that of § 82, enables us to find all the other integrals of the 
equation F r=s 0 when we know one complete integral. 

If r > 1, the system (119) is not the most general of its kind, for 
, a system of r equations of the first order with a single dependent 
variable does not necessarily have any integrals. We shall show in 
the following paragraphs how to determine whether such a system 
is oonsistent, and how to find the integrals when they exist. 
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91. lamtBtny tyvlMM. Let 

(128) =0, F,«0, F, = 0 

be a system of r independent partial differential equations of the 
first order, not containing the dependent variable ». The general 
ease can always be reduced to this }>articular case by the device 
used in § 75. The problem of finding an integral common to the r 
equations (123) is equivalent to the following problem; To find n 
funetions satisfying the relations (123) and the 

conditions dp^/dx^ = 

If we know a system of n functions x„) satisfying these 

conditions, we can derive from them, by quadratures, an integral of 
the equations (123) which depends upon an arbitrary constant. 

Let F and H be any two functions of the 2 n variables jCj, pj^. 
Using the notation (see § 81) 


(fW/) = 




diud^.y 


we shall call the expression (F, //) a Poisson parenthesis. We now 
have the following theorem: Jf the two equatit^ns F = 0, // = 0 have 
a common inteyral, that integral also satbfies the equation (F, 11)^0, 
For let us suppose tliat p^y * * *> functions of the n vari¬ 

ables X,, * • ar^ satisfying the two equations F = 0, If =:z 0 and the 
conditions ^ptfdx^ = djy^l^Xy. Differentiating the relation F = 0 with 
respect to Xf, we find 


^ 4 . y ££ 


= 0. 


Multiplying this equation by cHfdp^ and adding all the similar 
resulting equations, we find 


V + V V - " 

iTi *Ti 


Permuting the letters F and II and ol)8ervitig tluit. wc may permute 
the indices i and k in the double sura, we have also 

V?"!^+y y?£»"«a = o 

s a a %>i«»» 

Subtracting the two results term by term, it follows that 
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If are the partial derivatives of the same function, we 

have, for any two indices i and A, SptfdXf^ = and, consequently, 

(F,/0*0' 

This theorem contains as a particular case the one which was 
proved above (§ 88) for linear homogeneous equations in • • -yp^^ 
and its logical consequences are also analogous to those of § 88. For 
every integral of the equations (123) is also an integral of all the 
equations (F«, F^)= 0 which can be formed from pairs of the equa¬ 
tions (123). Hence we can adjoin to the given system all of these new 
equations which form with the original equations a system of inde¬ 
pendent equations. Continuing in this way, we must finally obtain 
either a system of independent equations whose number exceeds n, 
in which case the system has no integral in general, or else a system 
of in equations {ni ^ n) such that all the equations (F«, F^)= 0 are 
satisfied identically or are algebraic consequences of the preceding. 

Such systems are similar to complete systems. It is always possi¬ 
ble either to show that the given equations are inconsistent or to 
reduce them to a system for which all the parentheses (F., F^) are 
identically zero. In fact, let us supi>ose that we have solved the r 
equations (123) for r of the variables p^^ * • •, p^^ which must always 
be {K>ssible, for otherwise the elimination of • • •, p^ from these r 
equations would lead to a relation between the variables acp • • 
and the given system would evidently be inconsistent. Let 

('12fi) -/,(/>r+i. • • •,;>.; a-,. a-,)=0, • • •, A-/■(•• •)=0 

be the equivalent system thus obtained. The parenthesis 

(P. - fa, Pe - f») 

does not contain any of the variables p^, • • hence the equations 
obtained by equating these parentheses to zero cannot be conse¬ 
quences of the first, and they furnish new equations if the paren- 
thc.scs are not identically zero. Solving these new equations for 
certain of the quantities p,, and continuing in the same 

way, we finally either demonstrate the impossibility of the problem 
or else obtain a system of m equations of the first order (m ^ n), 

(126) F,«0, F^«0, 

such that all the parentheses (F., F^) are identically zero. 

Such systems, which are similar to the linear Jacobian systems, 
are dilltnl in min torp systems. It follows from what precedes that 
lihe seareji for the rommon integrals of a system of equations of the 
first ordor.reduces to the integration of an inyiolutory system* 
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This Integration is immediate if m =s n, as the following proposi* 
tion shows : Let F^, F,, • • •, be funotione of the 2n variables 
such that all the parentheses (F^, F^) are identically zerOy and 
such that the Jacobian A =« D(Fj, • • •, F^)/D(p^y • • •, p^) is not zero. 
If we solve the n equations 


(127) 






triers a,, 


•i == «•> 

, are any constantSy for p^, • • •, p^y the express 

sion p^ dx^ -f • • • *4- />i, dx^ is an exact differential for the resulting 
values of the ffs. 

For we have . „ „ x „ v /v 

(F* - a., F^ - a^) = (F., = 0, 


and, by what precedes, these n functions />a, • • •, />„ of the n varia¬ 
bles x^y Xj, • • •, ar, defined by the n equations (127) must satisfy all the 
relations 


V V* ^ ^ 
A 




0. («, /9 = 1, 2,. • •, «) 


Let us take all the n relations of this kind in which the index ft 
retains the same value. These relations «in l)e written in the form 


.Tl ^Pi A 

If we take for unknowns the n expressions 



(i = l,2, 


the determinant of the coeflBcients of these unknowns is precisely 
the determinant A, which, by hypothesis, does not vanish identically. 
It follows that we have, for any two indices i and 






= 0 . 


Similarly, taking the n equations of this kind in which the index i 
has a definite value, we evidently have dpil^u = ^Pkl^i^ which 
proves the proposition. 

The function 


( 128 ) 


■* = ♦(*,. »ii • • •» «.+i) 


where is a new arbitrary constant, represents the complete 
integral of the involutory system (127). If we regard the r con¬ 
stants n,,«* as having definite values, while the constants 
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®r+i> •••> renwtin arbitrary, the formula (128) represents a 
complete integral of the involutory system formed from the first r 
equations of (127). This is a true complete integral, for, from the 
way in which we have obtained the function the equations 




form a system equivalent to the system (127), and the only inde¬ 
pendent relations not containing + • * • > «» which can be deduced 

from them are evidently the fii*st r equations of this system. * 


92. Jacobi’s method. I^et us consider an involutory system of r 
equations (r < n), 

(129) F,(x„ • • •, a-„; . .,p.) = o„ • • F,(a!„ • • •,/>,) = 

where the constants • • •, have definite values. To obtain a 
complete integral of this system, it is sufiicient to adjoin to it n r 
new functions + n Jacobian 

r>(F„ • • •, F,) 

is not zero, and such that the new system 

(130) • • •> Fr ^ + l ~ * * *> ~ 

is itself involutory. Indeed, the complete integral of this system (130) 
will furnish, as we have just seen, a complete integral of the system 
(129). If r = 1, this method is merely the extension of the method 
of Lagrange and C/harpit to an equation in n variables. 

Jacobi’s method for solving this problem depends upon a noted 
identity due th Poisson. Let be any three functions of the 

2 n variables 7 ) 1 .; then we hare IdentlcaUy the relation 

(131) ((/, ^), ^) + ((.^, ^), /) + ((^, /), ^) = 0. 

In fact, each term on the left-hand side is the product of a partial 
derivative of the second order and two partial derivatives of the 
first order. Hence, to show that it vanishes, it is suflBcient to show 
that it does not contain any derivative of the second order of the 
function /, for example, since the three functions /, ^ appear in 

it symmetrically. The terms containing the second derivatives of/ 
can arise only from ((/, «^), ^) + ((^, /), ^) = (^, (^, /)) - (<^, (^, /))• 
Oltserving that (^, /) and (^, /) are two linear homogeneous expres¬ 
sions in the derivatives of /, and setting 

(^> (A (V') /) = (/)» 
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Ute preceding expression can be written in the form 

Now we saw in $ 88 that this expression does not contain any second 
derivatiTes of /. It follows that all the terras of the left-hand side 
of the equation (131) cancel each other in pairs. 

Finally, in order to integrate the involutory system (129), let us 
first try to find a function ♦ independent of F,, • • •, satisfying 
r linear homogeneous partial differential equations of the first order, 

(132) (F,,*)=0, (F„*)=0, (F„^)=0. 

These r equations form a Jacobian system. For if we set 

A',(*) = (F„ ♦), 

Poisson’s identity, 

((F., Ff), ♦) + ((F^, ♦), F.) + ((«l’, F.), F3)= 0, 

becomes 

since (F^, F^) = 0 . 

Let be an integral of this Jacobian 93 ’stem which forms with 
F,, • • F^ a system of independent functions of • • •, y>,. We 
next proceed to fonn the new Jacobian system of r +1 equations, 

(F„<>)- 0 , (F,^„*)=: 0 , 

and to find an integral of this system which is independent of 
F,, • • •, F^^, as functions of the Pi \ and we continue in the same 
way. Finally, when we have found an integral of the last Jacobian 
system, 

we can obtain a complete integral of the given system by a quadra¬ 
ture, as we have seen above. 

V. GENERALITIE8 ON THE EQUATIONS OF IIIGHER ORDER 

93. Eiiiniiiation of arbitrary functions. The study of partial differ¬ 
ential equations of the first order in a single dependent variable has 
led us to the following conclusions: 1) The integration of an equa¬ 
tion of this form reduces to the integration of a system of ordi¬ 
nary differential equations. 2) All the integrals of this equation are 
represented by one or more systems of equations in which appear 
explicitly one or mom arbitrary functions and their derivatives. 
These properties arc not extensible to the most general partial 
equatims o| order higher than ^ first The problem 
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of the integration of sueh an equation cannot, in general, be reduced 
to the Integration of a system of ordinary differential equations. 

We can easily generalize, however, the method of the elimination 
of arbitrary functions which leads to a partial differential equation 
of the first order (§§ 77 and 82), but the equations of higher order 
which we obtain in this way form only a very special class. 

Thus we have seen that the general integral of a linear equation 
in two independent variables Pp +Qq ^R \& obtained by associating 
the curves of a congruence according to an arbitrary law. Let us 
now consider a family of curves F that depends upon n +1 arbitrary 
parameters • • •, (n >1), 

(133) F(a:, y,*, a,,a,+,) = 0, *( 3 ;, y, a„ • •a,+,) = 0. 

If we establish n relations of arbitrary form between these n +1 
parameters, we obtain a family of curves F that depends upon only 
one parameter. These curves generate a surface 5, and all these 
surfaces 5 satisfy, whatever may be the n relations established 
between the n + 1 parameters, a partial differential equation of the 
nth order, which is called the partial differential equation of the 
family of surfcices S, To prove this, let us observe that instead of 
establishing n relations between the n + 1 parameters it amounts 
to the same thing to take for these parameters arbitrary functions 
af(A) of an auxiliary variable X. The two equations (133) then define 
two implicit functions « =/(x, y), X = ^(x, y), and we have to 
prove that the function « =/(x, y) satisfies a partial differential 
equation of the nth order, independent of the form of the arbitrary 
functions a, (X). Differentiating the first of the equations (133) with 
respect to x and then with respect to y, we obtain the two relations 


dx 


dF 

i> + 

\dF 

[,-«;(x) + . 


dz 

.+ 

dF 


dF . 

dF 

dz 



'' ' 




x;=:0, 

x;==o, 


from which we derive 


K 


dF . dF 

hl±l. 


dF . dF 


From the second of the equations (133) we derive, similarly, an 
expression for the quotient X^/X4, which is deduced from the pre^ 
ceding by replacing in it F by Equating these two expressions, 
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W6 adjoin to the equations (133) a new equation containing y, 

Pf 

(134) ^i(®> y> * * *> ®^*n) ~ 

Operating on this new equation as on the equation F =: 0, we derive 
from it an expression for A^/X' which depends upon y, «, jf>, r, 
4 f, Op • • *, Equating this new expression to one of the expres¬ 
sions already obtained for this same quotient, we obtain a new 
relation containing the second derivatives of 

(135) y, Zyp, q, r,«, t, a^, •••,«» + 1 ) == 0. 

After n similar operations we a^ljoin to the system (133) a system 
of n relations containing aj, a^, • • •, + a*, y, Zy and the derivatives 

of s; up to those of the nth order. The elimination of a^, a,, • • •, + i 

from these n + 2 equations will lead, in general, to one and only one 
equation between a?, y, and the partial derivatives of « up to those 
of the nth order. This is the partial differential equation of the 
surfaces generated by the curves F. 


JBxample 1. If the curree r are the atraight lines parallel to the zv-plane, 
the equations (1S3) are 

* = <*!» y = afX + Oj. 

Applying the general method^ let us suppose that Oj, a,, a, are functions of a 
parameter X, From the two preceding equations we derive for the quotient 
X^Ai the two yaiues p/q and — which leads to the relation p/q + a, = 0. 

Differentiating this last relation with respect to z and then with respect to 
p, and dividing the corresponding sides of the resulting equations, we find 

^ _ 1*-v 

x; p*-qr' 

Equating this value of the quotient to the expression q/p already obtidned, we 
find again the partial differential equation of the ruled surfaces which have the 
xy-plane for the directing plane (I, Ex, { 39, 2d ed.; 124, Ist ed.), 

— 2pq$ 4- = 0. 

Example 2 . If the curves F are ail possible straight lines, the equations (138) 
can be written in the form 


x=:ait + aa, y^OjS + a*. 

Applying the general method, we derive from them succcwivelj 

or 


K OjP-l *hP «i 


«i]* 4’o 1« 
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From tiiia now equation we then derive 

+ 0, 

x; a,r + o,« ffl,’ 

or 


(A) ofr + 2a,a,« + olt = 0. 

This last equation gives in turn 

K _ ° iPai ^ °i‘^■i Pu + °«Po» _ «i _ 

^ “jPao++“$Pu cx-ej^ 

or, clearing of fractions, 

(B) + SaJOjPj, + SaioJpij + alp„ = 0. 


Eliminating the quotient a,/aj from the relations (A) and (B), we obtain the 
partial differential equation of all ruled surfaces. We see that this equation 
contains only derivatives of the second and third orders. By its derivation 
we see that it states that at each point of the surface one of the asymptotic 
tangents has contact of the third order with the surface (1, § 223, 2d ed.; 
5 238, Ist ed.). 

Example 3. Let us consider the plane curves V represented by the two 
equaUons y = a, + ,. 

Instead of applying the general method, let us suppose that Uj, a,, • > *, On are 
functions of the last parameter a„ + 1 . The surface S generated by these curves 


r has for its equation 


* =/[•*. V, ••••, ♦«<»)]. 


where ^ are arbitrary functions of y. The elimination of these n func¬ 

tions from the preceding relation and the relations which give dz/cx^ d*z/dx*, 
• • •, £^z/dx^ leads to a partial differential equation of the nth order, 


(186) 




= f(x, y, 


di 

5x’ 


’ dr-v’ 


in which only derivatives with respect to x appear. 

Conversely, every partial differentiid equation of tins type can be integrated 
as an ordinary differential equation containing a parameter. If z C^, 

general integral of such a differential equation, it will suffice 
to replace Cj, Cj,..in it by arbitrary functions of y in order to have the 
general integral of the same equation, considered as a partial differential equa¬ 
tion in two independent variables x and y. 


The general integral of a partial differential equation of the first 
order, of any form, in two independent variables, is obtained by tak¬ 
ing the envelope of a two-parameter family of surfaces when we 
establish an arbitrary relation between these two parameters (§ 82). 
To generalize this result, let us consider a family of surfaces 2 
which depends uj>on n •+• 1 parameters, 

(137) F(», y, «, o,, . • •, «*,+,) » 0. 


(A>1) 
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If we establish n arbitrary relations between these n +1 parame- 
terSi oi> what amounts to the same thing, if we replace 
0,^1 by arbitrary functions of an auxiliary variable X, we have a 
family of surfaces 2 which depends upon a single parameter. The 
envelope of this family of surfaces is a surface iS’ which satisfies a 
partial differential equation of the nth order, independent of the 
form of the arbitrary functions a,(X). For we should obtain the 
equation of this surface by eliminating X from the two equations 

(137) and (138) 

(138) + = 


But these two equations may be considered as defining two func¬ 
tions z =/(x, y) and X (j-, y) of the two variables x and y. The 
partial derivatives p and // are given by the two equations (I, § 41, 
2d ed.; § 25,1st ed.) 


(139) 


dF dF 
dx “*■ dz 


/> = 0, 


dF . dF 
dy dz ^ 


= 0 . 


Applying to this system (139) the method applied to the system 
(133), we can adjoin to it, step by step, n — 1 new rehitions between 
* * *> 1/f 2 tnd the partial derivatives of z of orders 

2, 3, • * •, n. The elimination of a^, a^, - • from these n — 1 

equations and the equations (137) and (139) will lead, in general, to 
a single relation independent of a,, • • *, in which will 

appear ac, y, and the partial derivatives of « up to those of the 
nth order. 


Fxample, If the surface 2 is a plane, we find again the equation of the 
developatfie surfaces — rf r? 0. If the surface 2 is a sphere with the constant 
radios B, the equations (IdT) and (139) become 

n4m / (*-«,)* + (jf-a,)* + (*-o,)*-R» = 0, 

' ' \*-<4 + (t-«gp = 0, v-a, + {*-o,)(/ = 0. 

Buppose that 0 |, a,, a, are functions of a parameter X. Equating the values 
of the quotient derived from the last two equations (140), we obtain the 
relation 

(141) (rt-ii^(*-a,)*+[(l+|)*)<+(l+ 9*)r-2|)9»](*-a,) + l+p*+9»=s0. 

We ihaU obtain the dedred eqnaUon by el Mnating Oi, Oi, Of from (140) and 
(141). From the first we derive s — a, = B/Vf+ p^ -f and, replacing « - o, 
by this vslud In (141), we obtain UiO partial differential equation of the fuhtdor 

(Sm (ri - ^ B*+ t(l-fp*)f+ (l+9*)r-2p(fsl n Vi(X+p^-f 

k. \ 
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The geometric meaning of this equation is easily verified. It states that 
one of the principal radii of curvature of the surface is equal to R (I, § 242, 
2d ed. ; $ 241, Ist ed.). 

Note. Given a function of several variables which depends upon 
one or more arbitrary functions, it is not always possible, as in the 
two cases which have just been examined, to deduce from them 
one and only one relation, independent of the form of the arbitrary 
functions, between the independent variables, the function z and 
its partial derivatives up to a given order. Let us consider, for 
example, a function z = F(iP, y, A”, F), where F is a given func¬ 
tion of the four arguments which appear in it, and where X and 
Y are arbitrary functions of the variables x and y respectively. The 
five derivatives /), r, s, t of the first and second orders depend 
upon A, A", Y\ Y^\ and it is in general impossible to elimi¬ 
nate these six quantities from the six equations. But if we continue 
up to derivatives of the third order, we have, in all, ten relations 
containing eight arbitrary quantities, A, A', A'', A''*, F, Y^, Y^\ 
and the elimination will lead to a system of two equations of the 
third order.* 

94. General existence theorem. The proof given for a system of 
partial differential equations of the first order (§ 25) can be extended 
readily to the most general systems of the normal form, studied by 
Madame Kovalevsky, t 



^ • • 


‘ ’> ^pf * 


(143) 



* ^p9 * 




*> * 

* *> ^pf * 

• > 

•■)> 


in which the right-hand sides contain the independent variables 
* -I dependent functions «,,•••, the partial derivatives 

of up to and including those of order r^, the partial derivatives of 
of orders up to and including those of order • •., and so on. 


• Se« Hxiuiitk, Cours pp. 215-229. 

t Journal do CrtUt, Vol. LXXX. In her proof, Madame Rovalevaky reduces the 
general case to the case of a linear system of the first order, but for ns it will be 
sufficient to reduce the general case to the case of a system of the first order of any 
form whatever. 
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bat nwB of the derivativea We 

mBj then state the general theorem as follows: 

Regarding the quantities op,, • * •, 

teft ftcji... * 

which appear in the functions Fi as independent variables^ let 

* * *> 

he ang sgstem of values of these variables in whose neighborhood the 
fmetions are analytic. On the other hand, let 


(144) 


>u 4 \, * 1 , • • •, 

• • •, 4i‘~\ 


^p> ^pt 4it • • •» 


be /unctions of the n — 1 variables x^, • • •, *„ regular in the 

neighborhood of the point a,, ■ • ■, a„ and such that we have 




2x}* • • • d^i' ' 


/«>»• *!=»«*» • • a?« = Then the equations (143) have one and 

only one system of integrals, analytic in the neighborhood of the point 
(a^, a^ • • •, a,), and such that we have, for =* a^, 


. 




er*- 




!• = An-i 


(‘■ = 1.2, •••,;>) 


To prove this we obeerve first that the equations (143), and those 
which we obtain from them by successive differentiations, enable lu 
to express all the partial derivatives of the dependent variables in 
terms of the independent variables, the dependent variables, and the 
partial derivatives 8*«+ - • • • ftr;*, where a^ < r^ for * «■ 1, 

< r, for » = 2, ■ • a, < r, for t =*y». This follows, step by step, 
by a process of reasoning exactly like that of i 26. Now the ini* 
tial oonditions determine immediately for x, =a a,, • • •, x. » a, the 
numerical values of the derivatives in terms of which all the 
others are expressible. Hence the coefficients of the developments 
in power series of the integrals whose existence we wish to prove 
can be oalcnlated hy the operations of addirion and multiplioati<m 
alone, in terms of the coefficients of the developments of the funo* 
ti(ms Pf and of the functions of tiie array (144). 
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To finish the proofs it remains to establish the convergence of the 
power series thus obtained when the absolute values of the differ¬ 
ences Xi — ai are sufficiently small. We have already proved this 
convergence when all the numbers r^, ^ 3 , * * are equal to unity. 
We shall now show how to reduce the general case to this particular 
case by considering as dependent variables the functions 
and their partial derivatives up to those of order r^ — 1 , inclusive, 
for *((i = 1 , 2,--‘,p). 

Let us put 

dx-p 8zp.-.8x;-~ '•.. ^ ... 


The right-hand sides of the equations (143) contain the variables 
* • *1 ^mf dependent variables • • •, Zj,, the new dependent 
variables, and certain derivatives of the first order of these new 
dependent variables. But, by hypothesis, the derivatives of the varior 
ble Zf of order which can appear are different from the derivative 
*r 4 ,o,o,..*.,o- Hence at least one of the numbers a^, a,, •.or. is differ¬ 
ent from zero. If, for example, > 0, we can replace by 

when Uj -f- -f- • • • -H = r,, and similarly for the others. We can 

therefore write the given equations (143) in the equivalent form 


(146) 


8zi 


0 , 


dx. 


= *.(^ 


.*.•••). (‘== 1 » 2 , •••,!>) 


the right-hand sides containing only the independent variables and 
the dependent variables with some of the partial derivatives of the 
first order taken with resi)ect to one of the variables x^, • • •, To 
these equations must be adjoined those which give the derivatives 
with respect to a!^ of the new dependent variables, other than those 
which we have already written. If we have -h ^ 3 + • —h ^ — 2, 
we can write immediately 


(146) 


a*i 




dx. 






and ire have a, +1 + a, + • • • +■ a, S r, — 1, ao that the right-hand 
side is one of Uie dependent variables. If we have 


— 1 , 
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we mxmt suppose 1} and, consequently, one at least of the 

numbers is different from zero. If, for example, we have 

u, > 0, we shall write 

(147) = 

and the right-hand side is the derivative with respect to of one of 
the auxiliary dependent variables. The equations (145), (146), and 
(147) form a normal system of equations of the first order. The 
initial conditions which must be satisfied by the integrals of this 
new system result immediately from the initial conditions imposed 
upon the integrals of the original system, and it is clear that the 
power series obtained for the integrals of the new sys¬ 

tem will be identical with the power series obtained for the integrals 
of the given system. These series are therefore convergent (see § 25) 
in the neighborhood of the point (a^, a^, • • •, <f,). 


For example, the equation of the second order r =/(x, r, p, g, s, t) can be 
replaced by a system of three equations of the first onier in the normal form, 


dz 




=JPt 




V. p, g, 


dp 


dg\ dq _ dp 

dy cy) dx dy 

If it Is required that z = ^(p), dz/dx i=^(y), for x = x^, the integrals of the 
auxiliary system must reduce respectively, for x ^ x^, to the functions ^ (p), 

f (y). ♦'(y)- 


This general theorem does not furnish a reply to all the questions 
which can be proposed on the existence of integrals of any system 
whatever of partial differential equations, for it applies only to sys¬ 
tems in the normal form considered. The most general systems have 
been the subject of a great numl)er of studies, the most recent of 
which, due to Tresse, Riqixier, and Delassus, have led to the gen¬ 
eral solution of the following problem: Given a system of m partial 
differential equations of any order in any number of independent 
and any number of dependent variables, to determine whether this 
system has any integrals and, if it has, to define the arbitrary quan¬ 
tities (constants or functions) upon which the integrals depend.* 

To sum up, every partial differential equation of any order in 
which both sides are analytic functions of their arguments has an 
infinite number of analytic integrals, but we cannot say, in general, 
as in the case of ordinary differential equations (f 26), that all the 


* Tils liiTssilgssicimi of Riquior lisvo been ooHsetad by blm tn bU work Bur 
zyztdfim eus BMzM pmrtMzz (ISIO)* 




V, Ejm.] 


EXERCISES 


287 


integrals are analytic functions of the independent variables. We 
have seen above (p, 266, ftn.) that it is not true for an equation 
of the first order. It is, moreover, easy to see this by elementary 
examples such as the equation p = 0, whose general integral is any 
function of y. 

The methods of the calculus of limits do not apply to the non- 
analytic equations. Let us consider, for example, the equation 

(148) + y)=0, 

where /(a;, y) is a continuous non-analytic function satisfying the 
Lipschitz condition with respect to y. We have proved in §§ 27-30 
that the differential equation 




has an infinite number of integrals which depend upon an arbitrary 
constant C, In order to conclude from this, as in § 31, the existence 
of an integral of the ecjuation (148), it would be necessary to prove 
that all these integrals are defined by an equation of the form 
^ (a:, \J) = r, where the function jX)sse8ses continuous derivatives 
of the first order. We shall return to this question in the next 
volume. 


EXERCISES 

1. Integrate the partial differential equations 

— ojr^p^) g = 2 az^yz — 



(x — 6y)p -f (lOx — y)g = 6 V* — 4x* — 30xp. 


2. Find the general ecjuation of the surfaces which cut at right angles the 
spheres represented by the equation 

+ P* + «* + 2 oz = 0, 
where a Is a variable parameter. 

Deduce from the result obtained some systems of three families of orthogonal 
surfaces. 

3. It is required to find the partial differential equation of the surfaces 
described by a straight line which moves so that it always meets a fixed straight 
line at a given angle. Integrate this partial differential equation. 

[Iricence, Paris, July, 1873.] 

4 . Given a plane P and a point O in the plane, find the general equation of 
all the surfaces such that, if we draw the normal mn at any point m of one of 
them meeting the plane P at n, and then the perpendicular mp to this plane, 
Uie area of the triamgle Onp will be equal to a given constant. 

Paris, November, 1871.] 
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S. TIm MM* qtwMtoiu in Bz. 4, aaiqpodng, however, that the angle nQ|i la 

ilftiit* 

[licence, Rennea, 1888.] 

8. Deteradne all tbe surfaces which satisfy the condition 


Op X ma =: XOin*, 

where X denotes a gi?en constant, O the origin of coordinates, m any point of 
one of the surfaces, p the foot of the perpendicular dropped from O upon the 
tangent plane at m, and n the trace of the normal on the plane zOy, 

[Licence, Paris, 1876.] 

7. Find the general equation of the surfaces such that if we draw the 
normal mn from any point m of one of them terminating in the xp-plane, the 

length mn will be equal to the distance On. , ^ . __ , 

^ [Licence, Poitiers, 1888.] 

8. Find the integral surfaces of the equation 

xy*|) + = s <x» 4- p*). 

Determine the arbitrary function in such a way that the characteristic curves 
form a family of asymptotic lines of the integral surfaces, and hnd the 
orthogonal trajectories of the surfaces thus obtained. 

[Licence, Paris, July, 1904.] 

8, Consider a family of skew curves V represented by the two equations 
X* 4- 2 y* = az\ x* 4* y* + «* = te. 


where a and b are two variable parameters. 

1) Prove that these curves are the orthogonal trajectories of a one-parameter 
family of surfaces 8 ; 

2) Find the lines of curvature of these surfaces 8 ; 

8) Show that these surfaces form part of a triply orthogonal system, and find 

the other two families of this system. ^ 

[Licence, Paris, July, 1901.] 


10. Form the partial differential equarion which has the complete integral 
y^(x* — a) = (z + 6)S and integrate this equation. 

11* Detemdne tb» surfaces such that the segment mn of the normal included 
between the surface and tbe point of intersection n with a fixed plane P pro¬ 
jects upon this plane into a segment of constant length. 


12. Let n be tbe point where the normal at m to a surface meets the 
plane. Find the surfaces such that the etraight line On will be parallel to the 

tangent idane at m. , 

[Licence, Poitiers, July, 1884.] 


13. It is required to determine the surfaces which cut at a given angle V all 
the planee paesing through a fixed straight line. Show that the characteristic 
wvea are the lines of curvature of the integral surfaces. 


14. Hie integral curves of the paryal differential equation for which a com- 
l^inMgnlk (i +*(1 ++ 2«^ + 6 = 0, 


where a and 6 are taro arbitrary eonstanls, satisfy the relation 
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ETeiy integral curve of a partial diftereutial equation E(x, p, p, q) = 0, 
tangent at a point if to a generator Q of the cone T with its vertex at 
has contact of the second order with every integral surface tangent bXM to the 
plane tangent along the generator O to the cone T. 

[SopHus Lib.] 

16. From a point if of a surface S a perpendicular MP is dropped upon the 
fixed axis 00', then from the point P a perpendicular PN upon the normal to 
the surface at if. It is required to determine the surfaces 8 such that the 
length MX will be a given constant a. 

Study in particular the surfaces 8 which are helicoids having OO' for axis. 

[Licence, Paris, October, 1908.] 


17. It is required to find the general form of the functions F{z, y, s, p, q) 
such that the differential equations of the characteristic curves of the equation 
F = 0 will have the integrable combination d {q/p) = 0. 


Application, Determine the surfaces 8 such that the distance of any point 
if of one of them to the xy-plane is equal to the distance from the point O to 
the tangent plane to the surface at the point if. 


18. Given the partial differential equation 

(I) + Qq = Rz* + -Sr + r, 


where P, (J, P, S, T depend only upon the variables x and y, show that the 
anharmonic ratio u of any four particular integrals of the equation (I) satisfies 
the equation 


'’S+«r='- 

dx dy 


Knowing four particular integrals Sj, of the equation (I), can we 

derive from them the general integral ? 


19. Parallel surfaces. Let $ (x, y, z) be an integral of the equation 



Prove that the equation 6 (x, y, r) = C represents, in rectangular coordinates, 
a family of parallel surfaces. 

Note, We observe that the equation (£) has the complete integral 
9 = V(x - o)» + (y - 6)* + (* - c)«, 

and the general integral is obtained by finding the envelope of the sphere of 
radius $ whose center describes a surface or a curve. It is clear that by 
making the radius 0 vary we obtain a family of parallel surfaces. 

Conversely, in order that the equation u (x, y, s) = C7 shall represent a family 
of parallel surfaces, it is necessary and sufiScient (Ex. 9, p. 42) that ti(x, y, z) 
satisfy an equation of the form 

wfaieh we may reduce to the form (£) by putting $ = ^(«). 
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20« In order that the expression ds + Adx + Bdy shall have an Integrating 
factor independent of ty it la neceasarj and eitfficient that it be of the form 

dz 4* e-^d^t 

where ^ and ^ are fonctlona of x and y. 

21. Apply the method of J. Bertrand (p. 232) to the equation 
Pdx 4- Qdy 4* Bdz = 

where P, Qy R are linear functions of Xy p, z satisfying the condition of 
integrability. 

Given a cmpUUly iniegrabU system of the form 
ds = pdx + 9dv, 

dp = {a^p 4 4- a^z)dx + (Cjp + c^q + c^z)dyy 

dq = {c^p 4- c^q + c,z) dx 4- (6,p 4 <>*9 4 

where o^, 6f, Ci are functions of x and p, the general integral is of the form 
z = CjSj 4 C^z^ 4 CjZ,, where Zj, are Uiree linearly independent inte¬ 
grals, and where Cj, Cj, C, are arbitrary constants.* 

23. Find the necessary and sufficient conditions in order that the equations 

r =/,(*, y), s = ft (X, y), < = /, (X, y) 

be consistent, 

Appftcofion. Find what condition the functions ^(jr, p), P(x, p), C(x, p) 
must satisfy in order that the integral curves of the differential equation 
4 2Bdxdp 4 Cdp* = 0 be the projections on the xp-plane of the two 
fmniiies of asymptotic lines of a surface. 


• ArrsLL, Journal de Liouvilk, 3d series, Vol. VIII, p. 192. 
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equation: ^8, 15 

Adjoint equation, polynomial: 115, 
42; 116, 42 

Adjoint system of equations: 156, 67; 
166, 62 

Algebraic critical points: 178, 63; 

188, 67; 199, 71 ; SOI, 71 
Algebraic differential equations: 180, 
66; ISS, 67 

Analytic extension of integrals: 101, 
37; 15S, 66; 180, 66 ; 18S, 07; 188, 68 
Analytic integrals: 45, 22; 49, 22; 
SO, ftn.; 51, 23; 58, 24; 54, 26; 
57, 26 ; 59, 26 ; 60, 26 ; 61, 26 ; 67, 29; 
100, 37 ; 175, 64 ; S46, 84 ; SS4, 94 
Anharmonic ratio of integrals: 18, 7 
Anfomart: S46, ftn. 

Appell: 41, ftn.; 115, 42 ; 290, ftn. 
Approximate integration of differen¬ 
tial equations: 64, ftn. 

Arbitrary constants; 74, 31; see also 
Elimination of constants 
Asymptotic lines: 48, ex. 18 ; 91, 36 ; 
206, ex. 6 

Auxiliary equation, polynomial :12,0 ; 
117, 43 ; 124, 45 ; 168, 60; roots of: 
119, 43; for a system of equations: 
158, 68 ; 168, 60 

Bernoulli ; 11, 6 
Bernoulli's equation: 11, 6 
Bertrand : 41, ftn.; 282, 80; 290, ex. 21 
Bertrand's method: 282, 80 ; 290, ex. 
21 

Bmel : 126, 46 ; 142, 62 ; 169, ex. 8 
Bessel's equation: 126, 40; 142, 52; 

169, ex. 8 
BooU : 212, ex. 1 
Bcmiizky : 44, ex. 21 
Bracket [u, e] : 284, 81; 241, 83 


Briot and Bouquet: 45, 21; 50, ftn.; 
59, 26 ; 178, 64 ; 175, 64 ; 176, 64 ; 
177, 64 ; 178, 66; 198, ftn. 

Briot and Bouquet's equation : 178,64 
Briot and Bouquet's method, analytic 
integrals: 50, ftn.; 59, 26 
Briot and Bouquet's theorem: 175,64; 
176, 64 ; 177, 64 ; 178, 66 

Calculus of limits: 45, 21 and 22; 65, 
ftn.; 187, 60; (system of equations): 
4^,22; equations of thenthorder: 49, 
22; 100, 37; non-linear equations: 
174, 64; partial differential equa¬ 
tions : 58, 26; (system of): 56, 25; 
283, 94; 287, 94; system of linear 
equations: 50, 23; total differential 
equation: 57,24; (system of); 58 ,24 
Canonical form, of substitutions: 182, 
48 ; 182, 48; of a system of linear 
equations: 161, 69 ; 165 ,61; 179, 65 
Cauchy: 85, 18 ; 45, 21; 46, 22 ; 61, 
27 ; 68, SO ; 75, 30 ; 74, 30 ; 108, 
89; 109, ftn.; 128, 46; 154, ftn.; 
172, 63 ; 188, 67 ; 198, 71 ; 202, 71; 
214, 76 ; 217, 76 ; 246, 84 ; 249, 86 ; 
254, 86 ; 257, 86 ; 257, Note ; 259, 
86; 260, Note ; 261, 87 ; 264, 87 
Cauchy-Lipschitz method: 61, 27; 68, 
30; 74, 30 

Cauchy's equation: 267, ex. 1. 
Cauchy's first proof: 68, 80 ; 78, 30 
Cauchy's method: non-homogeneous 
linear equations: 108, 39; 109, ftn.; 
(system of): 154, ftn.; partial dif¬ 
ferential equations: 249, 86; 257, 
Note; 259, 86; 260, Note; (ex- 
tended): 261, 87 

Cauchy's problem: 246, 84; 264, 87 
Cauchy's theorem: 45, 22; 172, 63; 
188, 67; 198, 71; 202, 71; (system 
of equations): 45,22; 217, 75; par¬ 
tial differential equations: 54, 25 
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Center, of integrel corves: ISO^ 65; 
iji atinlUtude, 8^ 3 

ChermoterisUe corves: 81By 76; tt4y 
77; $49y 85; UOy 85; 889y 86; 
66i, 87; Ceoeh j*s method: jN8, 85; 
tS7y Note; 859y 86; 860y Note; 
J6i, 87; congruence of: $19y 76; 
$t9y 76; $88y 111 derivation from 
complete integral: 859^ 86; differen¬ 
tial equatioiMi of: rip, 76; rrt, 77; 
$$4y 77; tSly 85; see ai$o Char* 
acteristic strip 

CharaeterisUc developable surface: 

85 ; jf5P, 86 ; ^60, Note 
Characteristic direction: 2S0y 85 
CharacterU^c equation: 180^41 ; idP, 
50 ; 140yhl \ i4d,63 ; 747,54 ; 165. 
61; 765,68; 77P, 65; elementary 
divisors: ijr, ftn.; roots of: 760, 
47; 737, 48; i3P, 60; 74P, Note 2 
Characteristic exponents: 747, 54; 
756, 56 

Characteristic numbers: 747, 54 
Characteristic strip: 85; 86 ; 

t60y Note; 367, 87; differential 
equation of: 763, 87 
Cirdea, differential equation of: 5,1; 
of double contact with a conic; 
iO€y ex. 4 
CIssoid: 766, ex. 5 
Ctoircttd: 77,10; 47, ftn.; 44,ex. 20; 

t06y 72 ; 373, 74; 33P, ex. 1 
dairaut's equation: 77,10; 47, ftn.; 
44, ex. 20; 365, 72; generalized: 
373, 74; 336, ex. 1 

cybschi 267y 88 

Complete integral: 336, 82 ; 33P, 82 ; 
347, 88 ; 347, 84 ; 366, Note ; 377, 
01; 373, 02; generalization of the¬ 
ory: 373,90; geometric interpreta- 
rion: 333,82; of involutory systems: 
377, 91; see also Cauchy’s method 
and Lagrange’s theory 
Complete ^sterns: 367, 88 and 80; 
equivalent: 363, 80; Jacobian ays- 
terns: 363, 80; 376, 80 ; 377, ex.; 
373, 01; 373, 02; method of inte¬ 
grations 376, 80; change of varia- 
hleas 337,80 


Completely integrable total differen¬ 
tia equations; 33, 24; 333, 78; 
system of equations: 33, 24; see 
ako Condition for integrabUity 
Comfdex of curves: 333, 86 
Condition for incompressibility of a 
fluid: 36, 33 

Condition for integrability of total 
differential equations: 33,24; 333, 
78; 336, 80; the bracket [u, e]: 
334, 81; 347, 88; invariance of: 
337, 80; involutory systems, Pois¬ 
son's parenthesis: 374, 91; the 
parenthesis (u, v) : 334, 81 
Conformal representation: 33, 18 
Congruence of curves: 363, 74 ; 373, 
76; 333, 77 ; focal points of, focal 
surface: 363, 74 ; 334, 77 ; sec also 
Characteristic curves and Edge of 
regression 

Conical point: 3.57, 85 
Conics, differential equation of: 3, 1; 
having circles of double contact: 
366, ex. 4 
Conoids: 336, ex. 1 
Constant coefficients in differential 
equations: 777,43; (system of e()ua- 
tions): 737, 58; 766, 58; D’Alem¬ 
bert’s metho<l: 733, 44 ; 767, 58 
Constants of integration : 74, 31; see 
also Elimination of constants 
Continuous one-parameter groups: 

37, 84 ; see also Groups 
Corresponding homogeneous linear 
equation: 767, 39 
CoUom 64y ftn. 

Covariant: 36, Note 2 
Cremona transformation: 7.93, ftn. 
Critical points, algebraic: 773, 63; 
733, 67; 733, 71 ; 367, 71; infinite 
number of: 733, ftn.; linear equa¬ 
tions: 733, 47; non-linear equa¬ 
tions: 773, 63; permutation of 
Integrals about: 733, 47; 733, 49; 
iratiscendental: 737, 76 
Curves, asymptotic tines; 43, ex. 18; 
37, 35 ; 366, ex. 6; circles: see Cir¬ 
cles; cissoid; 366, ex. 6; complex 
of: 333, 86; congruence of: see 
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Oongmenoe of curves; conics: see 
Conics; cycloid: di, 20; edge of 
regression: f 74; 21^^ 74 ; 240^ 
ex. 2; 257^ 85; elastic space curve: 
99^ ex. 7; ellipse: 18^ 10; enve¬ 
lope : see Envelope; family of: 1; 

helices: 220^ ex. 2; isothermal: 48, 
ex. 12; orthogonal: 7 ; 88^ 17 ; 

220^ ex. 8; 228^ 78; parabola: 6, 
1; parallel: 42^ ex. 0; similar: 8^ 
8; straight lines: 4,1; trajectories: 
i4, 7; 84, 17 ; 88, 36; unicursal 
quartic: 78, ex. 2; ;?85, 72; see also 
Cusps Integral curves. Lines of 
Curvature, Locus 

Cusps of integral curves: 4i, 20; 
201, 71; 202,71 ; ;?88, 73; 212, 74; 
878, ex. 2 ; see also Locus of cusps 

DarboniX : 88, 16; 47, ftii.; 45, 21; 
78, ftn.; lie ftn. ; 205, ftn.; 878, 
ex. 2 ; 289, ftn.; 258, 86 
Darboux^s theorems: 88, 16 
D'Alembenx 122 , 44 ; 787, 68 
D’Alembert^s method: 122, 44; 161, 68 
Definite integrals as solutions, of Bes¬ 
sel's equation: 126, 46 ; 169, ex. 8; 
of Laplace^s equation: 124, 46 
Iklasmis : 286, 94 

Depression of order: 86, 19; 109, 40 
Derivative in non-linear equations, 
infinite: 172, 63; indeterminate: 
778, 64 ; 777, 66; see also Briot and 
Bouquet's equation avd Briot and 
Bou(iuet's theorem 
Developable surfaces: 240, 82; 257, 
85; 282, ex. ; see also Character¬ 
istic developable surfaces 
Differential equations: 8, 1; admit¬ 
ting a group of transformations: 
89, 85; 87, 85 ; 95, 36; 96, 36 ; 87, 
86 ; 98, ex. 4; algebraic: 180, 66 ; 
182, 67; algebraic, of deficiency 
zero or one: 18, 11; Bernoulli’s: 77, 
5; Bezel’s: 788,46; 748,62; 788, 
ex. 8; Briot and Bouquet’s: 778,64; 
Cauchy’s: 887, ex. 1; of character¬ 
istic curves: 219, 76; 222, T7; 884, 
77; 887,85; of oharaoteristio strip: 


262, 87; of circles: 8,1; Clairaut’s: 
see Clairaut’s equation; of conics 
(Halphen’s method): 8, 1; Dar- 
boux’stheorems: 88,16; depression 
of order of: 86, 19; 109, 40; differ¬ 
ential notation: 7, 2 ; elastic space 
curve: 88, ex. 7; equations F(x,y') 
= 0, F(y,y^ = 0: 78, 11; Euler’s: 
see Euler’s equation; Euler’s linear: 
128, 45; existence theorems: see 
Existence theorems; of first order: 
6, 2; 180, 66; Gauss’s: 140, 51; 
geometric representation of : 74, 8; 
of higher order: 35, 18; 196, 70; 
homogeneous: 8,3 ; 16, ftn.; 88, 19; 
90, 85; of incompressible fiuid; 84, 
83; integrals of: see Integral curves. 
Integral surfaces, and Integrals; of 
isothermal curves: 48, ex. 12; Jaco¬ 
bi's : see Jacobi’s equation; La¬ 
grange’s : 16, 9; 204, 72 ; 205, 72; 
Lamp’s: 146, 53; Laplace’s linear: 
124, 46; Legendre's: 112, ex.; lin¬ 
ear: 9, 4 ; 90, 35; Liouville’s: 79, 
ex. 3; of the nth order: 4, 1; 8, 
2 ; 49, 22 ; 100, 37; order of: 4, 
1; of orthogonal trajectories: 14, 
7; 88, 17; 228, 78; Painlev4's: 
196, 70; 197, 70; of parabolas: 6, 
1; with periodic coefficients: see 
Periodic coeflBcients; Picard's: 148, 
63; raising order of: 47, Note; 
regular: 784,50; Kiccati's; sec Ric- 
cati's equation; of similar curves: 
8, 3; singular points of : see Singu¬ 
lar points; of straight lines: 4, 1; 
of trajectories: see Trajectories; see 
also special classes of differential 
equations and sy^ems of equations 

Differential notation; 7, 2 

Differential operators: 87, 36; 102, 
38; 778, 41; bracket [u, c]; 284, 
81; 847, 83; the parenthesis (tt, v): 
284, 81; Poisson’s parenthesis: 874, 
91; X[Y(f)]^T[Z(f)]i 87, 86; 
266, 88 ; 878, 92 

Dixon : 44, ex. 21 

Dominant functions: 45, 21; 47,22; 51, 
28; 88,24; 88,26; 788, 60; 774, 64 
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Doubly periodic functions of the sec¬ 
ond kind: i45, 63 

Edge of regression; Jt09y 74; 74; 

UO^ ex, 2 ; £67, 85 
Elastic space curve: 99, ex. 7 
Element; SSI, 86; SSI, 87 
Elementary divisors: ISS, fin. 
Elimination, of arbitrary functions: 
fSS, 77; S3S, 82 ; SS9, 86; S7S, 00; 
S7S, 03; of constants: 3, 1; SOS, 
74; S36, 82 ; S5S, ftn.; S7S, 00 
Ellipsoid, lines of curvature of: 41, 
Kote 

Elliptic functions: S3, 14; as coeffi¬ 
cients of a linear equation: 144, 
63; I4S, 54; existence proof from 
Euler's equation: S3, 14 ; 194, 60; 
as integrals: ex. 3; 39,20; 144, 

53; I9S, 68; Picard's equation; 
144, 53 

Envelope, of asymptotic lines: SOS, 
ex. 6; of integral curves: 17, 10; 
SOS, 71 ; S04, ftn.; SOS, 72 ; S09, 74; 
SIS, ex. 8; of integral surfaces: S38, 
82 ; 281, 03; of straight lines: 18, 10 
Equations of first order, higher order: 
see Differential equations and special 
classes of equations 
Equivalent complete systems: SS8, 80 
Essentially singular points: 131, 47; 

134, 40} movable: 196, 70 
Euleri 19, 12; S3, 14; S7, 14; S8, 
16; S9, 16; 41, ftn.; 43, ex. 17; 
117, 43; ISS, 46; 194, 69; SOS, 72; 
SSI, ex. 3 

Euler's equation: S3, 14 ; S8, 16 ; 41, 
ftn.; 194, 60; SOS, 72; Abel's the¬ 
orem: S8, 16; existence of elliptic 
functions: S3, 14; 194, 60; La¬ 
grange's integral of: 43, ex. 17; 
Stieltjes's general integral: $7, 14 
Baler's linear equation: 1S3, 46 
Euler’s relation for homogeneity: SSI, 
ex. 8 

Exceptional initial values: m, 03; 
m, 64 ; 177, 66 

Existence theorems; 4$, 22; 98, ex, 
1; analytic int^g:rali; see Analytic 


integrals and Briot and Bouquet's 
method; calculus of limits: see 
Calculus of limits; for elliptic func¬ 
tions: S3, 14; 194, 60; for inte¬ 
grating factors: 67, 26; successive 
approximations: see Successive ap¬ 
proximations; for systems of partial 
differential equations in normal 
form: S83, 04; see also Exceptional 
initial values 
Extended group: ^>4, 36 

First integrals: 74, 81; 76, 31; 81, 
82 ; S3, 82 ; IS7, 67 ; SIS, 75 
Fixed singular points: I81, 66 ; ISS, 67 
Floquei: 151, ftn. 

Focal point: 209 , 74 

Focal surface: S09, 74; SS4, 77 

Focus: 180, 66 

Fwchs : 134, 50 ; 139, ftn.; 150, ftn.; 
194, ftn. 

Fuclis’ theorem; 134, 60 
Functions defined by differential 
equations; 18S, 67 

Fundamental characteristic equation: 
139, 60; see also Characteristic 
equation 

Fundamental system of integrals: 
103, 38; 105, 38 ; 1S9, 47 ; ISO, 47 ; 
147, 64; for a system of linear 
equations; 163, 50 

Oauss : 140, 61 
Gauss’s equation: 140, 51 
General integral: 3,1; IS, 7; 69, 26; 
74, 81; of homogeneous linear 
equations: 103, 38; 106, 38; of 
partial differential equations; S17, 
75; 238, 82; 273, 00; of a system 
of equations; 67, 26 ; 162, 66 
Oourmti 33, ftn.; 170, exs. 14, 16; 
SOS, ftn.; SOS, ftn. 

Group, differential equations admit¬ 
ting a: 89, 86 ; 91, 85 ; 33, 86; 96, 
86; 37, 86; 33, ex. 4; differential 
equations of a: 33, 84 
Groups, one-parameter continuous: 
86, 84; 3i, 86; application to differ¬ 
ential equations: 33, 86; 33, 86; 
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^7,86; functions admitting: 55,86; 
of infinitesimal transformations: 
5/, 86; 55, 86; invariants: 55, 36; 
similar: 55, 84; of translations: 
55, 84; see also Transformations 

Halphen: 5, 1; 115, 42 
Hedrick i S55, ftn. 

Helices: 2m, ex. 2 ; 246, 83 
Helicoid : 220, ex. 2 ; 245, 83; lines 
of curvature of; 91, 36 
Hermite: 99, ex. 7; 146, 63; 169, ex. 

8 ; 19S, ftn.; 283, ftn. 

Homogeneity of functions, Euler’s re¬ 
lation : 221, ex.3 

Homogeneous equations: 5, 3; 16, 
ftn.; 55, 19 ; 90, 35 
Homogeneous linear equations: 102, 
38; 107, 39; adjoint equation, poly¬ 
nomial: 116, 42; analogies with 
algebraic equations; 113, 41; anal¬ 
ogies with the Galois theory, with 
syniinetric functions of roots: 115, 
41; auxiliary etpiation, polynomial: 
117, 43; Bessel's etiuation: 126, 46; 
142, 62 ; 169, ex. 8; common inte¬ 
grals of two equations: 114, 41; 
constant coefficients: 117, 43; 
(D’Alembert's method): 122, 44; 
corre8jK)nding: 107, 39; critical 

points: 129, 47; depression of order: 
109, 40; elliptic coefficients: 144, 
53; 146, M; Euler's linear equation: 
123, 45; Fuchs* theorem: 134, 60; 
fundamental system of integrals: 
103, 38 ; 105, 38 ; 129, 47; Gauss's 
equation: 140, 51; general integral: 
103, 38 ; 105, 38 ; greatest common 
divisor: 113, 41; group of substitu¬ 
tions : 132, 48; 134, 48 ; invariants: 
115, 41; Lamp's equation; 146, 53; 
Laplace's equation: 124, 46; Legen¬ 
dre’s equation: 112, ex.; linearly 
Independent integrals: i55,38; 105, 
88; periodic coefficients; 128, 47; 
146, 64 ; 150, ex. ; 151, ftn.; per¬ 
mutations of integrals around a 
critical point: 129, 47; Picard’s 
equation: i45, 68; ratio of two 


integrals: 169,on,, 10; regular: 134, 
60; regular integrals: 128, 47; 131, 
47; 134, 49; relation to Kiccati’s 
equation: iii, 40; 112, itn.; roots 
of integrals, Sturm’s theorem: 111, 
ftn.; solution as a definite inte¬ 
gral : see Definite integrals; system 
of; see System of homogeneous lin¬ 
ear equations; Wronskian: 129,41 \ 
see also Characteristic equation, 
Characteristic numbers, and Char¬ 
acteristic exponents 
TToiiel : 212, ex. 1 
Hyperelliptic functions: 193, 68 
Hypergeometric series: 140, 51; de¬ 
generate cases: 142, 62 

Identical transformation: 55, 84; 91, 
36 

Incompressible fluid, condition for: 

86, 33; invariant integrals: 84, 33 
Independent etjuations: 265, 88 
Independent integrals: 81, 31; line¬ 
arly ; 103, 38 ; 105, 88 
Infinitesimal transformations: 86, 34 ; 

91, 36; 55, 36 ; 55, 36 
Initial conditions: 45, 22 ; 48, 22; 49, 
22; 55,23; 5^’, 24; 55,24; 5i, 26; 
defining an integral: 100, SI ; partial 
differential equations: 54, 25; 57, 
25 ; 214, 74 ; 221, 76 ; 246, 84 ; 284, 
94 ; sec also Cauchy's problem, De¬ 
rivatives in non-linear equations, 
and Exceptional initial values 
Integrable combination : 77, 31; 78, 
exs. 1, 2 ; 220, 76; 245, 83 
Integral curves : 4, 1 ; 60, 26 and ftn. ; 
61, 26; 75, Note 1; 775, ftn.; 179, 
65 ; 199, 71 ; center: 180, 65; cusps: 
see Cusps; enveloi>eof: 17, 10; 203, 
71 ; 204, ftn.; 205, 72 ; 209, 74; 213, 
ex. 8; focus: ISO, 65; in para¬ 
metric form; 16,9; of a imrtial dif¬ 
ferential equation: 257, 86; 258, 
ex. 2; 289, ex. 15; saddleback: 
179, 66; see also Integrals 
Integral equation: 61, 27 
Integral surfaces: 218, 76; 219, 76; 
227, 78; 246, 84 ; 250, 86 ; 255, 86; 



296 


INOBX 


envelope of: SSS^ 89; 88; 9 ee 

oiso Cauehy's problem and Integrals 
Integrals: Abelian: 11; analytic: 

ses Analytic extension and Analytic 
integrals; anhannonic ratio of: ISy 
7; (Tauchy'8 problem: $46^ 84; S64y 
87; complete: see Complete inte¬ 
gral ; common to two linear equa> 
tione: ii4« 41; defined by initial 
conditions: 100^ 37; in form of 
definite int^^s: see Definite in¬ 
tegrals; elements of: fii, 85; 261^ 
87; elliptic functions: 19^ ex. S; S9^ 
20; i44, 53; 192^ 68; of equations 
of higher order: 196^ 70; existence 
of: see Existence theorems; first: 
see Hrst integrals; fundamental 
system of: see Fundamental system 
of integrals; general: see General 
integral; general properties of: 
i<W,37; hypergeometricseries; J40^ 
51; X42^ 52; independent: SI^ 31; 
initial conditions: see Initial condi¬ 
tions ; invariant: see Invariant Inte- 
gnUs; Legendre's polynomials: 112^ 
ex.; Lie's enlarged definition: 264^ 
Kote; linearly independent: lOS^ 
33 ; 106^ 38 ; non-analytic: secNon- 
analyticiut^prals; particular: y, 1; 
X2, 7; 14, 7; 20, 12 ; 107, 39 ; X09, 
40; periodic: 192, 68; permutation 
of integrals around a critical point: 
X29, 47; XSS, 49; rational functions: 
X44,63; X92, 68; rational functions 
of constants: XO, 4 ; X2,7 \ XSS, 67; 
regular: X2S, 47; XSX, 47; XS4, 49; 
roots of, Sturm's theorem: XXX, 
fin.; singular: see Singular inte¬ 
grals; singular points: see Singular 
points; WronsWan: X29, 47; see 
also Integrable combination, Inte¬ 
gral curves, Integral surfaces, and 
special types of equations 
Integra^ngfactors: X9, 12; SX,B% ;SS, 
^; 96,96; 9S,m. 3,4; XXS, 42; 23X, 
96; 290, ex. 20; existence of: 67, 26 
Integraliofi ralsbig order: 4X, Note 
InvarlaiiceoleoDdiUoDofiiitegmbiiity: 
231,96 


Invariant functioiis: 93, 36 
Invariant integral: ^8,33; of homoge¬ 
neous linear equations: XXS, 41; of 
incompressible fluid: S4, 33; line 
and surface: 84, 33; multiple: SS, 
33; volume: 86, 38 
Involutory systems: 274, 91; com¬ 
plete integral: 277, 91; Jacobi’s 
method: 277, 92; PoisBon’s paren¬ 
thesis : 274, 91 

Isothermal curves: 43, ex. 12 

JacM: 11,6; 25, 14; 32, 16; 74,81; 
81, 32 ; 163, 60 ; 269, 89 ; 270, 89 ; 
271, ex.; 275, 91; 277, 92; 278, 92 
Jacobi's equation: 11,6; 32, 16; re¬ 
lation to a system of homogeneous 
linear equations: 163, 60 
Jacobi's method, Involutory systems: 
277, 92 

Jacobi's multipliers: 74, 81; 81, 32 
Jacobian sysUun: 269, 89 ; 270, 89; 
271, ox.; 275, 91; 278, 92 

Kovalevsky, Madame : 45, 21; 283, 94 
and ftn. 

Ltograngel 16,9; 41, ftn.; 4J,ex. 17; 
107, 39; 109, ftn.; 115, 42; 203, 
71; 204, 72 ; 205, 72 ; 213, ex. 4 ; 
236, 82 ; 239, 82 ; 240, 83; 241, 88 ; 
251, 86 ; 255, ftn.; 258, ex. 1 ; 259, 
86; 277, 92 

Lagrange and Charpit’s method: 240, 
83; 277, 92 

Lagrange's equation; 16,9; 204, 72; 
205, 72 

Lagrange’S integral of Euler’s equa¬ 
tion : 43, ex. 17 

Lagrange's method: 241, 83 ; 251, 86 
Lagrange’s method of the variation of 
constants; 107, 39; 109, ftn.; 255, 
ftn. 

Lagrange's theory of the complete in¬ 
tegral : 236, 82; 239, 82; 258, ex. 
1; 259, 86 
jAJtguerre : 1X6, 41 
Lamii 146, 53 
Lamd’s equation: X46, 53 
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Lijgplacei 1$4^ 46; 1B7^ Note 
Laplace's lioear equation: 1S4^ 46; 
m, Note 

Legendre i 16^ ftn.; 28^ 15; 118^ 6x« 
Legendre's equation: iif, ex. 
Iregendre's polynomials: XIS^ ex. 
Legendre's transformation: 16, ftn. 
LeitmUz : IIS, 4S 
Leibnitz's formula: 118, 43 
Liapunof : ISl, 55 and ftn.; 166, 62 
Lie: 48, ex. 12; 86, ftn.; 98, 36; 

864, Note; 889, ex. 15 
Lie's enlarged definition of the inte> 
gral: 864, Note 

Lie's theory of differential equations: 

86, 34; see also Groups 
LindeWf: 61, 27 ; 98, ex. 1 
Linear equations: 9, 4 \ 90, 85; 100, 
37 ; 106, SO ; 186, 67; coefficients 
depending upon a parameter: 65, 
Note; depression of order; 109, 40; 
general pnipertiesof integrals: 100, 
87; see also Homogeneous linear 
equations. Integrals, Non-homoge- 
neops linear equations, Partial differ¬ 
ential equations, and Singular points 
Linearly indejKjiulent functions: 103, 
88; integrals: 103^ 38 ; 105, 38 
Lines of curvature: 806, 72; of an 
ellipsoid ; 41, Note; of a helicoid: 
91, 35 

LiouvUle : 79, ex. 3 
Liouville's equation: 79, ex. 3 
LipschUz ; 6^, 30; 887, 94 
Lipsohitz condition : 68, 30 ; 887, 94 
Locus, of characteristic curves: 819, 
76; of cusps of integral curves: 
801, 71; 808, 71; 806, 72 ; 808, 73; 
818, 74; 813, ex. 2; of points of 
inflection of integral curves: 813, 
ex. 2. 

Mayer i 889, 70 
Mayer's method: 889, 79 
Miray: 45, 21 
Moigno: 68, 80; 818, ex, 1 
Monge : 41, Note 

Monge's method of finding the lines of 
currature of an ellipsoid: 41, Note 


Movable singular points: 181, 66; 
185, 67; 197, 70 and ftn.; for 
equations of higher order: 196,70 ; 
essentially singular: 196, 70; lines 
of: 197, 70; poles: 197, ftn.; tran¬ 
scendental critical points: 197, 70 

Multipliers: 74, 31; 81,82 ; 85, 38 

Non-analytic integrals: 50, 22 ; 855, 
ftn.; Briot and Bouquet's theorem: 
175, 64 ; 176, 64 ; 177, 64 ; 178, 65; 
see also Analytic integrals and Briot 
and Bouquet's method 

Non-homogeneous linear equations: 
100, 37; 106, 39; analytic exten¬ 
sion of integrals: 101,87; Cauchy's 
method: 108, 39; 109, ftn.; con¬ 
stant coefficients: 180, 43; corre¬ 
sponding homogeneous equation: 
107, 39; depression of order: 110, 
40; general integral: 107, 39; La¬ 
grange's method of the variation of 
constants: 107,80; 109, ftn.; singular 
points: 100,87; system of equations: 
see Systems of non-homogeneous 
linear equations 

Non-linear differential equations, 178, 
63; 179,05; algebraic equations of 
the first onier: 180, 66; 188, 67; 
Briot and Bouquet's problem: 193, 
ftn.; having single-valued inte¬ 
grals: 187, 68; m, 68; 193, ftn.; 
exceptional initial values: 178,08; 
(derivative infinite): 173, 63; (de¬ 
rivative indeterminate): 173, 64 ; 
177, 65; integrals: see Envelope of 
integrals, Integral curves. Integrals, 
Locus of cusps, and Singular inte¬ 
grals; functions defined by y' = 
if (at, y)i 188, 67; non-analytic inte¬ 
grals: see Non-analytic int^^rals; 
singular points: see Critical points, 
Fixed singular points, Movable sin¬ 
gular points, Singular points; sys- 
iemsof: 808,74; seeohioEquations 
of Briot and Bouquet, Clairaut, 
Euler, Lagrange, and Ricoati 

Normal form of a system of partial 
dilfferenUal equations: 8SS, 94 
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Order of a differential equation: , 1; 
depression of: 36^ 19; J09^ 40; first 
order: d, 2; 1$0^ 06; higher order, 
Mth order: 4, 1; d, 2; 35, 18; 196, 
70; integration by raising order: 
41, Note 

Orthogonal trajectories: 14, 7; 33, 
17; 320, ex. 3; 32S, 78 
Orthogonal surfaces; 323, 77 

FaiiOefUx 59, fin.; 74, 30; 19B, 70; 

197, 70 ; 313, ex. 7 
PainleT4*8 equation: 19C, 70; 197, 
70 

Parallel curres: 43, ex. 9 
Parallel surfaces: 389, ex. 19 
Parenthesis (u, v): 234, 81; Poisson's: 
374, 91 

Partial differential equations: 7d, 31; 
of first order: see Partial differential 
equations of the first order; of 
higher order: 278, 93; (system of 
equations): 383, 94; of niied sur¬ 
faces ; 280, ex, 1; 281, ex. 2; of 
tubular surfaces: 240, ex. 3; 282, 
ex.; see also Systems of differential 
equations and Existence theorems 
Partial differential equations of the 
first order, linear: 75, 31; 214, 76; 
characteristic curves: see Character¬ 
istic curves; of conoids: 220, ex. 1; 
general integral: 217, 75; geomet¬ 
ric interpretation; 218, 76; general 
method of integration : 214, 75; of 
helicolds: 320, ex. 2; 245, 83; initial 
conditions,Jffi, 70; integral surface: 
318, 76; 319, 76; singular integral, 
surface: 334, 77; see a(so Systems 
of differential equations 
Partial differential equations of the 
first order, non-linear: any num¬ 
ber of variables: 381, 87; Cauchy's 
equation: 357, ex. 1; Cauchy's 
method: 349, 85; 359, 86; 380, 
Note; (extended): edi, 87; Cauchy's 
problem: 348, 84; cbaraeteristic 
eurves, eharactetistic developable 
surface, characteristic direction, 
cha ractm riitle strips see these titlee; 


Clairaut's equation, generalized: 
339, ex. 1; complete integral: 338, 
82, and see alao Lagrange's theory; 
element: 351, 85; envelope of sur¬ 
faces: 338, 82; general integral: 
338, 82; integral, Lie's enlarged 
definition: 284, Note; integral 
curves: 357, 85; 389, ex. 15; La¬ 
grange and Charpit's method: 340, 
83; 277,92; separation of variables: 
244, ex, 3; singular integrals: 224, 
77; 237, 82; 238, tin. ; 272, 90; 
three variables: 236, 82 ; see also 
Involutory systems 
Particular integral, solution: d, 1; 
12, 7; 14, 7 ; 20, 12; 107, Z9; 
109, 40 

Perioilic coefficients: 128, 47 ; 148, 
54 ; 150, ex.; 151, ftn.; elliptic : 
144, 53; 148, 54; Picard’s equa¬ 
tion: 144, 53; system of linear 
equations: 184, 01 ; 186, 62 
Picard: 59, ftn.; 81, 27; 74,30; 115, 
42 ; 144, 53 ; 177, 64 
IMcard's equation; 144, 53 
Picard's methcxl of successive approxi¬ 
mations : see Successive approxima¬ 
tions 

Poincare: 83, 33 ; 128, ftn.; 151, ftn.; 

177, 04 ; 180, 65 ; 194, tin. 

Poisson : 274, 91; 277, 92 
Poisson's identity: 277, 92 
Poisson's parenthesis: 274, 91 
Poles of integrals: 143, 53 ; 183, 67 ; 

185,87; movable: 188,81; 197,tin. 
Properties, of differential equations of 
higher order: 198, 70; of tF, tan *: 
213, ex. 6 

Quadratures; 7, 2 ; 10,4; 12,7 ; 13, 
7; 14,7; 18,9; 79,12; 7d,81; 79, 
Note 1; 83, 82; 90, 85; 108, 89; 
110,4/9 ; 777,40; 154, lA ; 378,92 

BcdBy : 44, ex. 21 

Katio, of similitude: d, 8; of two 
integrals: 189, ex. 10 
Rational funetiotts, of constants as in¬ 
tegrals: 10, 4; 13, 7; 188, 67; of 
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variablea as integrals: i44, 58 ; 192^ 
08 

Reducible systems: 165^ 62 
Regular differential equations: 154, 
50 

Regular integrals: 128^ 47; 151, 47; 
154, 40; Fuchs' theorem: 154, 50; 
substitutions: 15-?, 48; 154, 48 
Rkcalii 12, 7; 15, ftn.; 45, ex. 13; 
79, ex, 2; 111,40; 11j?, 40 and ftn.; 
145, Note; 157,57; 169, ex. 9 ; 170, 
ex. 16; 186, 07; 157, 67 and ftn.; 
194, ftn.; 197, ftn.; -?15, ex. 7 
Riccati's equation : 12,1 \ 48, ex. 13; 
75, ex. 2; 111,40 ; llif, 40 and ftn. ; 
145, Note; 157,61; 155, ex. 9; 170, 
ex. 15; 151, 67 and ftn.; 186, 67 ; 
154, ftn.; 213, ex. 7; generalization 
of: 197, ftn.; linear transformation 
of: 15, ftn.; relation to linear equa¬ 
tions: 111,40; Hi, ftn, 

Riquieri 45, 21; 286, 94 and ftn. 
Roots of characteristic equation: 130, 
47; 151, 48 ; 139, 50 ; 145, Note 2; 
elementary divisors: 132, ftn. 

Roots of integrals: Sturm's theorem: 
111, ftn. 

Ruled surfaces: 280, ex, 1; 281, ex. 2 

Saddleback: 175, 65 
Sauvage : 132, ftn. 

SchOimilch: 212, ex. 1 

Separation of variables: 6, 2; 5, 3; 

15, 12 ; 244, ex. 3 
Send : 212, ex. 1; 213, ex. 3 
Similar curves: 5, 3 
Similar groups: 55, 34 
Single-valued integrals: 144, 53; of 
(y')m u (y), classification of equa¬ 
tions: 157, 68 ; 192, 68 ; 193, ftn. 
Singular integral, curve, surface: 17, 
10 ; 27, 14 ; 75, ftn.; 155, 71; 202, 
71; 205, 72 ; 206, 72 ; 208 ,74 ; 210, 
74 ; 224,11 ; 557, 82; 266, ftn,; as 
an envelope: 203, 71; 238, 82; geo¬ 
metric interpretation: 207, 73 
Singular integral, curves and surfaces: 
determination of: 205, 72; of first- 
order equaUons: 155, 71; 202, 71; 


206, 72; geometric interpretation: 
207, 73; of partial differential equa¬ 
tions; 224, 11 ; 237, 82 ; 238, ftn.; 
272, 90; of a system of equations: 
208, 74; 210, 74 
Singular lines, movable: 197, 70 
Singular x)oints: algebraic critical 
points: 175, 63 ; 155, 67 ; 154, 67 ; 
201, 71; Briot and Bouquet’s theo¬ 
rem; 176, 64; center: 180, 65; of 
equations of the first order: 180, 
66; essentially: 131, 47; 154, 49; 
essentially singular movable: 196, 
70; fixed: 151, 66; 182, 61; focus: 
180, 65; of linear equations: 66, 
28 ; 100, 37 ; 129, 47 ; 140, 51 ; 142, 
52 ; 143, 53; indeterminate deriva¬ 
tive: 175, 64; infinite derivative: 
172, infinite number of critical 
points: 185, ftn.; movable: see 
Movable singular points; poles: 151, 
47; 145, 53; 144, 53; 155, 67; 154, 
07; 186, 61 ; 197, ftn.; saddleback; 
179, 66 

Solution: see Integral 
Star: 57, 29 
Stationary flow: 86, 33 
StieUjes: 27, 14 

Stieltjes's general integral of Euler’s 
equation: 27, 14 

Straight lines, differential equation 
of: 4, 1 

Sturm : 111, ftn. 

Sturm's theorem; 111, ftn. 
Substitutions: linear equations: 129, 
47; 132, 48; 154, 48; canonical 
form: 151, 48 ; 132, 48; system of 
linear equations, canonical form: 
166, 61; Wronskian: 129, 47 
Successive approximations: 61, 27; 
analytic functions: 66, 29; 102, 37; 
175,64; Cauchy-Lipschitz method: 
51,27; 55,30 ; 74,80; Cauchy’s first 
proof: 55, 30; 73, 30; coefficients 
functions of a parameter: 65, Note; 
LindelOf's addition: 51, 27; linear 
equations: 54, 28; Lipschitz condi¬ 
tion : 55 , 80; 557 , 94 ; non-analytic 
integrals: 175, 64; real variables: 
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01, i7; OM, 27; 75,20; UO, 

25; itar: 07, 80 

Suifacea, ooiioid»: 200, ex, 1; deTelop- 
aHe: 240, 88; 2S7, 85; 282, ex.; 
ellipeeid: 4t, Note; focal: 209, 
74; 224, 77; helicoide: 220, ex. 2 ; 
245, 88; orthogonal: 228, 77; par* 
allel: 555, ex. 19; ruled: 280, ex. 

1; 281, ex. 2; tubular: 240, ex. 3; 
282, ex.; aee al90 Characteristic do- 
xelopahle surfaces, Envelopes, and 
Integral surfaces 

Symbolic polynomial: 118, 41; 116, 
42; 118, 43; divisor: 114, 41; great- 
est common divisor: 118, 41 

Systems of differential equations: 60, 
26; 74, 81; 79, Note 1; covariant: 
80, Note 2; existence theorem: 
see Existence theorem; first Inte* 
grals: see First integrals; general 
integral: 57, 20; integral curve: 
00, 26; invariant integrals: see 
Invariant integrals; multipliers: 
74,81; 81, 82; 55,88; singular inte¬ 
grals : 208, 74; see also Integrable 
combination. Systems of homoge¬ 
neous linear equations, and Systems 
of non-homogeneous linear equations 

Systems of homogeneous linear equa¬ 
tions: 152, 66; adjoint system: 
150, 67; 100, 62; auxiliary equa¬ 
tion: 158, 58; canonical form: 
101, 50; 165, 61; 179, 66; con¬ 
stant coeflidento: 157, 58; 160, 
58; (DAlembert^s method): 161, 
58; fundamental system of inte¬ 
grals: 755,56; periodic coefficients: 
104, 61 ; 100, 62; redudhie systems: 
105, ; relation to Jacobies equa¬ 

tion: 108, 60; substitutions: 106, 61 

Systems of non-homogeneous linear 
equations: 154, 66; Cauchy's 
method: 154, fin.; existence theo- 
tm : 50, 25 

^TStenis of partial differential equa- 
doiis: of first order: 272, 00; nor¬ 
mal form, general existence theo- 
tsmt M8S, 94; see aim Existence 
Hieorattii Invohitofy systmsi md 


Systems of homogeneous linear par¬ 
tial differential equations of the first 
order 

Systems of partial differential equa¬ 
tions, homogeneous linear equa¬ 
tions of the first order: 205, 88; 
independent equations: 265, 88; 

J:[r(/)]-r[jr(/)]; m,88;$ee 

also Complete systems 

Tannery: 189, ftn. 

Taylor: 85, 18 

Total differential equations: 51, 24; 
225, 78; 241, 88; 276, 91; Ber¬ 
trand's method: 282, 80; 290, ex. 21; 
completely integrable: 55, 24; 225, 
78; existence theorem: 51, 24; 
geometric interpretation: 557, 78; 
integral surface: 557, 78; Mayer’s 
method: 229, 79; method of inte¬ 
gration : 225, 78 ; 282, 80; Pdx -|- 
Qdy -f Rdz =0 : 280, 80; see aUo 
Condition of integrabllity 
Trajectories; 18, 7; 14, 7; 84, 17; 
98, 86 

Transcendental critical points: 197,70 
Tranafonnations: 82, 82 ; 88, 82; 
54,88; admitting a group of: 55,85; 
96, 36; of complete systems: 267,89; 
covariants: 80, Note 2; Cremona: 
198, ftn.; extended group of: 54,80; 
identical : 55, 84 ; 91, 36; Infinites¬ 
imal : 55, 84 ; 91, 86; 98, 80 ; 98,36; 
inverse: 89, 34; Legendre's: 16, 
ftn.; of linear equations: 115, 41; 
162, 59; of Riccati’s equation: IS, 
ftn.; see also Groups and Invariants 
Tresse: 286, 94 

Tubular surfaces: 240, ex. 3 ; 555, ex. 

Cnicursal quanlc: 19, ex. 2; 205, 72 

Variation of constants: 107, 89; 109, 
ItQ.; 555, ftn. 

WeferstTMi 45, 21; 182, 48 and ftn. 
Weietstrass^s elementaiy diviaont 
182, ftn. 

Wronsidan: 129,47 
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